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Motivation
• Accurate account of PDF uncertainties key 

bottleneck in LHC physics analyses:

Motivation
As experiments become more precise, need to improve accuracy and
precison of theoretical predictions ∆ N3LO.
Progress for N3LO cross-sections: Higgs (ggF, VBF, VH), DY(NC, CC).

Higgs - ggF: Drell-Yan - NC:

PDF uncertainties ”(PDF) large ∆ hope to reduce at higher orders.
Mismatch between N3LO ‡ and NNLO PDF ∆ ”(PDF + th).
PDFs at N3LO are becoming a bottleneck.
PDF theoretical uncertainties are needed for missing/incomplete higher
orders (MHOUs) to assess accuracy and uncertainties.
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Higgs

SM Precision

Jet measurements at LHC, 25’+5’ Mikko Voutilainen, Univ. Helsinki and HIP

Jets reach the highest energies at LHC

CMS highest pT di-widejet event a 
challenge to multijet modelling

Both CMS and ATLAS observe (excess 
of) 8 TeV jet pairs, at PDF extremes
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(6.5 MeV) and track momentum (2.3 MeV),
on the z coordinate measured in the COT
(0.8 MeV), and on QED radiative corrections
(3.1 MeV). Measurements of the Z boson
mass using the dielectron track momenta,
and comparisons of mass measurements using
radiative and nonradiative electrons, provide
consistent results. The final calibration of the
electron energy is obtained by combining the
E/p-based calibration with the Z → eeð Þmass-
based calibration, taking into account the cor-
related uncertainty on the radiative corrections.
The spectator partons in the proton and

antiproton, as well as the additional (≈3) p!p
interactions in the same collider bunch cross-
ing, contribute visible energy that degrades
the resolution of u

→
. These contributions are

measured from events triggered on inelastic
p!p interactions and random bunch cross-
ings, reproducing the collision environment
of theW and Z boson data. Because there are
no high-pT neutrinos in the Z boson data, the
p
→
T imbalance between thep

→‘‘

T andu
→
inZ → ‘‘

events is used to measure the calorimeter
response to, and resolution of, the initial-
state QCD radiation accompanying boson
production. The simulation of the recoil vector
u
→
also requires knowledge of the distribution of

the energy flow into the calorimeter towers
impacted by the leptons, because these towers
are excluded from the computation of u

→
. This

energy flow ismeasured from theW boson data
using the event-averaged response of towers
separated in azimuth from the lepton direction.

Extracting the W boson mass

Kinematic distributions of background events
passing the event selection are included in
the template fits with their estimated nor-
malizations. The W boson samples contain a
small contamination of background events
arising from QCD jet production with a hadron
misidentified as a lepton, Z → ‘‘ decays with
only one reconstructed lepton,W → tn→ ‘n!nn,
pion and kaon decays in flight to muons (DIF),

and cosmic-ray muons (t, tau lepton; !n, anti-
neutrino). The jet, DIF, and cosmic-ray back-
grounds are estimated from control samples
of data, whereas the Z → ‘‘ and W → tn
backgrounds are estimated from simulation.
Background fractions for the muon (electron)
datasets are evaluated to be 7.37% (0.14%)
from Z → ‘‘ decays, 0.88% (0.94%) from
W → tn decays, 0.01% (0.34%) from jets,
0.20% from DIF, and 0.01% from cosmic rays.
The fit results (Fig. 4) are summarized in

Table 1. The MW fit values are blinded during
analysis with an unknown additive offset in the
range of−50 to 50MeV, in the samemanner as,
but independent of, the value used for blinding
the Z bosonmass fits. As the fits to the different
kinematic variables have different sensitivities
to systematic uncertainties, their consistency
confirms that the sources of systematic uncer-
tainties are well understood. Systematic uncer-
tainties, propagated by varying the simulation
parameters within their uncertainties and re-
peating the fits to these simulated data, are
shown in Table 1. The correlated uncertainty in
the mT (p‘T , pnT ) fit between the muon and

electron channels is 5.8 (7.9, 7.4)MeV. Themass
fits are stable with respect to variations of the
fitting ranges.
Simulated experiments are used to evaluate

the statistical correlations between fits, which
are found to be 69% (68%) between mT and
p‘T (p

n
T) fit results and 28% between p‘

T and pnT
fit results (43). The six individual MW results
are combined (including correlations) by
means of the best linear unbiased estimator
(66) to obtain MW ¼ 80;433:5 T 9:4MeV ,
with c2/dof = 7.4/5 corresponding to a prob-
ability of 20%. The mT, p‘

T, and pn
T fits in the

electron (muon) channel contribute weights
of 30.0% (34.2%), 6.7% (18.7%), and 0.9%
(9.5%), respectively. The combined result is
shown in Fig. 1, and its associated systematic
uncertainties are shown in Table 2.

Discussion

The dataset used in this analysis is about four
times as large as the one used in the previous
analysis (41, 43). Although the resolution of the
hadronic recoil is somewhat degraded in the
new data because of the higher instantaneous
luminosity, the statistical precision of themea-
surement fromthe larger sample is still improved
by almost a factor of 2. To achieve a commen-
surate reduction in systematic uncertainties, a
number of analysis improvements have been
incorporated, as described in table S1. These im-
provements are based on using cosmic-ray and
collider data inwaysnot employedpreviously to
improve (i) the COT alignment and drift model
and the uniformity of the EM calorimeter re-
sponse, and (ii) the accuracy and robustness of
the detector response and resolution model in
the simulation. Additionally, theoretical inputs
to the analysis have been updated. Upon incor-
porating the improved understanding of PDFs
and track reconstruction, our previousmeasure-
ment is increased by 13.5MeV to 80,400.5MeV;
the consistency of the latter with the new mea-
surement is at the percent probability level.
In conclusion, we report a new measure-

ment of theW bosonmass with the complete
dataset collected by the CDF II detector at the
Fermilab Tevatron, corresponding to 8.8 fb−1

of integrated luminosity. This measurement,
MW ¼ 80;433:5 T 9:4MeV, is more precise
than all previous measurements ofMW com-
bined and subsumes all previous CDF mea-
surements from 1.96-TeV data (38, 39, 41, 43).
A comparison with the SM expectation of
MW ¼ 80;357 T 6MeV (10), treating the quoted
uncertainties as independent, yields a differ-
ence with a significance of 7.0s and suggests
the possibility of improvements to the SM
calculation or of extensions to the SM. This
comparison, along with past measurements, is
shown in Fig. 5. Using the method described
in (45), we obtain a combined Tevatron (CDF
and D0) result of MW ¼ 80;427:4 T 8:9MeV.
Assuming no correlation between the Tevatron
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Fig. 5. Comparison of this CDF
II measurement and past MW

measurements with the SM
expectation. The latter includes
the published estimates of the
uncertainty (4 MeV) due to
missing higher-order quantum
corrections, as well as the
uncertainty (4 MeV) from other
global measurements used as
input to the calculation, such as
mt. c, speed of light in a vacuum.
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Table 2. Uncertainties on the combined
MW result.

Source Uncertainty (MeV)

Lepton energy scale 3.0
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Lepton energy resolution 1.2
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Recoil energy scale 1.2
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Recoil energy resolution 1.8
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Lepton efficiency 0.4
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Lepton removal 1.2
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Backgrounds 3.3
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

pZT model 1.8
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

pWT =p
Z
T model 1.3

. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Parton distributions 3.9
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

QED radiation 2.7
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

W boson statistics 6.4
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .

Total 9.4
. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .
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! Must include all sources of PDF uncertainty. Key element due to 
missing higher orders (MHOs) in the PDF fit theory.
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• State-of-the art for PDF fits is NNLO in QCD: all relevant PDF 
processes/theory known at this order. But much progress made at N3LO:

★ PDF evolution

★ Cross sections:

• N3LO cross section predictions           N3LO PDFs?

• Can we make use of this information already in PDF fits?

<latexit sha1_base64="5B/09Pwi9/Iu6avuQH/FMWUAsHk=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKu+DoGvXiMYB6QLGF2MpsMmZ1ZZnqVuORLvHhQxKuf4s2/cZLsQRMLGoqqbrq7wkRwA5737RRWVtfWN4qbpa3tnd2yu7ffNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLRzdRvPTBtuJL3ME5YEJOB5BGnBKzUc8tdwSLQfDAEorV67LkVr+rNgJeJn5MKylHvuV/dvqJpzCRQQYzp+F4CQUY0cCrYpNRNDUsIHZEB61gqScxMkM0On+Bjq/RxpLQtCXim/p7ISGzMOA5tZ0xgaBa9qfif10khugoyLpMUmKTzRVEqMCg8TQH3uWYUxNgSQjW3t2I6JJpQsFmVbAj+4svLpHla9S+q53dnldp1HkcRHaIjdIJ8dIlq6BbVUQNRlKJn9IrenCfnxXl3PuatBSefOUB/4Hz+AG2Wk5s=</latexit>$
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Figure 1: 80 trial functions, constructed as described in the text, for the splitting functions P
(n)
ps (x) at

nf = 4. At n = 2 (left panel) the known exact result is shown by the solid (blue) line. At n = 3 (right panel)

two functions, shown by the solid (red) lines, are chosen to represent the remaining uncertainty.
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Figure 2: Left: The NLO, NNLO and N3LO approximations for Pps(x) for a fixed value αs(µ2
0 ) = 0.2 of

the strong coupling and nf = 4. Right: The resulting perturbative expansion of the contribution of Pqq to the

scale derivative of the singlet quark PDF qs in eq. (2) for the initial distribution (28).
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The setup of our OME computations follows previous work [12, 17]. The necessary Feynman

rules are determined from eqs. (7) – (11), which are sufficient for the present computations. The

diagrams for the OMEs A ij = 〈 j(p)|Oi | j(p)〉 with (physical or alien) spin-N twist-two operators

Oi inserted in Green’s functions with off-shell quarks, gluons or ghosts have been generated using

QGRAF [34] and then processed, see ref. [35], by a FORM [36–38] program which collects self-

energy insertions, determines the colour factors [39] and classifies the topologies according to the

conventions of the FORCER package [40]. For computational efficiency, diagrams with the same

colour factor and topology are merged into meta-diagrams.

An optimized in-house version of FORCER, briefly discussed in ref. [13], is employed to

perform the integral reductions for fixed integer values of N. In practice, the range in N is limited

by the occurrence of high powers of scalar products in the loop integrals for high values of N,

which lead to large-size expressions and long computing times in the topology transformations

and parametric reductions encoded in FORCER. The divergences in the OMEs Aij are treated in

dimensional regularization with D = 4−2ε dimensions, hence the Z-factors in eq. (12) are simple

Laurent series in ε and the anomalous dimensions γ ij can be read off from their single poles 1/ε.

For the quark-quark splitting functions, the physical OMEs Aqq have been obtained at even

N ≤ 20 up to four loops. This includes both the flavour non-singlet parts [13] and the pure-singlet

contributions addressed in the present letter. The physical OMEs Aqg, Agq and Agg and those

with the alien operators inserted into a quark two-point function, AAq, have been computed up

to three loops. All others were needed at two loops only for the extraction of P
(3)
ps at four loops

using eq. (13). This leads to the following results for the N3LO contributions to the pure-singlet

anomalous dimensions in eq. (4) for QCD, i.e., the gauge group SU(nc = 3),

γ
(3)
ps (N=2) = −691.5937093nf +84.77398149n2

f +4.466956849n3
f ,

γ
(3)
ps (N=4) = −109.3302335nf +8.776885259n2

f +0.306077137n3
f ,

γ
(3)
ps (N=6) = −46.03061374nf +4.744075766n2

f +0.042548957n3
f ,

γ
(3)
ps (N=8) = −24.01455020nf +3.235193483n2

f −0.007889256n3
f ,

γ
(3)
ps (N=10) = −13.73039387nf +2.375018759n2

f −0.021029241n3
f ,

γ
(3)
ps (N=12) = −8.152592251nf +1.819958178n2

f −0.024330231n3
f ,

γ
(3)
ps (N=14) = −4.840447180nf +1.438327380n2

f −0.024479943n3
f ,

γ
(3)
ps (N=16) = −2.751136330nf +1.164299642n2

f −0.023546009n3
f ,

γ
(3)
ps (N=18) = −1.375969240nf +0.960873318n2

f −0.022264393n3
f ,

γ
(3)
ps (N=20) = −0.442681568nf +0.805745333n2

f −0.020918264n3
f . (14)

The results for N ≤ 8 agree with those obtained via cross sections for inclusive DIS in ref. [15].

As a further check, we have extended those DIS computations of P
(3)
ps to N = 10 and N = 12, their

results also agree with eq. (14). The large-n f parts agree with all-N results of ref. [14]. In addition,

the renormalization constants involving alien operators agree to the loop order required here with

those recently published in ref. [28].
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G. Falcioni et al.,  
Phys.Lett.B 842 (2023) 
137944 

C. Duhr and B. Mistleberger, JHEP 03 (2022) 116 

scale variation at NNLO underestimated the true size of the N3LO corrections. We note,

however, that the size of the bands at NNLO was particularly small for the NCDY process,

often at the sub-percent level depending on the invariant masses considered.

In figure 7 we show the dependence of the cross section for Q = 100 GeV on one of the

two perturbative scales with the other held fixed at some value in the interval [Q/2, 2Q].

We observe a very good reduction of the scale dependence as we increase the perturbative

order, with only a very mild scale dependence at N3LO. Just like for the photon-only and

W cases, the bands from NNLO and N3LO do not overlap. 1

Figure 5: The K-factors ⌃N
k
LO

/⌃N
3
LO as a function of invariant masses 10 GeV Q 150

GeV for k  3. The bands are obtained by varying the perturbative scales by a factor of

two around the central µcent. = Q.
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NNLO N3LO
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Figure 6: The K-factors ⌃N
k
LO

/⌃N
3
LO as a function of invariant masses Q 1.800 GeV

for k  3. The bands are obtained by varying the perturbative scales by a factor of two

around the central µcent. = Q.

1The leading order cross section does not depend on the strong coupling constant and consequently does

also not change with variation of the renormalisation scale. As a result the right panel of fig. 7 does not

show any band for the leading order cross section.
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Figure 5: The dependence of the cross-section on the renormalization scale for a fixed value of the
factorization scale.

To summarize, we have investigated the convergence of the threshold expansion at

N3LO using two di↵erent methods. Both methods confirm our expectation that the thresh-

old expansion provides a very good approximation to the exact result. The result of our

analysis can be quantified by assigning a (conservative) uncertainty estimate to the trun-

cation of the threshold expansion. We assign an uncertainty due to the truncation of the

threshold expansion which is as large as3.

�(trunc) = 10⇥
�(3)

EFT (37)� �(3)

EFT (27)

�N
3
LO

EFT

= 0.37% . (3.10)

The factor 10 is a conservative estimator of the progression of the series beyond the first 37

terms. Note that the complete N3LO cross-section appears in the denominator of eq. (3.10),

i.e., the uncertainty applies to the complete N3LO result, not just the coe�cient of a5s.

3.3 Scale variation at N
3
LO and the omission of N

3
LO e↵ects in parton densities

Having established that the threshold expansion provides a reliable estimate of the N3LO

cross-section, we proceed to study the dependence of the cross-section on the renormaliza-

tion and factorization scales µR and µF .

In Fig. 5 we fix the factorization scale to µF = mH/2 and vary the renormalization

scale. We observe that the perturbative series in the strong coupling converges faster for

3In the estimate of the various components of the theoretical uncertainty that we carry out in these

sections, we always give numerical results for Setup I. When considering di↵erent parameters (Higgs mass

or collider energy, for example), we re-assess these uncertainties. For example, �(trunc) increases from

0.11% at 2 TeV to 0.38% at 14 TeV.

– 12 –

C. Anastasiou et al., JHEP 05 
(2016) 058
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✦ N3LO cross section predictions           N3LO PDFs?
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• For N3LO calculations of DY, Higgs (…) cross sections to be truly N3LO 
accurate requires N3LO PDFs.

• Not available, estimate uncertainty from using NNLO PDFs:

Figure 10: Ratio of the K-factors for NCDY and W
+ production as a function of Q

2 at

di↵erent orders in perturbation theory.

Figure 11: Ratio of the K-factors for NCDY and �
⇤ production as a function of Q

2 at

di↵erent orders in perturbation theory.

tainties �(PDF) using the Monte Carlo method. The PDF set PDF4LHC15 nnlo mc uses

↵S = 0.118 as a central value and two additional PDF sets are available that allow for

the correlated variation of the strong coupling constant in the partonic cross section and

the PDF sets to ↵
up

S = 0.1195 and ↵
down

S = 0.1165. These sets allow us to deduce an

uncertainty �(↵S) on our cross section following the prescription of ref. [85]. We combine

the PDF and strong coupling constant uncertainties in quadrature to give

�(PDF + ↵S) =
p

�(PDF)2 + �(↵S)2 . (4.5)

Currently there is no available PDF set extracted from data with N3LO accuracy, and

so we are bound to use NNLO PDFs in our predictions. We estimate the potential impact

of this mismatch on our results using the prescription introduced in ref. [25]. The PDF

theory (PDF-TH) uncertainty is then obtained by studying the variation of the NNLO

cross section as NNLO- or NLO-PDFs are used:

�(PDF-TH) =
1

2

����
⌃NNLO, NNLO-PDFs(Q2) � ⌃NNLO, NLO-PDFs(Q2)

⌃NNLO, NNLO-PDFs(Q2)

���� . (4.6)

Here, the factor 1

2
is introduced as it is expected that this e↵ect becomes smaller at N3LO

compared to NNLO.

– 17 –

Motivation to 
work towards 
N3LO PDFs

• Moreover, for DY the NNLO and N3LO (+ NNLO PDFs) results do not 
always overlap in uncertainty bands. Could this change with N3LO PDFs?
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Figure 12: Relative uncertainty of the NCDY process at N3LO due to incomplete knowl-

edge of parton distribution functions and the strong coupling constant as a function of Q.

�(PDF), �(PDF + ↵s) and the sum of �(PDF + ↵s) and �(PDF-TH) are shown in red,

brown and green respectively.

In figure 12 we show the combined uncertainty from PDFs, the value of the strong

coupling constant ↵S and the missing N3LO PDFs. The size of these uncertainties is

comparable to the uncertainties obtained in refs. [23, 33] for the photon-only and charged-

current DY processes.

Figure 13: Dependence of the NCDY process at N3LO on the choice of the PDF set

relative to the combined PDF4LHC15 nnlo mc set. The red band corresponds to the �(PDF)

uncertainty.

Figures 13 and 14 show the impact of evaluating the NCDY cross section with dif-
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scale variation at NNLO underestimated the true size of the N3LO corrections. We note,

however, that the size of the bands at NNLO was particularly small for the NCDY process,

often at the sub-percent level depending on the invariant masses considered.

In figure 7 we show the dependence of the cross section for Q = 100 GeV on one of the

two perturbative scales with the other held fixed at some value in the interval [Q/2, 2Q].

We observe a very good reduction of the scale dependence as we increase the perturbative

order, with only a very mild scale dependence at N3LO. Just like for the photon-only and

W cases, the bands from NNLO and N3LO do not overlap. 1

Figure 5: The K-factors ⌃N
k
LO

/⌃N
3
LO as a function of invariant masses 10 GeV Q 150

GeV for k  3. The bands are obtained by varying the perturbative scales by a factor of

two around the central µcent. = Q.
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Figure 6: The K-factors ⌃N
k
LO

/⌃N
3
LO as a function of invariant masses Q 1.800 GeV

for k  3. The bands are obtained by varying the perturbative scales by a factor of two

around the central µcent. = Q.

1The leading order cross section does not depend on the strong coupling constant and consequently does

also not change with variation of the renormalisation scale. As a result the right panel of fig. 7 does not

show any band for the leading order cross section.

– 14 –

!

Clearly, rather approximate!
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• To summarise: in high (1%) precision LHC era, and precision/accuracy of 
PDFs need to match this! Two key, and related, elements to consider:

Uncertainties due to missing 
higher orders in theory

Making use of available 
N3LO theory in PDF fit

• For accuracy and precision: combine both of these in global PDF fit.

Figure 34: General forms of NNLO (top) and aN3LO (bottom) PDFs at low (left) and high (right)
Q

2. Several main features can be compared and contrasted such as the marked increase in the gluon
and charm at small-x (note the di↵erence in y-axis scale between NNLO (top) and aN3LO (bottom)).
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Figure 6.4. Same as Fig. 6.2 now comparing the results of the NNPDF3.1 global fits with the theory
covariance matrix constructed accordingly to the 3-, 7-, and 9-point prescriptions, normalized to the
central value of the latter.
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of the baseline set. Note that the y-axes ranges are di↵erent for each PDF combination.
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Approximate N3LO and PDFs

6



How Close to N3LO?
• How close are we to a N3LO PDF fit?

• How to deal with in an approximate N3LO fit?

7

Splitting functions:

See F. Herzog’s talk
Low and high    limits. Significant Mellin moment 
information. Further progress underway!

<latexit sha1_base64="QlDqad8SIGsGZ8hoeAIWBrNWP4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePCZgHJEuYnXSSMbOzy8ysGJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqNx9RaR7JezOO0Q/pQPI+Z9RYqfbULZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenBfn3fmYt+acbOYQ/sD5/AHnq40A</latexit>x

DIS: Massless coefficient functions known. Partial 
information on massive case and much information 
on transition matrix elements.

Hadronic cross sections:

Handful of (important) results. Little useable for a PDF fit: 
e.g. Drell-Yan in theory but not currently in practice.



Figure 34: General forms of NNLO (top) and aN3LO (bottom) PDFs at low (left) and high (right)
Q

2. Several main features can be compared and contrasted such as the marked increase in the gluon
and charm at small-x (note the di↵erence in y-axis scale between NNLO (top) and aN3LO (bottom)).
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• First public approximate N3LO PDF 
set: MSHT20aN3LO.

• Will focus on this as case study for 
now, but work is ongoing by other 
group(s)!

J. McGowan et al., 
Eur.Phys.J.C 83 (2023) 3

• Basic idea — perform a global PDF fit where:

★ When N3LO theory is known it is used.

★ When it is unknown, suitable account of residual uncertainty 
is included, but with any known information used.

• Maximal use of available information. As more N3LO results appear, can 
be included in future updates       no need to wait for entire N3LO!

<latexit sha1_base64="2lT+09VAzsUxdrsBk0dz7v5AP6Y=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEcwDkiXMTmaTIbM7y0yvEpZ8hhcPinj1a7z5N06SPWhiQUNR1U13V5BIYdB1v53Cyura+kZxs7S1vbO7V94/aBqVasYbTEml2wE1XIqYN1Cg5O1EcxoFkreC0e3Ubz1ybYSKH3CccD+ig1iEglG0UqerxWCIVGv11CtX3Ko7A1kmXk4qkKPeK391+4qlEY+RSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMfSmEbc+Nns5Ak5sUqfhErbipHM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JuIkRR6z+aIwlQQVmf5P+kJzhnJsCWVa2FsJG1JNGdqUSjYEb/HlZdI8q3qX1Yv780rtJo+jCEdwDKfgwRXU4A7q0AAGCp7hFd4cdF6cd+dj3lpw8plD+APn8wfELZGR</latexit>!
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In More Detail…

Theoretical Uncertainties in a Global PDF Fit

• Do we need to wait for a full description of the next order to be able to use the knowledge 
we have?


• Can attempt to parameterise the higher order effects with a nuisance parameter defined 
by a prior probability distribution[12].


• Allow the fit to move these N3LO parameters (with a penalty attached to ensure we stay 
close to the behaviour already known).

3

P(θ′ ) = 1
2πσθ′ 

exp(−θ′ 2/2σ2
θ′ 
)

P(T |D) ∝ exp (− 1
2 (T − D)TH0(T − D))

P(T |D) ∝ exp (− 1
2 M−1(θ′ − θ′ )2 − 1

2 (T′ − D)TH(T′ − D))

• With these alterations, we follow the same 
practice as set out in the MSHT20 NNLO PDF fit 
- the exact same global fit is done.

• In general terms: parameterise higher order (~ N3LO) corrections via 
nuisance parameters given by prior probability distribution.

• That is, starting with original fit probability:

<latexit sha1_base64="3elhcXnYswU3DFtRRLWzRm/KCts=">AAAB8HicdVDLSgMxFM34rPVVdekm2AquSlKkD3FRsAuXFexD2qFk0kwbmswMSUYoQ7/CjQtF3Po57vwbM20FFT1w4XDOvdx7jxcJrg1CH87K6tr6xmZmK7u9s7u3nzs4bOswVpS1aChC1fWIZoIHrGW4EawbKUakJ1jHm1ylfueeKc3D4NZMI+ZKMgq4zykxVrorNAoXsEEMGeTyqIgQwhjDlOBKGVlSq1VLuApxalnkwRLNQe69PwxpLFlgqCBa9zCKjJsQZTgVbJbtx5pFhE7IiPUsDYhk2k3mB8/gqVWG0A+VrcDAufp9IiFS66n0bKckZqx/e6n4l9eLjV91Ex5EsWEBXSzyYwFNCNPv4ZArRo2YWkKo4vZWSMdEEWpsRlkbwten8H/SLhVxuXh+U8rXL5dxZMAxOAFnAIMKqINr0AQtQIEED+AJPDvKeXRenNdF64qznDkCP+C8fQJGao9r</latexit>

D: Data
<latexit sha1_base64="7H5ZyJA4ydeSM6IVNyI1SsE78nQ="></latexit>

H0 ⇠ 1
�2
exp

• Then we model N3LO theory via:

<latexit sha1_base64="Kyk0a6+AfmlJqYIpU6rEDXaCsjk=">AAAB+3icdVDLSgMxFM34rPU11qWbYCvUTZkU6UNcFNy4kFqhL2iHkknTNjTzIMmIw9BfceNCEbf+iDv/xkxbQUUPXDiccy/33uMEnEllWR/Gyura+sZmaiu9vbO7t28eZNrSDwWhLeJzX3QdLClnHm0ppjjtBoJi1+G040wvE79zR4VkvtdUUUBtF489NmIEKy0NzEyumTuHzQn1RQTz9fr1zenAzFoFy7IQQjAhqFyyNKlWK0VUgSixNLJgicbAfO8PfRK61FOEYyl7yAqUHWOhGOF0lu6HkgaYTPGY9jT1sEulHc9vn8ETrQzhyBe6PAXn6veJGLtSRq6jO12sJvK3l4h/eb1QjSp2zLwgVNQji0WjkEPlwyQIOGSCEsUjTTARTN8KyQQLTJSOK61D+PoU/k/axQIqFc5ui9naxTKOFDgCxyAPECiDGrgCDdACBNyDB/AEno2Z8Wi8GK+L1hVjOXMIfsB4+wRO25Kv</latexit>

T : Theory (NNLO)

<latexit sha1_base64="cvWSftUrHiAFn9Nfw6DPuPLMwFA=">AAAB/nicdVBdSwJBFJ21L7MvK3rqZUjCIJBdW9SgQOilRwNNQReZHWd1cPaDmbuBLEJ/pZceiui139Fb/6ZZNaioAxcO59zLvfe4keAKTPPDyCwtr6yuZddzG5tb2zv53b1bFcaSshYNRSg7LlFM8IC1gINgnUgy4ruCtd3xVeq375hUPAyaMImY45NhwD1OCWipnz9oFvElbvbNIj7FPRgxIEUc9/MFs3Req5TtCjZLplm1ylZKylX7zMaWVlIU0AKNfv69Nwhp7LMAqCBKdS0zAichEjgVbJrrxYpFhI7JkHU1DYjPlJPMzp/iY60MsBdKXQHgmfp9IiG+UhPf1Z0+gZH67aXiX143Bq/mJDyIYmABnS/yYoEhxGkWeMAloyAmmhAqub4V0xGRhIJOLKdD+PoU/09uyyWrUrJv7EL9YhFHFh2iI3SCLFRFdXSNGqiFKErQA3pCz8a98Wi8GK/z1oyxmNlHP2C8fQKfC5Nd</latexit>

T 0 = T 0
0 + ✓0u

aN3LO 
theory

central 
value ~ 
known 
N3LO

Allowed 
variation ~ 
unknown 
N3LO

• With shift given by prior probability:

Theoretical Uncertainties in a Global PDF Fit

• Do we need to wait for a full description of the next order to be able to use the knowledge 
we have?


• Can attempt to parameterise the higher order effects with a nuisance parameter defined 
by a prior probability distribution[12].


• Allow the fit to move these N3LO parameters (with a penalty attached to ensure we stay 
close to the behaviour already known).

3

P(θ′ ) = 1
2πσθ′ 

exp(−θ′ 2/2σ2
θ′ 
)

P(T |D) ∝ exp (− 1
2 (T − D)TH0(T − D))

P(T |D) ∝ exp (− 1
2 M−1(θ′ − θ′ )2 − 1

2 (T′ − D)TH(T′ − D))

• With these alterations, we follow the same 
practice as set out in the MSHT20 NNLO PDF fit 
- the exact same global fit is done.

• Question: How do we determine prior?

9

<latexit sha1_base64="XnDEMCyCsOGm1o/mGaDwkWJDS94=">AAAB73icdVDLSsNAFL2prxpfVZduBovgKiQxtHUjBTcuK9gHtLFMppN26OThzEQopT/hxoUibv0dd/6Nk7aCih64cDjnXu69J0g5k8q2P4zCyura+kZx09za3tndK+0ftGSSCUKbJOGJ6ARYUs5i2lRMcdpJBcVRwGk7GF/mfvueCsmS+EZNUupHeBizkBGstNQxUY+M2K3bL5Vt67xWcb0Ksi3brjqukxO36p15yNFKjjIs0eiX3nuDhGQRjRXhWMquY6fKn2KhGOF0ZvYySVNMxnhIu5rGOKLSn87vnaETrQxQmAhdsUJz9fvEFEdSTqJAd0ZYjeRvLxf/8rqZCmv+lMVppmhMFovCjCOVoPx5NGCCEsUnmmAimL4VkREWmCgdkalD+PoU/U9aruVULO/aK9cvlnEU4QiO4RQcqEIdrqABTSDA4QGe4Nm4Mx6NF+N10VowljOH8APG2ycTwY9b</latexit>
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Splitting Functions
• While these are not known exactly at N3LO, we do know quite a lot already:

N3LO - What do we know?

Zero-mass structure function N3LO coefficient functions are known [2].

Some knowledge of leading terms in the small x and large x regime
[3-12], e.g.

P (3)

qg
(x) !

C
3

A

3⇡4

✓
82

81
+ 2⇣3

◆
1

2

ln2 1/x

x
+ ⇢qg

ln 1/x

x
,

Some numerical constraints (Low-
integer Mellin moments) [3-12].

Intuition from lower orders and
expectations from perturbation
theory.

Very little about many cross-
sections (K-factors).

HP2 2022 – Sep. 2022 11

★ Form at low    :
<latexit sha1_base64="VDt/gnzOb+i7T/YsL2vzrb9BZ+w="></latexit>Z 1

0
dxxN�1P (x)★ Even Mellin moments up to               

intermediate to high    
constraints.

<latexit sha1_base64="LmcQPbdhE2f+hDddL9cWKMStu6U=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnWYz/</latexit>x
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<latexit sha1_base64="tjsDbAooZOAPw7hvOpB/ZjOc8s0=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZxXzA5Qh7m71kyd7tsTunhJCfYWOhiK2/xs5/4ya5QhMfDDzem2FmXphKYdB1v53Cyura+kZxs7S1vbO7V94/aBqVacYbTEml2yE1XIqEN1Cg5O1UcxqHkrfC4c3Ubz1ybYRKHnCU8iCm/UREglG0kt+5F/0BUq3VU7dccavuDGSZeDmpQI56t/zV6SmWxTxBJqkxvuemGIypRsEkn5Q6meEpZUPa576lCY25CcazkyfkxCo9EiltK0EyU39PjGlszCgObWdMcWAWvan4n+dnGF0FY5GkGfKEzRdFmSSoyPR/0hOaM5QjSyjTwt5K2IBqytCmVLIheIsvL5PmWdW7qJ7fnVdq13kcRTiCYzgFDy6hBrdQhwYwUPAMr/DmoPPivDsf89aCk88cwh84nz+SO5Fw</latexit>)
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Splitting Functions: What do we know and include?
Mellin moments provide constraints - parameterise P

(3)
ab (x) with

functions f1,...,k where k = No. of known moments.
E.g. P

(3)
qg (x) (k=4):

f1(x) =
1
x

or ln4 x or ln3 x or ln2 x,

f2(x) = ln x,

f3(x) = 1 or x or x2,

f4(x) = ln4(1 ≠ x) or ln3(1 ≠ x) or ln2(1 ≠ x) or ln(1 ≠ x),

Exact information included in fe(x , flab) - LL terms at low x included.

fe(x) =
C3

A
3fi4 ( 82

81
+ 2’3) 1

2
ln2(1/x)

x

Coe�cient of low x NLL is dominant missing piece, include with theory
nuisance parameter flab to incorporate MHOU: ∆ flqg

ln 1/x
x .

Overall:

P(3)
qg (x) = A1 ln2 x + A2 ln x + A3x2 + A4 ln(1 ≠ x) +

C3
A

3fi4 ( 82
81

+ 2’3) 1
2

ln2(1/x)
x

+ flqg
ln 1/x

x
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(For P(3)
gg also NLL known)

Lower x

Intermediate x

Higher x

Constrain high/intermediate x .

Try di�erent functions
for each fi , include

in uncertainty.

<latexit sha1_base64="Q0WokE8mOhF30g6kV/0LY/8aBNU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY8OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpP5nUeqNJPi3kxj6kd4JFjICDZWaocDVn06H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8VOsDCOczkr9RNMYkwke0Z6lAkdU++n82hk6s8oQhVLZEgbN1d8TKY60nkaB7YywGetlLxP/83qJCa/9lIk4MVSQxaIw4chIlL2OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0n7ouZd1up39UqjkcdRhBM4hSp4cAUNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/rO460</latexit>

fi(x)

See backup for 
more details!

• Parameterise            using set of basis functions,          , e.g.:
<latexit sha1_base64="FdHh0UwutXGT2aMCQblc1DmJ7Hw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpFb16XJYrrg1dwG0TrycVCBHa1j+GowikggqDeFY677nxsZPsTKMcDovDRJNY0ymeEz7lkosqPbTxa1zdGGVEQojZUsatFB/T6RYaD0Tge0U2Ez0qpeJ/3n9xIQ3fspknBgqyXJRmHBkIpQ9jkZMUWL4zBJMFLO3IjLBChNj4ynZELzVl9dJ56rmNWr1+3ql2czjKMIZnEMVPLiGJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHTRmNwg==</latexit>

P (x)

<latexit sha1_base64="YWRJbXZOxf3uw2EHMc5oKcQeUMc=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJ4KkmNbRUPFS8eK5i20Iay2W7apZtN2N0IpfQ3ePGgiFd/kDf/jZu2goo+GHi8N8PMvCDhTGnb/rCWlldW19ZzG/nNre2d3cLeflPFqSTUIzGPZTvAinImqKeZ5rSdSIqjgNNWMLrO/NY9lYrF4k6PE+pHeCBYyAjWRvKueuwC9QpFu3Req5TdCrJLtl11yk5GylX31EWOUTIUYYFGr/De7cckjajQhGOlOo6daH+CpWaE02m+myqaYDLCA9oxVOCIKn8yO3aKjo3SR2EsTQmNZur3iQmOlBpHgemMsB6q314m/uV1Uh3W/AkTSaqpIPNFYcqRjlH2OeozSYnmY0MwkczcisgQS0y0ySdvQvj6FP1PmuWSUymd3brF+uUijhwcwhGcgANVqMMNNMADAgwe4AmeLWE9Wi/W67x1yVrMHMAPWG+fQtyOVQ==</latexit>

Ai :
<latexit sha1_base64="xstZQsOPcbvliJarNA9DV4qh+mM=">AAAB7HicdVDLSgMxFM34rPVVdekmWARXJSnah7gouHFZwWkL7VAyaaYNzSRDkhFK6Te4caGIWz/InX9jpq2gogcuHM65l3vvCRPBjUXow1tZXVvf2Mxt5bd3dvf2CweHLaNSTZlPlVC6ExLDBJfMt9wK1kk0I3EoWDscX2d++55pw5W8s5OEBTEZSh5xSqyT/J4eqct+oYhKCCGMMcwIrlaQI/V6rYxrEGeWQxEs0ewX3nsDRdOYSUsFMaaLUWKDKdGWU8Fm+V5qWELomAxZ11FJYmaC6fzYGTx1ygBGSruSFs7V7xNTEhsziUPXGRM7Mr+9TPzL66Y2qgVTLpPUMkkXi6JUQKtg9jkccM2oFRNHCNXc3QrpiGhCrcsn70L4+hT+T1rlEq6ULm7Pi42rZRw5cAxOwBnAoAoa4AY0gQ8o4OABPIFnT3qP3ov3umhd8ZYzR+AHvLdP7IuOxQ==</latexit>⇢ :Fixed by Mellin 

moments
• With:

Nuisance parameter. Prior range 
set to cover different choices of 
and require reasonable behaviour.

<latexit sha1_base64="tHn5lw7XBP1ZiWGsXEVv/w88bC4=">AAAB73icdVDLSgMxFM34rPVVdekmWARXJSnaTndFN66kgn1AO5RMmmlDM5lpkhHK0J9w40IRt/6OO//GTFtBRQ9cOJxzL/fe48eCa4PQh7Oyura+sZnbym/v7O7tFw4OWzpKFGVNGolIdXyimeCSNQ03gnVixUjoC9b2x1eZ375nSvNI3plpzLyQDCUPOCXGSp0b2BuyCXT7hSIqIYQwxjAjuFpBltRqbhm7EGeWRREs0egX3nuDiCYhk4YKonUXo9h4KVGGU8Fm+V6iWUzomAxZ11JJQqa9dH7vDJ5aZQCDSNmSBs7V7xMpCbWehr7tDIkZ6d9eJv7ldRMTuF7KZZwYJuliUZAIaCKYPQ8HXDFqxNQSQhW3t0I6IopQYyPK2xC+PoX/k1a5hCuli9vzYv1yGUcOHIMTcAYwqII6uAYN0AQUCPAAnsCzM3EenRfnddG64ixnjsAPOG+fI7ePaQ==</latexit>

N � 8



• Result for            :

★ Largest deviations at low     - corrections here larger.

★ But also differences at high      , driven by known moments.

★ Green band: central result of prior. Not centred on NNLO          known 
information from N3LO.

★ Blue band: result after fitting, i.e. agrees well with prior, but with 
modified central value/range.

<latexit sha1_base64="Q58trJywi8HZ0Yk+lnDO0AK4/Xg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKvZ7HUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f6I2NAw==</latexit>x
<latexit sha1_base64="Q58trJywi8HZ0Yk+lnDO0AK4/Xg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKvZ7HUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f6I2NAw==</latexit>x

<latexit sha1_base64="kGbUJrxSxCmHsaI8Ul4jelBeAcI=">AAAB7XicdVBNS8NAEJ34WetX1aOXxSJ4CkkNbb0VvHisYD+gDWWz3bRrN9m4uxFK6H/w4kERr/4fb/4bN20FFX0w8Hhvhpl5QcKZ0o7zYa2srq1vbBa2its7u3v7pYPDthKpJLRFBBeyG2BFOYtpSzPNaTeRFEcBp51gcpn7nXsqFRPxjZ4m1I/wKGYhI1gbqd0cZHej2aBUduyLerXiVZFjO07Nrbg5qdS8cw+5RslRhiWag9J7fyhIGtFYE46V6rlOov0MS80Ip7NiP1U0wWSCR7RnaIwjqvxsfu0MnRpliEIhTcUazdXvExmOlJpGgemMsB6r314u/uX1Uh3W/YzFSappTBaLwpQjLVD+OhoySYnmU0MwkczcisgYS0y0CahoQvj6FP1P2hXbrdretVduNJZxFOAYTuAMXKhBA66gCS0gcAsP8ATPlrAerRfrddG6Yi1njuAHrLdPGdGPfg==</latexit>

Pqg

<latexit sha1_base64="oJKWpSBiq/ED+dbtjlQ4YtOssoc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6CXKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdu6pf3l/WGo0ijjKcwCmcgwfX0IA7aEILGCh4hld4c9B5cd6dj0VrySlmjuEPnM8fxQ+RlA==</latexit>!

NNLO

aN3LO

NLO

11

Splitting Functions
Overall result for P

(3)
qg :

Green Curve - central result of prior, not centred on NNLO.
Blue Dashed - our best fit aN3LO, about which we produce uncertainties.

- Largest di�erences exist at low x relative to NNLO, more divergent pieces
gained at N3LO.

- Di�erences relative to NNLO also at intermediate and high x , due to
moment information.
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• Similar trends for other splitting functions

12

Figure 42: Posterior variations of the aN3LO splitting functions and transition matrix elements
predicted from a full global fit (blue shaded band) compared to the prior variations in each case
(green shaded band).

112

<latexit sha1_base64="3bJ5eHyNLwr3/QKZg86780+mhuQ=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQhJjW10V3LiMaB+QxjKZTtqhk0dnJkIJ+Qw3LhRx69e482+ctBVU9MCFwzn3cu89fsKokIbxoS0tr6yurZc2yptb2zu7lb39tohTjkkLxyzmXR8JwmhEWpJKRroJJyj0Gen448vC79wTLmgc3cppQrwQDSMaUIykklynn00m+V3m3OT9StXQzxs1y65BQzeMummZBbHq9qkNTaUUqIIFnH7lvTeIcRqSSGKGhHBNI5FehrikmJG83EsFSRAeoyFxFY1QSISXzU7O4bFSBjCIuapIwpn6fSJDoRDT0FedIZIj8dsrxL88N5VBw8tolKSSRHi+KEgZlDEs/ocDygmWbKoIwpyqWyEeIY6wVCmVVQhfn8L/SdvSzZp+dm1XmxeLOErgEByBE2CCOmiCK+CAFsAgBg/gCTxrUnvUXrTXeeuStpg5AD+gvX0C7luRrg==</latexit>

PPS
qq

Figure 42: Posterior variations of the aN3LO splitting functions and transition matrix elements
predicted from a full global fit (blue shaded band) compared to the prior variations in each case
(green shaded band).

112

<latexit sha1_base64="bEDMwcRiG4dnfBUg9aZvK8X2dhA=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIY2roruHFZwT6gDWUynaRjJzNhZiKU0H9w40IRt/6PO//GSVtBRQ9cOJxzL/feE6aMKu04H1ZpbX1jc6u8XdnZ3ds/qB4edZXIJCYdLJiQ/RApwignHU01I/1UEpSEjPTC6VXh9+6JVFTwWz1LSZCgmNOIYqSN1G2P8jiej6o1x75s1j2/Dh3bcRqu5xbEa/gXPnSNUqAGVmiPqu/DscBZQrjGDCk1cJ1UBzmSmmJG5pVhpkiK8BTFZGAoRwlRQb64dg7PjDKGkZCmuIYL9ftEjhKlZkloOhOkJ+q3V4h/eYNMR80gpzzNNOF4uSjKGNQCFq/DMZUEazYzBGFJza0QT5BEWJuAKiaEr0/h/6Tr2W7d9m/8Wqu1iqMMTsApOAcuaIAWuAZt0AEY3IEH8ASeLWE9Wi/W67K1ZK1mjsEPWG+fCpWPdA==</latexit>

Pgg

Figure 42: Posterior variations of the aN3LO splitting functions and transition matrix elements
predicted from a full global fit (blue shaded band) compared to the prior variations in each case
(green shaded band).

112

<latexit sha1_base64="FR2XpQSJR6ZVt/qieYCXhCeDr8o=">AAAB7XicdVBNS8NAEJ34WetX1aOXxSJ4CkkNbb0VvHisYD+gDWWz3bRrN9m4uxFK6H/w4kERr/4fb/4bN20FFX0w8Hhvhpl5QcKZ0o7zYa2srq1vbBa2its7u3v7pYPDthKpJLRFBBeyG2BFOYtpSzPNaTeRFEcBp51gcpn7nXsqFRPxjZ4m1I/wKGYhI1gbqd0cZKO72aBUduyLerXiVZFjO07Nrbg5qdS8cw+5RslRhiWag9J7fyhIGtFYE46V6rlOov0MS80Ip7NiP1U0wWSCR7RnaIwjqvxsfu0MnRpliEIhTcUazdXvExmOlJpGgemMsB6r314u/uX1Uh3W/YzFSappTBaLwpQjLVD+OhoySYnmU0MwkczcisgYS0y0CahoQvj6FP1P2hXbrdretVduNJZxFOAYTuAMXKhBA66gCS0gcAsP8ATPlrAerRfrddG6Yi1njuAHrLdPGcePfg==</latexit>

Pgq



Validation
• Overall approach of using small    limits and Mellin moments already 

successfully used in other higher order calculations.

<latexit sha1_base64="Q58trJywi8HZ0Yk+lnDO0AK4/Xg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKvZ7HUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f6I2NAw==</latexit>x

Validation of Methodology :
Approach of using small-x limits and Mellin moments to approximate
exact results is used by groups which calculate the higher order pieces.
Moreover, similar approaches were used at NLO and matched
eventual full NNLO result well19≠24 (e.g. by MRST and others).

New info on P
PS
qq : - more moments

- further low and high x log coe�cients and fitting remaining logs.
Good agreement with our aN3LO result! Much better than NNLO!.
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aN3LO prior

aN3LO fit

NNLO exact

new Falcioni et al
result 2302.07593

Vogt et al 0404111

• Of particular note: used for NNLO splitting 
functions before full results were known. 
Matched eventual full calculation well!

Validation of Methodology :
Approach of using small-x limits and Mellin moments to approximate
exact results is used by groups which calculate the higher order pieces.
Moreover, similar approaches were used at NLO and matched
eventual full NNLO result well19≠24 (e.g. by MRST and others).

New info on P
PS
qq : - more moments

- further low and high x log coe�cients and fitting remaining logs.
Good agreement with our aN3LO result! Much better than NNLO!.
Thomas Cridge MSHT20aN3LO Review 16th June 2023 17 / 29

aN3LO prior

aN3LO fit

NNLO exact

new Falcioni et al
result 2302.07593

Vogt et al 0404111

• Validate/update continuously as 
more information comes in.

• Already done - new information 
on        available post-
MSHTaN3LO. New result 
agrees well!

Validation of Methodology :
Approach of using small-x limits and Mellin moments to approximate
exact results is used by groups which calculate the higher order pieces.
Moreover, similar approaches were used at NLO and matched
eventual full NNLO result well19≠24 (e.g. by MRST and others).

New info on P
PS
qq : - more moments

- further low and high x log coe�cients and fitting remaining logs.
Good agreement with our aN3LO result! Much better than NNLO!.
Thomas Cridge MSHT20aN3LO Review 16th June 2023 17 / 29

aN3LO prior

aN3LO fit

NNLO exact

new Falcioni et al
result 2302.07593

Vogt et al 0404111
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DIS Coefficient Functions
• DIS coefficient functions        known at N3LO for the massless quarks.

<latexit sha1_base64="g4KUYrhDRi5Bj0VOPC9qbRBONl4=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU9mU0o9boRePFW0ttEvJptk2NJtdkqxQlv4ELx4U8eov8ua/MdtWUNEHA4/3ZpiZ58eCa+O6H05uY3Nreye/W9jbPzg8Kh6f9HSUKMq6NBKR6vtEM8El6xpuBOvHipHQF+zOn7Uz/+6eKc0jeWvmMfNCMpE84JQYK920R3xULLll13UxxigjuF5zLWk2GxXcQDizLEqwRmdUfB+OI5qETBoqiNYD7MbGS4kynAq2KAwTzWJCZ2TCBpZKEjLtpctTF+jCKmMURMqWNGipfp9ISaj1PPRtZ0jMVP/2MvEvb5CYoOGlXMaJYZKuFgWJQCZC2d9ozBWjRswtIVRxeyuiU6IINTadgg3h61P0P+lVyrhWrl5XS63WOo48nME5XAKGOrTgCjrQBQoTeIAneHaE8+i8OK+r1pyznjmFH3DePgFfHI3g</latexit>

Ci

<latexit sha1_base64="72VHVto99ri0eNVaz2PiWKsr/Qw="></latexit>

�DIS ⇠ Ci ⌦ fi

• Is this enough? Not quite - heavy quark contributions (                  ) play 
important role.  Here some information is known but not everything.

• Expressions for heavy flavour in low and high      limits:

<latexit sha1_base64="OzY3tCdKuZx9yHI4gsABNunT32o=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4kJKU0seu4MZlBVsL7VAyadqGJplpkimUod/hxoUibv0Yd/6NmbaCih64cDjnXu69J4gENxahDy+zsbm1vZPdze3tHxwe5Y9P2iaMNWUtGopQdwJimOCKtSy3gnUizYgMBLsPJtepfz9j2vBQ3dl5xHxJRooPOSXWSb7sJ/QqWPQUm0LUzxdQESGEMYYpwdUKcqRer5VwDeLUciiANZr9/HtvENJYMmWpIMZ0MYqsnxBtORVskevFhkWETsiIdR1VRDLjJ8ujF/DCKQM4DLUrZeFS/T6REGnMXAauUxI7Nr+9VPzL68Z2WPMTrqLYMkVXi4axgDaEaQJwwDWjVswdIVRzdyukY6IJtS6nnAvh61P4P2mXirhSLN+WC43GOo4sOAPn4BJgUAUNcAOaoAUomIIH8ASevZn36L14r6vWjLeeOQU/4L19AmOdkd4=</latexit>

mc,b 6= 0

14

<latexit sha1_base64="rsY2Gdhy9shzyM/k9zznMXU8xbg=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPoTtoFvAQ8OIxQbNAMoaeTk/SpGehu0cIIZ/gxYMiXv0ib/6NPUkEFX1Q8Hiviqp6XiyFNhh/OCura+sbm5mt7PbO7t5+7uCwpaNEMd5kkYxUx6OaSxHyphFG8k6sOA08ydve+Cr12/dcaRGFt2YSczegw1D4glFjpZvGXbGfy+MCxpgQglJCyiVsSbVaKZIKIqllkYcl6v3ce28QsSTgoWGSat0lODbulCojmOSzbC/RPKZsTIe8a2lIA67d6fzUGTq1ygD5kbIVGjRXv09MaaD1JPBsZ0DNSP/2UvEvr5sYv+JORRgnhodsschPJDIRSv9GA6E4M3JiCWVK2FsRG1FFmbHpZG0IX5+i/0mrWCClwkXjPF+7XMaRgWM4gTMgUIYaXEMdmsBgCA/wBM+OdB6dF+d10briLGeO4Aect08erY2z</latexit>

Q2

★ High                  : Zero 
Mass case known exactly.

★ Low                  : massive (FFNS) 
unknown, with some information 
(LL small     and mass threshold).

<latexit sha1_base64="6z6DA51Kst+7ecxZMVvGVTA87H4=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXJRm0D1cFNy5bsA9opyWTZqahmYdJplCGfocbF4q49WPc+Tdm2goqeuDC4Zx7ufceNxZcaYQ+rLX1jc2t7dxOfndv/+CwcHTcVlEiKWvRSESy6xLFBA9ZS3MtWDeWjASuYB13cpP5nSmTikfhnZ7FzAmIH3KPU6KN5DQHNuz7PgyG44E9LBRRCSGEMYYZwZUyMqRWq9q4CnFmGRTBCo1h4b0/imgSsFBTQZTqYRRrJyVScyrYPN9PFIsJnRCf9QwNScCUky6OnsNzo4ygF0lToYYL9ftESgKlZoFrOgOix+q3l4l/eb1Ee1Un5WGcaBbS5SIvEVBHMEsAjrhkVIuZIYRKbm6FdEwkodrklDchfH0K/ydtu4TLpavmZbF+vYojB07BGbgAGFRAHdyCBmgBCu7BA3gCz9bUerRerNdl65q1mjkBP2C9fQJ4M5FD</latexit>

Q2 � m2
h
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evolution controlled by 
transition matrix elements       . 

• Some information at N3LO, but 
not all.

• Can follow similar procedure to 
approximate these (and massive 
coefficient functions).
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Hadronic Collisions
• For purpose of PDF fit assume nothing is known about this, and instead 

include a MHO uncertainty ( = aN3LO K-factor) on cross sections.

• Do not use scale variations, rather base on known NLO and NNLO:

• Two nuisance parameters         allowing freedom to determine preferred K-
factor in fit. Normalization set so that prior distribution is                  with      
variation corresponding to trend with lower orders.                
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i.e. form of aN3LO K-factor driven by lower order known K-factors.
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1�

• As expect K-factors to behave ~ similarly between similar 
processes, correlate these between 5 classes of process:

★ Jets ★      ★ Drell Yan ★        and V 
+ jets

★ Neutrino-
induced 
‘dimuon’ DIS
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★ Resulting K-factors: Drell Yan.
Resulting K-factors – Drell Yan Processes.

Predict a 1% decrease in the DY K-factors from NNLO.

In agreement with recent results found using NNLO PDFs with aN3LO
cross section[19].
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• Fit prefers a ~ 1% decrease from 
NNLO to aN3LO.

• This is in nice agreement with 
expectations from exact N3LO 
calculations!

• Implies improved perturbative 
convergence with aN3LO PDFs.

4

Fixed order �pp!�⇤(fb)

LO 339.62+34.06
�37.48

NLO 391.25+10.84
�16.62

NNLO 390.09+3.06
�4.11

N3LO 382.08+2.64
�3.09 [14]

N3LO only qcutT = 0.63 GeV qcutT ! 0 fit [14]

qg �15.32(32) �15.34(54) �15.29

qq̄ + qQ̄ +5.06(12) +5.05(12) +4.97

gg +2.17(6) +2.19(6) +2.12

qq + qQ +0.09(13) +0.09(17) +0.17

Total �7.98(36) �8.01(58) �8.03

TABLE I: Inclusive cross sections with up to N3LO
QCD corrections to Drell-Yan production through
a virtual photon. N3LO results are from the qT -
subtraction method and from the analytic calculation
in [14]. Cross sections at central scale of Q = 100 GeV
are presented together with 7-point scale variation.
Numerical integration errors from qT -subtraction are

indicated in brackets.

NNLOJET and SCET predictions involve logarithms up
to ln6(Q/q

cut
T ), which become explicit in the SCET cal-

culation. The NNLOJET calculation produces the same
large logarithms but with opposite sign, as well as power
suppressed logarithms (qcutT )m lnn(Q/q

cut
T ), where m � 2

and n  6. The physical N3LO total cross section con-
tribution must not depend on the unphysical cuto↵ q

cut
T ;

therefore it is important to choose a su�ciently small qcutT
to suppress such power corrections.

Figure 2 demonstrates the dependence on q
cut
T of the

SCET+NNLOJET predictions is negligible for values be-
low 1 GeV. In fact, for all partonic channels except qg,
the cross section predictions become flat and therefore
reliable already at qcutT ⇠ 5 GeV. It is only the qg chan-
nel that requires a much smaller q

cut
T , indicating more

sizeable power corrections than in other channels.

Also shown in Fig. 2 in dashed lines are the inclusive
predictions from [14], decomposed into di↵erent partonic
channels. We observe an excellent agreement at small-qT
region with a detailed comparison given in Table I. We
present total cross sections at small qcutT value (0.63 GeV)
and results from fitting the next-to-leading power sup-
pressed logarithms with q

cut
T extrapolated to zero. This

agreement provides a fully independent confirmation of
the analytic calculation [14], and lends strong support to
the correctness for our qT -subtraction-based calculation.
We observe large cancellations between qg channel (blue)
and qq̄ channel (orange). While the inclusive N3LO cor-
rection is about �8 fb, the qg channel alone can be as
large as �15.3 fb. Similar cancellations between qg and
qq̄ channel can already be observed at NLO and NNLO.
The numerical smallness of the NNLO corrections (and
of its associated scale uncertainty) is due to these cancel-

FIG. 3: Di-lepton rapidity distribution from LO to
N3LO. The colored bands represent theory uncer-
tainties from scale variations. The bottom panel is
the ratio of the N3LO prediction to NNLO, with dif-

ferent cuto↵ q
cut
T .

lations, which may potentially lead to an underestimate
of theory uncertainties at NNLO.
In Fig. 3, we show for the first time the N3LO pre-

dictions for the Drell-Yan di-lepton rapidity distribution,
which constitutes the main new result of this Letter. Pre-
dictions of increasing perturbative orders up to N3LO
are displayed. We estimate the theory uncertainty band
on our predictions by independently varying µR and µF

around 100 GeV with factors of 1/2 and 2 while elimi-
nating the two extreme combinations (7-point scale vari-
ation). With large QCD corrections from LO to NLO,
the NNLO corrections are only modest and come with
scale uncertainties that are significantly reduced [5, 7, 8].
However, as has been observed for the total cross sec-
tion, the smallness of NNLO corrections is due to cancel-
lations between the qg and qq̄ channels. Indeed, Fig. 3
shows clearly that the N3LO correction is large compared
with NNLO, and that the NNLO scale uncertainty band
fails to overlap with N3LO over the full rapidity range.
It should however be noted that the uncertainties from
PDFs, especially from the missing N3LO e↵ects in their
evolution, can be at the percent level [14], which high-
lights the necessity for a consistent PDF evolution and
extraction at N3LO in the future.
In the bottom panel of Fig. 3, we show the ratio of

the N3LO rapidity distribution to the previously known
NNLO result [7, 8]. As can be seen, the corrections are
about �2% of the NNLO results, and are flat over a
large rapidity range. There is minimal overlap between
the scale uncertainty bands only at large y�⇤ . To test the
numerical stability at N3LO, three values of qcutT are ex-
amined in the bottom panel. We observe the qcutT depen-

X. Chen et al., 
Phys.Rev.Lett. 
128 (2022) 5, 
052001 
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★ Resulting K-factors:        .

• Fit prefers overall increase in 
magnitude from NNLO to N3LO.

• Consistent with approximation 
N3LO calculation.

Resulting K-factors – Top Quark Processes.

Top K-factors see an overall increase in magnitude, consistent with
recent results[20].

Results show a marginally better fit overall.

K-factor for CMS 8 TeV single diff. shown here.
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Figure 2: The total cross sections at LO, NLO, NNLO, and aN3LO for tt̄ production at pp collider
energies.

In Fig. 2 we show the LO, NLO, NNLO, and aN3LO cross sections for pp collider energies
ranging from 5 TeV to 100 TeV. The inset plot displays the K-factors, i.e. the ratios of the NLO,
NNLO, and aN3LO cross sections to the LO ones. All three K-factors increase slowly with collision
energy.

K-factors for tt̄ production in pp collisions
K-factor 5.02 TeV 7 TeV 8 TeV 13 TeV 13.6 TeV 14 TeV 27 TeV 50 TeV 100 TeV
NLO/LO 1.46 1.47 1.48 1.50 1.50 1.50 1.52 1.55 1.58
NNLO/LO 1.64 1.65 1.66 1.67 1.67 1.67 1.69 1.71 1.75
aN3LO/LO 1.71 1.72 1.72 1.72 1.72 1.72 1.73 1.75 1.78
aNLO/NLO 1.02 1.01 1.00 0.99 0.99 0.99 0.97 0.95 0.92

aNNLO/NNLO 1.01 1.01 1.01 1.00 1.00 1.00 1.00 0.99 0.98

Table 2: The K-factors in tt̄ production (with µ = mt) at di↵erent perturbative orders in pp
collisions with various values of

p
S, with mt = 172.5 GeV and MSHT20 NNLO pdf.

In Table 2 we show K-factors for tt̄ production for the same pp-collider energies as in Table 1.
The NLO/LO ratio is large for all energies, indicating large contributions from the NLO corrections.
The NNLO/LO ratio is significantly larger, showing further important contributions from NNLO
corrections. The aN3LO /LO ratio is larger still, indicating further significant contributions from
third-order soft-gluon corrections.
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energies.

In Fig. 2 we show the LO, NLO, NNLO, and aN3LO cross sections for pp collider energies
ranging from 5 TeV to 100 TeV. The inset plot displays the K-factors, i.e. the ratios of the NLO,
NNLO, and aN3LO cross sections to the LO ones. All three K-factors increase slowly with collision
energy.

K-factors for tt̄ production in pp collisions
K-factor 5.02 TeV 7 TeV 8 TeV 13 TeV 13.6 TeV 14 TeV 27 TeV 50 TeV 100 TeV
NLO/LO 1.46 1.47 1.48 1.50 1.50 1.50 1.52 1.55 1.58
NNLO/LO 1.64 1.65 1.66 1.67 1.67 1.67 1.69 1.71 1.75
aN3LO/LO 1.71 1.72 1.72 1.72 1.72 1.72 1.73 1.75 1.78
aNLO/NLO 1.02 1.01 1.00 0.99 0.99 0.99 0.97 0.95 0.92

aNNLO/NNLO 1.01 1.01 1.01 1.00 1.00 1.00 1.00 0.99 0.98

Table 2: The K-factors in tt̄ production (with µ = mt) at di↵erent perturbative orders in pp
collisions with various values of

p
S, with mt = 172.5 GeV and MSHT20 NNLO pdf.

In Table 2 we show K-factors for tt̄ production for the same pp-collider energies as in Table 1.
The NLO/LO ratio is large for all energies, indicating large contributions from the NLO corrections.
The NNLO/LO ratio is significantly larger, showing further important contributions from NNLO
corrections. The aN3LO /LO ratio is larger still, indicating further significant contributions from
third-order soft-gluon corrections.
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★ Resulting K-factors: jets.

Figure 24: K-factor expansion up to aN3LO shown for the CMS 7 TeV jets dataset (R = 0.7) [99].
The K-factors shown here are absolute i.e. all with respect to LO (KN

m
LO/LO

8 m 2 {1, 2, 3}).

68

Figure 24: K-factor expansion up to aN3LO shown for the CMS 7 TeV jets dataset (R = 0.7) [99].
The K-factors shown here are absolute i.e. all with respect to LO (KN

m
LO/LO

8 m 2 {1, 2, 3}).

68

• Fairly mild shift from NNLO to N3LO, as one might expect/hope for.
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Fit Quality

The overall �
2 follows the general trend one may expect from

perturbation theory.

LO NLO NNLO N3LO
�
2

Npts
2.57 1.33 1.17 1.14

Evidence that including aN3LO has reduced tensions between small
and large-x.

�
2 reduction is mostly

due to new theory, not
just from K-factors included
in fit.

Average penalty for included
20 aN3LO parameters is
0.46.
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• Using the results above, perform aN3LO fit to exactly same dataset as 
MSHT20 NNLO global fit.

• Start with total       per point. General trend for improvement at aN3LO, as 
we would expect from pQCD. Corresponds to                  from NNLO.
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• Some of this improvement comes from additional freedom in LHC K-factors. 
However:

★ Over half remains if we turn these off.

★ We have seen for DY +       that these follow 
what we could expect from pQCD calculations.
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• Key point: much of theory changes are not centred on NNLO. Can depart 
quite strongly from this due to known information about N3LO. The fit is 
preferring this!
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• Breaking things down more:
Global Fit Quality at aN3LO

We see a reduction in
�
2 from NNLO across all

datasets (��
2 = �160

for 20 extra parameters).

ATLAS 8 TeV Z pT [18]
sees a huge reduction in
�
2.

This is a similar reduction
found at NNLO when
HERA datasets were not
included [1].

In the aN3LO fit, we also
see an improvement in
the fit to HERA data.
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• Significant improvement in DIS - driven by N3LO input.

• Also large improvement in `      Jets’ - driven by ATLAS 8 TeV           data: 
from 1.81 to 1.04 per point (104 points).

•           constrains high     gluon, and similar level of improvement found if we 
exclude HERA DIS from NNLO fit, i.e. aN3LO is alleviating tension 
between low and high     regions.

• Milder improvement in      and DY. Interestingly inclusive jet data actually 
gets worse - issues with fitting inclusive jet data?
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Z p?

See my talk yesterday!



PDFs

• Most noticeable difference: gluons and quarks larger at low     .

Figure 34: General forms of NNLO (top) and aN3LO (bottom) PDFs at low (left) and high (right)
Q

2. Several main features can be compared and contrasted such as the marked increase in the gluon
and charm at small-x (note the di↵erence in y-axis scale between NNLO (top) and aN3LO (bottom)).
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NNLO aN3LO

• Broad picture:
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• In more detail…
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Figure 36: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated (Hij+Kij) and correlated (H 0

ij
)K-factor parameters, compared to NNLO 68% confidence

intervals. Also shown are the central values at NNLO when fit to all non-HERA datasets which
show similarities with N3LO in the large-x region of selected PDF flavours. All plots are shown for
Q

2 = 104 GeV2.

as the more recent results. However, SeaQuest results suggest a preference for a higher d at

large-x, therefore including this data may in fact help constrain the high-x d behaviour seen

here.

Fig.’s 37 and 38 express the aN3LO PDFs with decorrelated (green shaded region) and

correlated (red dashed lines) aN3LO K-factors at low and high-Q2 respectively (again with the

bottom quark provided at Q2 = 25 GeV2 at low-Q2) as a ratio to the N3LO central value. For

comparison we also include the level of uncertainty predicted with all N3LO theory fixed (blue

shaded region) i.e. only considering the variation without N3LO theoretical uncertainty.

Comparing the two di↵erent aN3LO sets in Fig.’s 37 and 38, in general there is good

agreement between the total uncertainties considering the cases with correlated (red dash)

and decorrelated (green shaded) aN3LO K-factors. The di↵erences that are apparent between
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•  Gluon enhanced at low    
due to large logs in splitting 
functions.

• But also reduced at            
due to reduction in        and 
compensation for increased 
gluon at low     .

•  Charm (generated 
perturbatively) increased due 
to increase in gluon at low    
and change in          .
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See Backup for more.

Other PDFs: backup



Figure 38: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated and correlated K-factor parameters, compared to the aN3LO central value. Also shown
are the central values at aN3LO when fit to all non-HERA datasets and the central values with all
K-factors set at NNLO. All plots are shown for Q2 = 104 GeV2.

As the fit now resides in a di↵erent �2 landscape where a best fit has been achieved through

fitting the N3LO theory, fixing the aN3LO theory parameters is likely to have a substantial

e↵ect across all PDFs.

An important point made by Fig.’s 37 and 38 is that that the di↵erence between the decor-

related and correlated cases is much smaller than the di↵erence of not including theoretical

uncertainties at all (blue shaded region). This analysis therefore provides evidence to support

the original assumption of being able to decorrelate the cross section (aN3LO K-factors) and

PDF theory (including other N3LO theory).

Along with the separate cases of uncertainty illustrated in Fig.’s 37 and 38, we also display

the central values of an aN3LO fit to all non-HERA data and an aN3LO fit with NNLO K-

factors. Examining the form of the no HERA aN3LO PDFs for x > 10�2, we show some

agreement with the standard N3LO central value across most PDFs (more so at high-Q2 than
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Figure 38: High-Q2 ratio plots showing the aN3LO 68% confidence intervals with decorrelated and
correlated K-factor parameters, compared to the aN3LO central value. Also shown are the central
values at aN3LO when fit to all non-HERA datasets and the central values with all K-factors set at
NNLO. All plots are shown for Q2 = 104 GeV2.
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PDFs - theoretical uncertainty
• Compare to results with aN3LO theory fixed to best fit value, i.e. no MHO 

‘theory’ uncertainty. Impact relatively mild but not negligible.

★ Gluon uncertainty most affected - increased at low    due to larger 
uncertainty in splitting functions.
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★ Some increase in light quarks at low    .
★ But at high     impact tiny - much more known here and uncertainty lower.
★ Impact of MHOs also on central value e.g. if NNLO K-factors used.
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Implications for the Higgs
• Higgs via gg fusion: reasonable shift down induced due to change in gluon.

• Perturbative convergence improved once aN3LO PDFs used. This 
cancellation not guaranteed (not driven by e.g. change in        ).

� order PDF order � +��+ ���� (pb) � (pb) + ��+ ���� (%)
PDF uncertainties

N3LO

aN3LO (no theory unc.) 45.296 + 0.723� 0.545 45.296 + 1.60%� 1.22%
aN3LO (Hij +Kij) 45.296 + 0.832� 0.755 45.296 + 1.84%� 1.67%

aN3LO (H 0
ij
) 45.296 + 0.821� 0.761 45.296 + 1.81%� 1.68%

NNLO 47.817 + 0.558� 0.581 47.817 + 1.17%� 1.22%
NNLO NNLO 46.206 + 0.541� 0.564 46.206 + 1.17%� 1.22%

PDF + Scale uncertainties

N3LO

aN3LO (no theory unc.) 45.296 + 0.723� 1.851 45.296 + 1.60%� 4.09%
aN3LO (Hij +Kij) 45.296 + 0.832� 1.923 45.296 + 1.84%� 4.25%

aN3LO (H 0
ij
) 45.296 + 0.821� 1.926 45.296 + 1.81%� 4.25%

NNLO 47.817 + 0.577� 2.210 47.817 + 1.21%� 4.62%
NNLO NNLO 46.206 + 4.284� 5.414 46.206 + 9.27%� 11.72%

Table 13: Higgs production cross section results via gluon fusion (with
p
s = 13 TeV) using N3LO

and NNLO hard cross sections combined with NNLO and aN3LO PDFs. All PDFs are at the standard
choice ↵s(mZ) = 0.118. These results are found with µ = mH/2 unless stated otherwise, with the
values for µ = mH supplied in Table D.1.

Figure 45: Higgs production cross section results via gluon fusion (with
p
s = 13 TeV) at two

central scales: µ = mH/2 (left) and µ = mH (right). Displayed are the results for aN3LO PDFs with
decorrelated K-factors ((Hij+Kij)�1), correlated K-factors (H 0 �1

ij
= (Hij+Kij)�1) each with a scale

variation band from varying µr by a factor of 2. In the NNLO and NLO PDF cases, both scales µf

and µr are varied by a factor of 2 following the 9-point convention [11].
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Ongoing Study: NNPDF
• Have so far focussed on MSHT20aN3LO: so far only published result at 

this order. 

• But NNPDF have been also presented results along similar (but not 
identical) lines.

• How are these results different/similar to MSHT and what does this tell us 
about overall aN3LO picture?

• Basic idea/motivation the same:

R. Stegeman, 
this workshop

• Construction of aN3LO fit is similar in overall approach, but differing in 
key elements.
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Challenges

PDFs, along with ↵s, are often a dominant source of uncertainty for predictions of LHC cross-sections

Requirements for the next generation of PDFs are
threefold:

To exploit the impressive progress in N3LO
calculations we require PDFs of the same order

Missing higher order uncertainties (MHOUs) for some
observables are larger than the experimental
uncertainty and can thus no longer be neglected

The level of precision aimed for at the LHC no longer
allows neglecting EW corrections

Focus on QED, but first briefly mention N3LO and MHOU Uncertainties for inclusive Higgs production
[HL-LHC: 1902.00134]



• Start with splitting functions. Basic approach as with MSHT: construct 
approx.            using known information. Differs in:
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P (x)
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★ MSHT is     space, NNPDF Mellin space.<latexit sha1_base64="QlDqad8SIGsGZ8hoeAIWBrNWP4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePCZgHJEuYnXSSMbOzy8ysGJZ8gRcPinj1k7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqNx9RaR7JezOO0Q/pQPI+Z9RYqfbULZbcsjsDWSZeRkqQodotfnV6EUtClIYJqnXbc2Pjp1QZzgROCp1EY0zZiA6wbamkIWo/nR06ISdW6ZF+pGxJQ2bq74mUhlqPw8B2htQM9aI3Ff/z2onpX/spl3FiULL5on4iiInI9GvS4wqZEWNLKFPc3krYkCrKjM2mYEPwFl9eJo2zsndZvqidlyo3WRx5OIJjOAUPrqACd1CFOjBAeIZXeHMenBfn3fmYt+acbOYQ/sD5/AHnq40A</latexit>x

★ Treatment of           uncertainty band in fit.
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P (x)

• Latter most important distinction. 

• Recall MSHT constructs a prior 
uncertainty band but final 
posterior band determined by fit.

Splitting Functions
Overall result for P

(3)
qg :

Green Curve - central result of prior, not centred on NNLO.
Blue Dashed - our best fit aN3LO, about which we produce uncertainties.

- Largest di�erences exist at low x relative to NNLO, more divergent pieces
gained at N3LO.

- Di�erences relative to NNLO also at intermediate and high x , due to
moment information.

Thomas Cridge MSHT20aN3LO Review 16th June 2023 7 / 29
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• NNPDF take a different approach: set of       constructed, 
one for each functional basis     with certain cases 
discarded according to chosen quality criteria.  

9

PDF evolution @ aN3LO

The approximation procedure is performed in Mellin space for each 
 part independently: 

1. Parametrise the difference between the 4 (10) known 
moments and known limits with 4 functions . 

2. Varying the sub-leading unknown  to produce a large 
set of parameterisation candidates . 

3. Reduce the number of samples discarding too wiggly 
parameterisations and looking at the most representative 
cases. 

nf

fi(N)

fi(N)
( ≈ 70)

Rule of thumb: 
small-N  small-x, 
large-N  large-x  

→
→

f̃(N) = ∫
1

0
xN−1f(x)dx

For example in : 
1. Theoretical constraint include:  

- large-N: 

- small-N pole at , and   (leading contribution): 

Pgg(x)

N = 0 N = 1

γ(3)
gg (N → ∞) ≈ AggS1(N) + Bgg + %( ln(N)

N )

γ(3)
gg (N → 1) ≈ C4

1
(N − 1)4 + C3

1
(N − 1)3 + %( 1

(N − 1)2 )

f4 = { 1
(N − 1) , 1

N4 , 1
N3 , 1

N2 , 1
N

, 1
(N + 1)3 , 1

(N + 1)2 ,

2. Solve the constraint given by the 4 known Mellin  

moments with many different candidates :{f1, f2, f3, f4}

f1 = S1(N )
N

1
N + 1 , 1

N + 2 , ℳ[ln(1 − x)], ℳ[(1 − x)ln(1 − x)], S1(N )
N2 }

f3 = { 1
(N − 1) , 1

N
}

f2 = 1
(N − 1)2

‣ The spread among different linear combinations 
estimate IHOU.


‣ Only theoretical inputs are considered.


‣ All the implemented approximations respect 
momentum sum rules.


‣ Procedure tested at previous order.

For more details see 
EKO N3LO documentation

Splitting functions
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fi

• Each of these is use independently in PDF fit, and final result is 
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i ⇠ O(100)
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• Personal view: including information from global fit well motivated. But 
differences should be explored more in future.

★ MSHT:

Pro Con/Caveat

Information from 
global fit on 
aN3LO used!

Sensitivity to 
higher orders/other 
issues in fit.

★ NNPDF:

Information from 
global fit on 
aN3LO not used!

Arguable ‘Cleaner’ 
aN3LO uncertainty

• Genuine choice in how fitting splitting functions is approached: 
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MSHTaN3LO: [arxiv:2207.04739]Comparison with MSHT

[arXiv:2302.07593]

• General consistency but difference in        . Less pheno relevance and one 
where highest power of log (                 ) unknown. Under investigation!
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• Difference in        as Falcioni et al. came after MSHT20.
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• N.B. the MSHT20 results here are the prior (not posterior) bands.
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• What about hadronic cross sections? Scale variation approach taken, studied 
in detail in earlier works. NNPDF, Eur.Phys.J.C 79 (2019) 11, 931

• Basic idea well known - `rule of thumb’ variation of         by factor of 2:
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See A. Barontini’s talk for 
more results!

MHOU from scale variations 
General formalism how to introduce theory uncertainties in PDFs  have been 
addressed in various studies: 
 MSTH [arxiv:1811.08434], NNPDF [arxiv:1906.10698], [arxiv:2105.05114]

‣ Not a unique procedure. There are at least 3 different schemes that can be 
used to compute MHOU. Differences are always higher orders. 

‣ Factorization scale variations are introduced during the DGLAP 
evolution. 

‣ Renormalization scale variations are retained inside the coefficient 
functions and varied differently for different kind of processes. 

‣ The way in which  are varied simultaneously define a so called point 
prescription.

μf , μr

5 points 7 points 9 points 

FKi,n(Q, μf , μr) = Eij,n(Q, αs, μf ) ⊗ Cj,n(Q/μr, αs)

n = {1…Ndat}
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Scale variation advantages: 

‣ Justified by RGE invariance.

‣ Valid for every process.

PDF Evolution 

Partonic coefficients

Figure 5.3. Comparison of the experimental correlation matrix Eq. (5.1) (top left) and the the combined
experimental and theoretical correlation matrices Eq. (5.2) computed using the prescriptions described in
Sect. 4: the symmetric prescriptions (5-pt top right, 5-pt center left, 9-pt center right), and asymmetric
prescriptions (3-pt bottom left, 7-pt bottom right). The data are grouped by process and within a process
by experiment, as in Fig. 5.2.
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NNPDF, Eur.Phys.J.C 79 (2019) 11, 931

• This is used to construct 
theory covariance matrix - 
MHO uncertainty + 
correlations between/within 
processes.

• Full results with this 
presented at NLO only so far. 
NNLO/N3LO ongoing.

• How does this compare to MSHTaN3LO approach?



★ MSHT: aN3LO MHO given by 
nuisance parameters and       NLO, 
NNLO K-factors.

★ NNPDF: covariance matrix constructed from scale variations.
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• Will certainly give different results, but in fact achieve similar things:

‣ For NNPDF (MSHT) uncertainty implicitly 
(explicitly) at next order.
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‣ Correlations between classes of processes qualitatively similar.

‣ Nuisance parameter vs. covariance matrix difference superficial - these are 
equivalent. Covariance matrix does not avoid fit picking a preferred scale.

• But not to overstate: approaches are different!
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(Very) Initial Comparison
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Preliminary aN3LO PDFs fits
‣ First runs of aN3LO fits show a quite visible impact of N3LO 
corrections in the small-x region for gluon  and Singlet . 

‣ At large-x PDFs are compatible within one sigma with NNLO. 

‣ Theory uncertainties reduce tensions with NNLO pdfs also 
in the small-x region.

g Σ

with Theory Uncertaintiesw/o Theory Uncertainties

Figure 36: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated (Hij+Kij) and correlated (H 0

ij
)K-factor parameters, compared to NNLO 68% confidence

intervals. Also shown are the central values at NNLO when fit to all non-HERA datasets which
show similarities with N3LO in the large-x region of selected PDF flavours. All plots are shown for
Q

2 = 104 GeV2.

as the more recent results. However, SeaQuest results suggest a preference for a higher d at

large-x, therefore including this data may in fact help constrain the high-x d behaviour seen

here.

Fig.’s 37 and 38 express the aN3LO PDFs with decorrelated (green shaded region) and

correlated (red dashed lines) aN3LO K-factors at low and high-Q2 respectively (again with the

bottom quark provided at Q2 = 25 GeV2 at low-Q2) as a ratio to the N3LO central value. For

comparison we also include the level of uncertainty predicted with all N3LO theory fixed (blue

shaded region) i.e. only considering the variation without N3LO theoretical uncertainty.

Comparing the two di↵erent aN3LO sets in Fig.’s 37 and 38, in general there is good

agreement between the total uncertainties considering the cases with correlated (red dash)

and decorrelated (green shaded) aN3LO K-factors. The di↵erences that are apparent between

100

• First indication is that impact on gluon at aN3LO is more significant for 
MSHT, though trend the same.

• In region relevant to ggH - important to clarify!

• Reason for this unclear (differing       ,      cuts, MHOs…).
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• Benchmarking needed, and underway!
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Fit/Prediction Correlations

• Final subtlety: for predicted cross sections (                 ) also require MHO 
uncertainty. Risk of double counting? Typically scale variations used…
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�̂ + PDFBasic Idea
• PDFs themselves not observable. Can recast fit process purely in terms of 

fit and predicted observables, with no reference to PDFs.

fi

Fit

Prediction

A

B

C

• Rule of thumb: vary scale                     . Can propagate through to PDFs. 
However, will traditionally then include such a variation again in prediction.

• If we interpret ‘theory uncertainty’ as that inherent in expressing predicted 
quantity in terms of measured one then varying at both B and C not 
obviously the right procedure.

• Recasting in terms of                   via A makes this concrete.
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LHL and R. S. Thorne, EPJC79 (2019), no.1, 39

★ Simplified study: recast PDF fit as direct relationship between fit and 
predicted observables. Find clear risk of overestimating errors due to 
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• How this translates to full fit is non-trivial, but in some cases possible/
desirable to keep track of correlations…

R. Ball an R. Pearson, Eur.Phys.J.C 81 (2021) 9, 830 
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Resulting K-factors – Top Quark Processes.

Top K-factors see an overall increase in magnitude, consistent with
recent results[20].

Results show a marginally better fit overall.

K-factor for CMS 8 TeV single diff. shown here.

LHC EW 2022 – Oct. 2022 25
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tt

• For processes (top, jets, DY…) in fit 
where NNLO + MHOUs are used, 
can/should keep track of the aN3LO 
K-factor preferred by fit and their 
uncertainty.

• MSHT provides theses as 
‘decorrelated’ eigenvectors to use.

Use in prediction!

Matrix
Central Values

Eigenvector
+ Limit - Limit

Scale
aNLO aNNLO aNLO aNNLO aNLO aNNLO

K
DY

ij
-0.282 0.079

43 -0.378 0.062 -0.145 0.103
m/2

44 -0.334 0.374 -0.256 -0.071

K
Top

ij
0.041 0.651

45 -0.564 0.455 0.692 0.862
Section 7.2

46 0.026 1.210 0.070 -0.456

K
Jets

ij
-0.300 -0.691

47 -0.515 -0.957 0.105 -0.189
p
jet

T48 -0.725 -0.033 0.036 -1.212

K
pT Jets

ij
0.583 -0.080

49 0.388 -0.406 0.812 0.301
pT50 0.480 0.624 0.680 -0.742

K
Dimuon

ij
-0.444 0.922

51 -1.109 -0.208 -0.103 1.502
Q

2

52 -1.091 1.359 0.981 -0.039

Table 10: Limiting values for specific K-factor parameters for each of the processes considered
in the decorrelated case. Parameter values are shown in the positive and negative limits for each
eigenvector. The scale choices for top quark processes are described in Section 7.2 to be HT /4 for the
single di↵erential datasets with the exception of data di↵erential in the average transverse momentum
of the top or antitop, pt

T
, p

t̄

T
, for which mT /2 is used. For the double di↵. dataset the scale choice is

HT /4 and for the inclusive top �tt̄ a scale of mt is chosen.

The last 5 sets of eigenvectors (i.e. the last 10 where a set contains 2 eigenvectors for a

particular process) we see in Table 11 are the decorrelated K-factor eigenvectors, where there

are correlated/anti-correlated eigenvectors for each process. For all K-factor cases, Table 11

provides sensible results with either the dominant datasets or parameter penalties constraining

each eigenvector direction. One interesting feature one can observe here is a sign of tension

between the ATLAS 8 TeV Z pT [110] and ATLAS 8 TeV W + jets [111] datasets where the

limiting factors in Table 11 for eigenvectors 49 and 50 show that these datasets are preferring

a slightly di↵erent K-factor.

To provide some extra level of comparison between the eigenvectors shown here and the

eigenvectors found in the NNLO case, the average tolerance T for aN3LO (decorrelated K-

factors) set is 3.34, compared to the NNLO average T of 3.37.

88

• Allows MHOU (in MSHT approach) in predictions to be consistently 
propagated through, including PDF correlation.

• Also in principle possible in scale variation (NNPDF) approach, with first 
study in this direction performed… 
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Figure 3.2. The distribution of PDF replicas over each of the scales in two cases: in green for the
MCscales uniform prior and in orange for the distribution after postfit.

factorisation scale. Since we assign one renormalisation scale to each process and we

vary the factorisation scale and the renormalisation scales independently, there are nine

scale combinations per process and therefore there are 45 scale combinations in total.

The percentage of PDF replicas with a given scale combination after postfit are shown in

Fig. 3.3. We observe that across all processes the central value of the factorisation scale is

favoured by the data. In the case of DIS CC, the central value of the renormalisation scale

is also favoured, while in the case of DIS NC a larger value is favoured by the data. As

far as DY data are concerned, a lower value of the renormalisation scale is favoured by the

data independently of the factorisation scale value. Interestingly the survival percentage

is larger for (kf , k
(DY)
r ) = (0.5, 0.5) and (kf , k

(DY)
r ) = (0.5, 2.0) than for (kf , k

(DY)
r ) =

(1.0, 0.5) and (kf , k
(DY)
r ) = (1.0, 2.0). This compensates the larger survival percentage for

(kf , k
(DY)
r ) = (1.0, 1.0) compared to (kf , k

(DY)
r ) = (1.0, 0.5) and makes k(DY)

r = 0.5 the scale

favoured by data. In the case of inclusive jet data, there is basically no dependence on the

renormalisation scale, while in the case of top data a larger value of the renormalisation

scale is clearly disfavoured by the data. We see that postfit has a strong impact on the

distribution. As we saw in Fig. 3.2, kf = 1 is preferred to the non-central values. We

also observe that the most common scale combination after postfit has been applied is not

(kf , kr) = (1, 1) for each process, as might be expected. A summary of the favourite scale

combinations is given in Table 3.2. In particular, we see that values of (1, 2) and (1, 12) are

preferred for the DIS NC and jets data, respectively, while the other processes display a

better agreement with the data once central scales are selected.
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• MCscales study: replica PDF fits performed with different         choices.
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on scale variations, as well as a set of tools to operate on it. The main deliverable of this

work is PDF set obtained as described in Sect. 3, dubbed

mcscales v1 .

It can be downloaded from the following URL:

https://data.nnpdf.science/pdfs/mcscales v1.tar.gz .

This PDF set is based on the NNPDF 3.1 [1] global analysis with the same minor

changes in dataset selection made in Ref. [22]. The PDF set contains 823 replicas, which

have been fitted with a di↵erent choice of factorisation and renormalisation scales for the

input data. This allows computing predictions with matched scale variations, as discussed

in Sec. 4.1, such as those used in the phenomenology studies in Sec. 6. These computations

could be implemented directly on codes, with the help of the metadata information stored

in the LHAPDF grids discussed next, or executed manually on any code that allows choosing

PDFs and scales, with the help of a script to split the grids, which we also provide and

describe briefly below.

The metadata of the LHAPDF grid of the mcscales v1 set has been enhanced with the

following keys in the global .info file a↵ecting the full PDF set:

mcscales processes A list of strings containing the processes for which separate renor-

malisation scales are considered, as discussed in Sec. 2.1. Its current value is [DIS

CC, DIS NC, DY, JETS, TOP].

mcscales scale multipliers A list of numbers with the possible scale multiplier choices,

Eq. 2.1. Its current value is [0.5, 1, 2].

The metadata header for each of replica grids (that is, all the members of the LHAPDF set

except the data member 0, which corresponds to the central value) has been enhanced with

the following keys:

mcscales ren multiplier <PROCESS> : One key for each of the values of mcscales processes

(i.e. mcscales ren multiplier DIS CC, mcscales ren multiplier DIS NC,

mcscales ren multiplier DY, mcscales ren multiplier JETS and

mcscales ren multiplier TOP) with the value of the renormalisation scale multi-

plier for a given process and the current replica. The possible values are one of the

entries in mcscales scale multipliers.

mcscales fac multiplier The factorisation scale multiplier for the current replica. The

possible values are one of the entries in mcscales scale multipliers.

This metadata, accessible with the LHAPDF library, should allow for incorporating support

for the matched scale convolution described in Sect. 4.1: Users can split the replicas by

scale multipliers as appropriate for the computation and match the scale variation for the

hard cross section with each group, in order to implement either Eq. 4.3 or Eq. 4.4.

In addition, we provide a set of tools to manipulate MCscales PDFs. These are

available from
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• The                      replicas made available, so that         variation can again be 
consistently propagated through to predictions.
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Interpretation/Usage

★ If N3LO cross sections are known, use aN3LO PDF + their theoretical 
uncertainties. No need for:
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their PDF uncertainties. Due to this, we argue and motivate in Section 9 that factorisation

scale variations are no longer necessary in calculations involving aN3LO PDFs. However the

renormalisation scale should continue to be varied to provide estimates of MHOUs in the hard

cross section piece of physical calculations.

In the case that the hard cross section for a process is available up to N3LO the recommen-

dation is to use the aN3LO PDFs, since unmatched ingredients in cross section calculations can

ignore important cancellations (between the PDFs and hard cross section).

If a process is included within the global fit and the hard cross section is known only up to

NNLO (i.e. those discussed in Section 7), we recommend the use of the decorrelated version of

the aN3LO PDF set. Using these PDFs and the details provided in Table 10, the hard cross

section can be transformed from NNLO to approximate N3LO. From here the two approximate

N3LO ingredients can be used together to give a full approximate N3LO result.

If a process is not included in the global PDF fit and the hard cross section is known only up

to NNLO, the standard NNLO PDF set remains the default choice. However, we recommend

the use of these aN3LO PDFs as an estimate of potential MHOUs. In this case the aN3LO

PDF set + NNLO hard cross section prediction should be reflected in any MHOU estimates

for the full NNLO prediction. For example, when the hard cross section is known only up to

NNLO Equation (3.13) from [75] can be adapted to be,

�(PDF� TH) =
1

2

�����
�
(2)

aN
3
LO

� �
(2)

NNLO

�
(2)

aN
3
LO

����� (10.1)

where �(PDF � TH) is the predicted PDF theory uncertainty on the � prediction, �(2)

aN
3
LO

is

the NNLO hard cross section with aN3LO PDFs and �
(2)

NNLO
is the full NNLO result. A caveat

to this treatment is that the theory uncertainty is sensitive to unmatched cancellations and

should therefore be used with care (and caution), therefore the NNLO set remains the default

in evaluating PDF uncertainties.

11 Conclusions

In this paper we have presented the first approximate N3LO global PDF fit. This follows the

MSHT20 framework [3], where the aN3LO PDF set also incorporates estimates for theoretical

uncertainties from missing N3LO contributions and implicitly some MHOU beyond this. In

addition, the framework presented for obtaining these PDFs provides a means of utilising higher

order information as and when it is available. In contrast, previously, complete information of

the next order was required for theoretical calculations in PDF fits. This provides a significant

advantage moving forward in precision phenomenology, since as we move to higher orders,

this information takes increasingly longer to calculate. We have analysed the resulting set of

PDFs, denoted MSHT20aN3LO, and made two sets available as described in Section 10. The
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Figure 10: Ratio of the K-factors for NCDY and W
+ production as a function of Q

2 at

di↵erent orders in perturbation theory.

Figure 11: Ratio of the K-factors for NCDY and �
⇤ production as a function of Q

2 at

di↵erent orders in perturbation theory.

tainties �(PDF) using the Monte Carlo method. The PDF set PDF4LHC15 nnlo mc uses

↵S = 0.118 as a central value and two additional PDF sets are available that allow for

the correlated variation of the strong coupling constant in the partonic cross section and

the PDF sets to ↵
up

S = 0.1195 and ↵
down

S = 0.1165. These sets allow us to deduce an

uncertainty �(↵S) on our cross section following the prescription of ref. [85]. We combine

the PDF and strong coupling constant uncertainties in quadrature to give

�(PDF + ↵S) =
p

�(PDF)2 + �(↵S)2 . (4.5)

Currently there is no available PDF set extracted from data with N3LO accuracy, and

so we are bound to use NNLO PDFs in our predictions. We estimate the potential impact

of this mismatch on our results using the prescription introduced in ref. [25]. The PDF

theory (PDF-TH) uncertainty is then obtained by studying the variation of the NNLO

cross section as NNLO- or NLO-PDFs are used:

�(PDF-TH) =
1

2

����
⌃NNLO, NNLO-PDFs(Q2) � ⌃NNLO, NLO-PDFs(Q2)

⌃NNLO, NNLO-PDFs(Q2)

���� . (4.6)

Here, the factor 1

2
is introduced as it is expected that this e↵ect becomes smaller at N3LO

compared to NNLO.
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★ For DIS processes advised to use aN3LO PDF with aN3LO coefficient 
functions.

★ When predicting processes included in fit, can keep track of aN3LO 
information to provide consistent aN3LO result.

★ For processes not included in fit, the change between using NNLO and 
N3LO can be taken as a corresponding uncertainty.



Final Remarks

36

★ Though full N3LO is a way off, we already have more than enough 
information to provide a genuine description of N3LO PDF, with an 
associated uncertainty.

★ Not ‘just’ NNLO + uncertainty - known N3LO information requires 
central value to be systematically different.

★ To get as much as possible out of PDF arsenal, these aN3LO sets will be 
crucial - can’t afford to wait for full N3LO.

★ Will require continuous updating - MSHT work underway to include 
(already significant) new information.

★ Futher benchmarking underway - lots more work to do!

Thank you for listening!



Backup
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DIS Coefficient Functions
• DIS coefficient functions        known at N3LO for the massless quarks.
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• Is this enough? Not quite - heavy quark contributions (                  ) play 
important role.  Here some information is known but not everything.

• Expressions for heavy flavour in low and high      limits:
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mc,b 6= 0

38

<latexit sha1_base64="rsY2Gdhy9shzyM/k9zznMXU8xbg=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPoTtoFvAQ8OIxQbNAMoaeTk/SpGehu0cIIZ/gxYMiXv0ib/6NPUkEFX1Q8Hiviqp6XiyFNhh/OCura+sbm5mt7PbO7t5+7uCwpaNEMd5kkYxUx6OaSxHyphFG8k6sOA08ydve+Cr12/dcaRGFt2YSczegw1D4glFjpZvGXbGfy+MCxpgQglJCyiVsSbVaKZIKIqllkYcl6v3ce28QsSTgoWGSat0lODbulCojmOSzbC/RPKZsTIe8a2lIA67d6fzUGTq1ygD5kbIVGjRXv09MaaD1JPBsZ0DNSP/2UvEvr5sYv+JORRgnhodsschPJDIRSv9GA6E4M3JiCWVK2FsRG1FFmbHpZG0IX5+i/0mrWCClwkXjPF+7XMaRgWM4gTMgUIYaXEMdmsBgCA/wBM+OdB6dF+d10briLGeO4Aect08erY2z</latexit>
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★ High                  : Zero 
Mass case known exactly.

★ Low                  : massive (FFNS) 
unknown, with some information 
(LL small     and mass threshold).
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• General Mass Variable Flavour 

Number scheme interpolates 
between limits.

• Impact of heavy flavour on PDF 
evolution controlled by 
transition matrix elements       . 

• Some information at N3LO, but 
not all.
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Transition Matrix Elements

• Situation similar to      . In some cases (e.g.           ) we know low    and 
Mellin information        follow similar procedure to buid up approximation.
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• For other cases (                     ) exact results are known - simply use these.
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Coefficient Functions
• Massless (                ) case known as well as approximations for massive 

close to threshold (                  ). Use this to build up approximate GM-
VFNS prediction.
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aN3LO PDF luminosities:
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PDF changes have implications for PDF luminosities for phenomenology.
gg luminosity reduced around 100GeV and increased at 10GeV, gg

uncertainty grows with inclusion of aN3LO and theoretical uncertainties.
qq luminosity raised at low invariant masses from enhanced charm.
Luminosity uncertainties enlarged (and more so at lower invariant
masses) due to inclusion of aN3LO and PDF theory uncertainties.

Thomas Cridge MSHT20aN3LO Review 16th June 2023 22 / 29
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Impact on VH cross-sections:
Consider impact of our aN3LO PDFs on VH associated production
(Higgsstrahlung) at LHC, e.g. W

+
H at 13 TeV:

Result with aN3LO PDFs raised slightly, reflects increased quarks at
high x , antiquarks at low x and strange and charm.
N3LO ‡ + aN3LO PDF result very close to NNLO ‡ + NNLO PDF
result, increased stability in predictions.
Thomas Cridge MSHT20aN3LO Review 16th June 2023 25 / 29

Preliminary!

Results obtained using the n3loxs code28.

N.B. For scale variations - do µR
and µF at NNLO but only µR at
aN3LO as PDF uncertainty from
MHOs already in PDF eigenvectors.

Preliminary!
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Low     and resummation
• Interesting to observe that impact on gluon and improvement in fit 

quality to HERA DIS data rather similar to earlier fits including low    
resummation.
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/Ndat ��
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/Ndat ��
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NLO NLO+NLLx NNLO NNLO+NLLx

NMC 1.35 1.35 +1 1.30 1.33 +9
SLAC 1.16 1.14 �1 0.92 0.95 +2
BCDMS 1.13 1.15 +12 1.18 1.18 +3
CHORUS 1.07 1.10 +20 1.07 1.07 �2
NuTeV dimuon 0.90 0.84 �5 0.97 0.88 �7

HERA I+II incl. NC 1.12 1.12 -2 1.17 1.11 �62
HERA I+II incl. CC 1.24 1.24 - 1.25 1.24 �1
HERA �

NC
c 1.21 1.19 �1 2.33 1.14 �56

HERA F
b
2 1.07 1.16 +3 1.11 1.17 +2

DY E866 �
d
DY/�

p
DY 0.37 0.37 - 0.32 0.30 -

DY E886 �
p 1.06 1.10 +3 1.31 1.32 -

DY E605 �
p 0.89 0.92 +3 1.10 1.10 -

CDF Z rap 1.28 1.30 - 1.24 1.23 -
CDF Run II kt jets 0.89 0.87 �2 0.85 0.80 �4
D0 Z rap 0.54 0.53 - 0.54 0.53 -
D0 W ! e⌫ asy 1.45 1.47 - 3.00 3.10 +1
D0 W ! µ⌫ asy 1.46 1.42 - 1.59 1.56 -

ATLAS total 1.18 1.16 �7 0.99 0.98 �2
ATLAS W,Z 7 TeV 2010 1.52 1.47 - 1.36 1.21 �1
ATLAS HM DY 7 TeV 2.02 1.99 - 1.70 1.70 -
ATLAS W,Z 7 TeV 2011 3.80 3.73 �1 1.43 1.29 �1
ATLAS jets 2010 7 TeV 0.92 0.87 �4 0.86 0.83 �2
ATLAS jets 2.76 TeV 1.07 0.96 �6 0.96 0.96 -
ATLAS jets 2011 7 TeV 1.17 1.18 - 1.10 1.09 �1
ATLAS Z pT 8 TeV (pllT ,Mll) 1.21 1.24 +2 0.94 0.98 +2
ATLAS Z pT 8 TeV (pllT , yll) 3.89 4.26 +2 0.79 1.07 +2
ATLAS �

tot
tt 2.11 2.79 +2 0.85 1.15 +1

ATLAS tt̄ rap 1.48 1.49 - 1.61 1.64 -

CMS total 0.97 0.92 �13 0.86 0.85 �3
CMS Drell-Yan 2D 2011 0.77 0.77 - 0.58 0.57 -
CMS jets 7 TeV 2011 0.88 0.82 �9 0.84 0.81 �3
CMS jets 2.76 TeV 1.07 0.98 �7 1.00 1.00 -
CMS Z pT 8 TeV (pllT , yll) 1.49 1.57 +1 0.73 0.77 -
CMS �

tot
tt 0.74 1.28 +2 0.23 0.24 -

CMS tt̄ rap 1.16 1.19 - 1.08 1.10 -

Total 1.117 1.120 +11 1.130 1.100 �121

Table 4.2. Same as Table 4.1, now for the global NNPDF3.1sx NLO, NLO+NLLx, NNLO and
NNLO+NLLx fits, corresponding to the baseline value of Hcut = 0.6 for the cut to the hadronic data.
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DIS Dataset �
2 ��

2 ��
2 from NNLO

from NNLO (NNLO K-factors)
BCDMS µp F2 [132] 174.4 / 163 �5.8 �5.6
BCDMS µd F2 [132] 144.3 / 151 �1.7 +0.6
NMC µp F2 [133] 121.5 / 123 �2.6 �3.8
NMC µd F2 [133] 104.2 / 123 �8.4 �11.5

SLAC ep F2 [134,135] 31.6 / 37 �0.4 �0.0
SLAC ed F2 [134,135] 22.8 / 38 �0.2 �0.8

E665 µp F2 [136] 63.9 / 53 +4.2 +4.5
E665 µd F2 [136] 67.5 / 53 +2.9 +2.5

NuTeV ⌫N F2 [137] 35.7 / 53 �2.6 �1.3
NuTeV ⌫N xF3 [137] 34.8 / 42 +4.1 +2.1
NMC µn/µp [138] 131.6 / 148 +0.8 +2.2

HERA ep F
charm

2
[139] 143.7 / 79 +11.4 +13.8

NMC/BCDMS/SLAC/HERA
FL [132,133,135,140–142]

45.6 / 57 �22.9 �23.2

CHORUS ⌫N F2 [143] 29.2 / 42 �1.0 �0.8
CHORUS ⌫N xF3 [143] 18.1 / 28 �0.3 �0.5
HERA e

+
p CC [144] 49.7 / 39 �2.3 �1.0

HERA e
�
p CC [144] 64.9 / 42 �5.3 �4.9

HERA e
+
p NC 820 GeV [144] 84.3 / 75 �5.6 �5.1

HERA e
�
p NC 460 GeV [144] 247.7 / 209 �0.6 �0.7

HERA e
+
p NC 920 GeV [144] 474.0 / 402 �38.7 �36.4

HERA e
�
p NC 575 GeV [144] 248.5 / 259 �14.5 �14.1

HERA e
�
p NC 920 GeV [144] 243.0 / 159 �1.4 �2.1

Total 2580.9 / 2375 �90.8 �86.2

Table 9: Table showing the relevant DIS datasets and how the individual �2 changes from NNLO
by including the N3LO contributions to the structure function F2(x,Q2). The result within purely
NNLO K-factors included for all data in the fit is also given.

8.2 Correlation Results

The correlation matrix shown in Fig. 28 illustrates the correlations between extra N3LO theory

parameters and the subset of the MSHT20 parameters which are included in the construction

of Hessian eigenvectors (see Section 8.3 and [3] for details). It is apparent that the correlations

between K-factor parameters for each process (shown in green) and other PDF and theory

parameters are usually small, with some exceptions e.g. for the TopNLO parameter. Due to

this there is an argument that each process’ K-factor parameters could be treated separately

from all other parameters in the Hessian prescription (see Section 4.1) which allows for a more

flexible PDF set that can be decorrelated from a process. By using the uncorrelated Hessian

results for a process NNLO hard cross sections can be transformed to aN3LO and therefore

provide more reliable predictions (more details in Section 10). This is a fairly intuitive result,

since most correlations are showing a natural separation between the process dependent and
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CHORUS ⌫N F2 [143] 29.2 / 42 �1.0 �0.8
CHORUS ⌫N xF3 [143] 18.1 / 28 �0.3 �0.5
HERA e

+
p CC [144] 49.7 / 39 �2.3 �1.0

HERA e
�
p CC [144] 64.9 / 42 �5.3 �4.9

HERA e
+
p NC 820 GeV [144] 84.3 / 75 �5.6 �5.1

HERA e
�
p NC 460 GeV [144] 247.7 / 209 �0.6 �0.7

HERA e
+
p NC 920 GeV [144] 474.0 / 402 �38.7 �36.4

HERA e
�
p NC 575 GeV [144] 248.5 / 259 �14.5 �14.1

HERA e
�
p NC 920 GeV [144] 243.0 / 159 �1.4 �2.1

Total 2580.9 / 2375 �90.8 �86.2

Table 9: Table showing the relevant DIS datasets and how the individual �2 changes from NNLO
by including the N3LO contributions to the structure function F2(x,Q2). The result within purely
NNLO K-factors included for all data in the fit is also given.

8.2 Correlation Results

The correlation matrix shown in Fig. 28 illustrates the correlations between extra N3LO theory

parameters and the subset of the MSHT20 parameters which are included in the construction

of Hessian eigenvectors (see Section 8.3 and [3] for details). It is apparent that the correlations

between K-factor parameters for each process (shown in green) and other PDF and theory

parameters are usually small, with some exceptions e.g. for the TopNLO parameter. Due to

this there is an argument that each process’ K-factor parameters could be treated separately

from all other parameters in the Hessian prescription (see Section 4.1) which allows for a more

flexible PDF set that can be decorrelated from a process. By using the uncorrelated Hessian

results for a process NNLO hard cross sections can be transformed to aN3LO and therefore

provide more reliable predictions (more details in Section 10). This is a fairly intuitive result,

since most correlations are showing a natural separation between the process dependent and
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Figure 4.8. Comparison of the NNPDF3.1sx NNLO and NNLO+NLLx global fits at Q = 100 GeV. We
show the gluon PDF and the charm, up, and down quark PDFs, normalized to the central value of the
baseline NNLO fit.

27

R. Ball et al., Eur.Phys.J.C 78 (2018) 4, 321

Figure 36: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated (Hij+Kij) and correlated (H 0

ij
)K-factor parameters, compared to NNLO 68% confidence

intervals. Also shown are the central values at NNLO when fit to all non-HERA datasets which
show similarities with N3LO in the large-x region of selected PDF flavours. All plots are shown for
Q

2 = 104 GeV2.

as the more recent results. However, SeaQuest results suggest a preference for a higher d at

large-x, therefore including this data may in fact help constrain the high-x d behaviour seen

here.

Fig.’s 37 and 38 express the aN3LO PDFs with decorrelated (green shaded region) and

correlated (red dashed lines) aN3LO K-factors at low and high-Q2 respectively (again with the

bottom quark provided at Q2 = 25 GeV2 at low-Q2) as a ratio to the N3LO central value. For

comparison we also include the level of uncertainty predicted with all N3LO theory fixed (blue

shaded region) i.e. only considering the variation without N3LO theoretical uncertainty.

Comparing the two di↵erent aN3LO sets in Fig.’s 37 and 38, in general there is good

agreement between the total uncertainties considering the cases with correlated (red dash)

and decorrelated (green shaded) aN3LO K-factors. The di↵erences that are apparent between

100
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Dijet Data

Dijet data at aN3LO – preliminary.

Fit quality to dijet data at NNLO shows an improvement from inclusive
jet data.

Particularly better fit to Z pT data, slightly worse fit to top data.

Fit quality is also better when fitting to dijet data at aN3LO, and dijet data
improves at aN3LO, unlike inclusive jets.

Fit quality to all other data (incl. Z pT and top datasets) becomes
marginally better ��

2
⇠ �20

LHC EW 2022 – Oct. 2022 29

• Try fitting (2D and 3D) dijet data rather than inclusive jets. 

• Recall fit quality to inclusive jets worse from NNLO at aN3LO.

• For dijets this is no longer the case! Improvement in going to aN3LO 
and also in overall fit to other data.

Preliminary

• Impact on PDFs similar (not identical). Closer at aN3LO.
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• For a given value of     and set of           
splitting function predicted entirely. 
Varying these gives prior uncertainty 
band.

• More precisely, range of     set by requiring that ‘reasonable’ result:

★ Low                 : full function cannot be in 
large tension with leading term.

Splitting Functions at aN3LO (Note – small bug corrected.)

Nm Mellin moments [2-6] can be used as constraints to define

F (x) =
NmX

i=1

Aifi(x) + fe(x).

Choose a set of relevant functions and solve for Ai.

Introduce a degree of freedom a, interpreted as a nuisance parameter
allowed to vary in a PDF fit, fe(x) ! fe(x, a). In our treatment it is the
coefficient of the most divergent unknown small-x term, e.g. for P (3)

qg
(x)

f1(x) =
1

x
or ln4 x or ln3 x or ln2 x,

f2(x) = lnx,

f2(x) = 1 or x or x
2
,

f3(x) = ln4(1� x) or ln3(1� x) or ln2(1� x) or ln(1� x),

fe(x, ⇢qg) =
C

3

A

3⇡4

✓
82

81
+ 2⇣3

◆
1

2

ln2 1/x

x
+ ⇢qg

ln 1/x

x
.

HP2 2022 – Sep. 2022 12
★ High    : N3LO correction small, following general trend of NNLO.

• Some subjectivity here, but result does not depend sensitively on precise prior.

• A similar approach was used before the full NNLO was known, and found to 
match the exact NNLO result well!
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• In the end choose one set of          and range of     to satisfy this.
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is chosen from the analysis of lower orders. Specifically, following the pattern of functions from

lower orders, it can be shown that at this order we expect the most dominant large-x term to

be ln4(1� x) and ln4
x to be the highest power of ln x at small-x.

Fig. 1 displays an example of the variation found from the di↵erent choices of functions that

encapsulate the chosen range of ⇢qg. We also show the upper (A) and lower (B) bounds (at

small-x) for the entire uncertainty (solid line) combining the variation in the functions and in

the variation of ⇢qg. The upper (P (3),A

qg ) and lower (P (3),B

qg ) bounds are given by,
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Using this information, a fixed functional form is chosen to be,

P
(3)

qg
= A1 ln2

x+ A2 ln x+ A3 x
2 + A4 ln4(1� x)

+
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and ⇢qg is allowed to vary as �2.5 < ⇢qg < �0.8. This fixed functional form identically matches

with the lower bound P
(3),B

qg and the expansion of the variation of ⇢qg enables (to within ⇠ 1%)

20

45

W. L.  van Neervan and A. Vogt, 
Nucl.Phys.B 588 (2000) 345-373, 
Nucl.Phys.B 568 (2000) 263-286



★ Resulting K-factors: 

Figure 25: K-factor expansion up to aN3LO shown for the ATLAS 8 TeV Z pT dataset [108]. The
K-factors shown here are absolute i.e. all with respect to LO (KN

m
LO/LO

8 m 2 {1, 2, 3}).
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Figure 25: K-factor expansion up to aN3LO shown for the ATLAS 8 TeV Z pT dataset [108]. The
K-factors shown here are absolute i.e. all with respect to LO (KN

m
LO/LO

8 m 2 {1, 2, 3}).
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• Somewhat larger shift here. Arguably consistent with rather larger lower 
order corrections.

• Note: here (and elsewhere) K-factor is one preferred by fit      may be 
tendency for this to lie towards ‘all orders’ result. Important when 
interpreting wrt perturbative stability.
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• Other PDFs…

Figure 36: High-Q2 ratio plots showing the aN3LO 68% confidence intervals with decorrelated
(Hij +Kij) and correlated (H 0

ij
) K-factor parameters, compared to NNLO 68% confidence intervals.

Also shown are the central values at NNLO when fit to all non-HERA datasets which show similarities
with N3LO in the large-x region of selected PDF flavours. All plots are shown for Q2 = 104 GeV2.
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Figure 36: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated (Hij+Kij) and correlated (H 0

ij
)K-factor parameters, compared to NNLO 68% confidence

intervals. Also shown are the central values at NNLO when fit to all non-HERA datasets which
show similarities with N3LO in the large-x region of selected PDF flavours. All plots are shown for
Q

2 = 104 GeV2.

as the more recent results. However, SeaQuest results suggest a preference for a higher d at

large-x, therefore including this data may in fact help constrain the high-x d behaviour seen

here.

Fig.’s 37 and 38 express the aN3LO PDFs with decorrelated (green shaded region) and

correlated (red dashed lines) aN3LO K-factors at low and high-Q2 respectively (again with the

bottom quark provided at Q2 = 25 GeV2 at low-Q2) as a ratio to the N3LO central value. For

comparison we also include the level of uncertainty predicted with all N3LO theory fixed (blue

shaded region) i.e. only considering the variation without N3LO theoretical uncertainty.

Comparing the two di↵erent aN3LO sets in Fig.’s 37 and 38, in general there is good

agreement between the total uncertainties considering the cases with correlated (red dash)

and decorrelated (green shaded) aN3LO K-factors. The di↵erences that are apparent between

100
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here.

Fig.’s 37 and 38 express the aN3LO PDFs with decorrelated (green shaded region) and
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•  Some enhancement in light 
quarks at high    .

• Strange quark enhanced at 
high     .

• Follows the NNLO (no 
HERA) rather closely - 
reduced tensions.
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How to determine the priors:
Key part of the theoretical nuisance parameter framework for missing
N3LO pieces is setting up the priors and penalties on their variations.
Q. How do we do this? A. Conservatively!
Set flab prior variation by requiring:

1 At low x bound set once exact expression fe(x , flab) exits range of
results from di�erent (larger) x functional forms, e.g. see lower plots.

2 At high x bound set if N3LO correction becomes too large (rare).
3 Once functional form fixed, check range of prior and extend as

necessary to incorporate di�erent functional form variation.

Find penalties on theory
nuisance parameters after fit
are small and posterior
errorbands reduced relative to
prior ∆ prior set conservatively.

Thomas Cridge MSHT20aN3LO Review 16th May 2023 14 / 27
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Further aN3LO information?:
What else could be added?:

More information on high-x behaviour from threshold resummations.
Cusp/virtual anomalous
dimensions for Pgg , P

NS
qq .

∆ very high-x .
N3LO k-factors as they
become available for
PDFs.
A

(3)
gg ,H recently calculated.

New info on P
PS
qq :

- more moments
- further low and high x

log coe�cients and fitting
remaining logs.
Good agreement with our aN3LO result! Much better than NNLO!

Thomas Cridge MSHT20aN3LO Review 16th May 2023 12 / 27

aN3LO prior

aN3LO fit

NNLO exact

new Falcioni et al
result 2302.07593

J. Ablinger et al
2211.05462.
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• ATLAS            (more properly 
dilepton        ) data presented 
double differentially in 
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Figure 6: The Born-level distributions of (1/�) d�/dp``T for the combination of the electron-pair and muon-pair
channels, shown in six m`` regions for |y`` | < 2.4. The central panel of each plot shows the ratios of the values from
the individual channels to the combined values, where the error bars on the individual-channel measurements rep-
resent the total uncertainty uncorrelated between bins. The light-blue band represents the data statistical uncertainty
on the combined value and the dark-blue band represents the total uncertainty (statistical and systematic). The �2

per degree of freedom is given. The lower panel of each plot shows the pull, defined as the di↵erence between the
electron-pair and muon-pair values divided by the uncertainty on that di↵erence.
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Figure 6: The Born-level distributions of (1/�) d�/dp``T for the combination of the electron-pair and muon-pair
channels, shown in six m`` regions for |y`` | < 2.4. The central panel of each plot shows the ratios of the values from
the individual channels to the combined values, where the error bars on the individual-channel measurements rep-
resent the total uncertainty uncorrelated between bins. The light-blue band represents the data statistical uncertainty
on the combined value and the dark-blue band represents the total uncertainty (statistical and systematic). The �2

per degree of freedom is given. The lower panel of each plot shows the pull, defined as the di↵erence between the
electron-pair and muon-pair values divided by the uncertainty on that di↵erence.
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• Treatment of this dataset rather different between groups.

• Fit quality v. poor in default NNLO fit, with dramatic improvement at aN3LO 
(1.86 vs. 1.04), and highly sensitive to other data in fit (jets vs. dijets).

• Reduced tension at 
aN3LO also backed up 
by L2 sensitivities 
(reduced scale).
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aN3LO PDFs - What causes the changes in the gluon?:
Around 10≠2 . x . 10≠1

Pij , CH contribute ¥ equally. Also some Cq.
At low x Pij dominate, this contains much known N3LO information.

Known Mellin moments tightly constrain high x splitting functions.
At intermediate x increased Pqg and momentum sum rule a�ect gluon.
At small x , LL and NLL (latter for Pgg) resummed pieces dominate.
Pgq (not shown) has largest power of unknown log: log2(1/x)/x .
Most singular NNLO term at small x in Pgg (–3

S/x log2(1/x)) is 0, so
expect new N3LO piece (–4

S/x log3(1/x)) to cause significant change.
Thomas Cridge MSHT20aN3LO Review 16th June 2023 21 / 2952



• Recall we have added in additional freedom via aN3LO nuisance parameters:

PDFs - theoretical uncertainty
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T 0 = T 0
0 + ✓0u

N3LO 
theory

N3LO 
(central)

Allowed 
variation

Theoretical Uncertainties in a Global PDF Fit

• Do we need to wait for a full description of the next order to be able to use the knowledge 
we have?


• Can attempt to parameterise the higher order effects with a nuisance parameter defined 
by a prior probability distribution[12].


• Allow the fit to move these N3LO parameters (with a penalty attached to ensure we stay 
close to the behaviour already known).

3

P(θ′ ) = 1
2πσθ′ 

exp(−θ′ 2/2σ2
θ′ 
)

P(T |D) ∝ exp (− 1
2 (T − D)TH0(T − D))

P(T |D) ∝ exp (− 1
2 M−1(θ′ − θ′ )2 − 1

2 (T′ − D)TH(T′ − D))

• With these alterations, we follow the same 
practice as set out in the MSHT20 NNLO PDF fit 
- the exact same global fit is done.

• This will also impact on PDF uncertainties - an additional uncertainty due to 
unknown higher order corrections:Using Equation (2.14) we are finally able to rewrite Equation (2.8) as,
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At this point we can make a choice whether to redefine our Hessian matrix as H = (H�1

0
+

uu
T )�1, or keep the contributions completely separate. By redefining the Hessian we can

include correlations between the standard set of MSHT parameters included in H0 and the new

theoretical parameter ✓0 contained within uu
T . However, by doing so we lose information about

the specific contributions to the total uncertainty i.e. we cannot then decorrelate the theoretical

and standard PDF uncertainties a posteriori. Whereas for the decorrelated choice, although

we sacrifice knowledge related to the correlations between the separate sources of uncertainty,

we are able to treat the sources completely separably. Interpreting Equation (2.15) as in

Equation (2.1) we can write down the two �
2 contributions,

�
2

1
= (T 0

�D)T (H�1

0
+ uu

T )�1(T 0
�D) = (T 0

�D)TH(T 0
�D), (2.16)

�
2

2
= M

�1(✓0 � ✓
0
)2. (2.17)

Where �2

1
is the contribution from the fitting procedure and �

2

2
is the new penalty contribution

applied when the theory addition strays too far from its original ‘best guess’ central value. This

will be discussed further in following sections.

2.2 Multiple Theory Parameters

In the case of multiple N✓0 theory parameters, Equation (2.5) becomes

P (T 0
|D✓

0) / exp

 
�
1

2

NptsX

i,j

✓
T

0
i
+

N✓0X

↵=1

✓
0
↵

�✓0↵

u↵,i �Di

◆
H

0

ij

✓
T

0
j
+

N✓0X

�=1

✓
0
�

�✓
0
�

u�,j �Dj

◆!
(2.18)

where we have explicitly included the sum over the number of data points Npts in the matrix

calculation for completeness.

The prior probability for all N3LO nuisance parameters also becomes

P (✓0) =

N✓0Y

↵=1

1
p
2⇡�✓0↵

exp(�✓
0 2

↵
/2�2

✓0↵
). (2.19)

8

Additional uncertainty

• In principle uncertainty from these is correlated with other (experimental) 
PDF uncertainties.

• However for K-factors find these largely separate out: can provide separately 
with little loss in accuracy.
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Splitting Functions
• Start with QCD splitting functions:

Theoretical Uncertainties - Higher Orders (J. McGowan, T. Cridge,
L. Harland-Lang, RT)

Leading source of uncertainties is from from Missing Higher Orders
in perturbation theory. Numerous sources of this for e.g structure
functions, i.e. splitting functions

P (x,↵s) = ↵sP
(0)(x) + ↵

2

s
P (1)(x) + ↵

3

s
P (2)(x) + ↵

4

s
P (3)(x) + . . . ,

but also heavy flavour transition matrix elements and cross-sections
(coefficient functions)

F2(x,Q
2) =

X
↵2{H,q,g}

⇣
C

VF, nf+1

q,↵ ⌦A↵i(Q
2
/m

2

h
)⌦ f

nf

i
(Q2)

+C
VF, nf+1

H,↵
⌦A↵i(Q

2
/m

2

h
)⌦ f

nf

i
(Q2)

⌘
,

Current knowledge is up to NNLO, with higher orders unknown.

Already progress in calculating features at N3LO [2-13].

HP2 2022 – Sep. 2022 8

• While these are not known exactly at N3LO, we do know quite a lot already:

N3LO - What do we know?

Zero-mass structure function N3LO coefficient functions are known [2].

Some knowledge of leading terms in the small x and large x regime
[3-12], e.g.

P (3)

qg
(x) !

C
3

A

3⇡4

✓
82

81
+ 2⇣3

◆
1

2

ln2 1/x

x
+ ⇢qg

ln 1/x

x
,

Some numerical constraints (Low-
integer Mellin moments) [3-12].

Intuition from lower orders and
expectations from perturbation
theory.

Very little about many cross-
sections (K-factors).
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★ Form at low    :
<latexit sha1_base64="VDt/gnzOb+i7T/YsL2vzrb9BZ+w="></latexit>Z 1

0
dxxN�1P (x)★ Even Mellin moments up to               

intermediate to high    
constraints.

<latexit sha1_base64="LmcQPbdhE2f+hDddL9cWKMStu6U=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnWYz/</latexit>x

<latexit sha1_base64="LmcQPbdhE2f+hDddL9cWKMStu6U=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqIVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZe+yXKlXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDnWYz/</latexit>x
<latexit sha1_base64="tjsDbAooZOAPw7hvOpB/ZjOc8s0=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiYGMZxXzA5Qh7m71kyd7tsTunhJCfYWOhiK2/xs5/4ya5QhMfDDzem2FmXphKYdB1v53Cyura+kZxs7S1vbO7V94/aBqVacYbTEml2yE1XIqEN1Cg5O1UcxqHkrfC4c3Ubz1ybYRKHnCU8iCm/UREglG0kt+5F/0BUq3VU7dccavuDGSZeDmpQI56t/zV6SmWxTxBJqkxvuemGIypRsEkn5Q6meEpZUPa576lCY25CcazkyfkxCo9EiltK0EyU39PjGlszCgObWdMcWAWvan4n+dnGF0FY5GkGfKEzRdFmSSoyPR/0hOaM5QjSyjTwt5K2IBqytCmVLIheIsvL5PmWdW7qJ7fnVdq13kcRTiCYzgFDy6hBrdQhwYwUPAMr/DmoPPivDsf89aCk88cwh84nz+SO5Fw</latexit>)

N3LO - What do we know?

Zero-mass structure function N3LO coefficient functions are known [2].

Some knowledge of leading terms in the small x and large x regime
[3-12], e.g.

P (3)

qg
(x) !

C
3

A

3⇡4

✓
82

81
+ 2⇣3

◆
1

2

ln2 1/x

x
+ ⇢qg

ln 1/x

x
,

Some numerical constraints (Low-
integer Mellin moments) [3-12].

Intuition from lower orders and
expectations from perturbation
theory.

Very little about many cross-
sections (K-factors).
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★ Intuition from lower orders 
about what to expect.
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<latexit sha1_base64="cyUO8p61zit8aHK5Pb1ldJwj8QQ=">AAAB73icdVDLSgMxFM34rPVVdekmWARXJSnaTl0V3LiSCvYB7VAyaaYNzWSmSUYoQ3/CjQtF3Po77vwbM20FFT1w4XDOvdx7jx8Lrg1CH87K6tr6xmZuK7+9s7u3Xzg4bOkoUZQ1aSQi1fGJZoJL1jTcCNaJFSOhL1jbH19lfvueKc0jeWemMfNCMpQ84JQYK3VuYG/IJtDtF4qohBDCGMOM4GoFWVKruWXsQpxZFkWwRKNfeO8NIpqETBoqiNZdjGLjpUQZTgWb5XuJZjGhYzJkXUslCZn20vm9M3hqlQEMImVLGjhXv0+kJNR6Gvq2MyRmpH97mfiX101M4Hopl3FimKSLRUEioIlg9jwccMWoEVNLCFXc3grpiChCjY0ob0P4+hT+T1rlEq6ULm7Pi/XLZRw5cAxOwBnAoArq4Bo0QBNQIMADeALPzsR5dF6c10XrirOcOQI/4Lx9AiFPj2E=</latexit>

N � 8



• Idea is to parameterise            using set of basis functions:

with         known moments used to solve for         .

<latexit sha1_base64="FdHh0UwutXGT2aMCQblc1DmJ7Hw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpFb16XJYrrg1dwG0TrycVCBHa1j+GowikggqDeFY677nxsZPsTKMcDovDRJNY0ymeEz7lkosqPbTxa1zdGGVEQojZUsatFB/T6RYaD0Tge0U2Ez0qpeJ/3n9xIQ3fspknBgqyXJRmHBkIpQ9jkZMUWL4zBJMFLO3IjLBChNj4ynZELzVl9dJ56rmNWr1+3ql2czjKMIZnEMVPLiGJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHTRmNwg==</latexit>

P (x)

<latexit sha1_base64="6IFt/tX+C490WqIjW8Zwk489YPI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FL56kov2AdinZNNuGJtklyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPzwkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkgME1yxpuVWsE6iGZGhYO1wfDPz209MGx6rRztJWCDJUPGIU2Kd9HDXl/1yxat6c+BV4uekAjka/fJXbxDTVDJlqSDGdH0vsUFGtOVUsGmplxqWEDomQ9Z1VBHJTJDNT53iM6cMcBRrV8riufp7IiPSmIkMXackdmSWvZn4n9dNbXQdZFwlqWWKLhZFqcA2xrO/8YBrRq2YOEKo5u5WTEdEE2pdOiUXgr/88ippXVT9y2rtvlap1/M4inACp3AOPlxBHW6hAU2gMIRneIU3JNALekcfi9YCymeO4Q/Q5w8o+I25</latexit>

Nm

<latexit sha1_base64="r9gZ//EZss8y5pjLyJ6msqZ8m4s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeKF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0cNPn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWruvVer1PI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAPGo2o</latexit>

Ai

<latexit sha1_base64="uQuA7hImVMNgQ97UE/+rmhsq0V4="></latexit>

P (x) =
NmX

i=1

Aifi(x) + fe(x, ⇢)

•                 is given known leading low    term + next-to-leading with 
nuisance parameter     , e.g. for               :

<latexit sha1_base64="67h3iAfkrBqbK81PxFCafTMA57Y=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAgVJCQxtHVXcOOygn1AGspkOmmHTmbCzEQspZ/hxoUibv0ad/6Nk7aCih64cDjnXu69J0oZVdpxPqyV1bX1jc3CVnF7Z3dvv3Rw2FYik5i0sGBCdiOkCKOctDTVjHRTSVASMdKJxle537kjUlHBb/UkJWGChpzGFCNtpCDuk8r9eU+OxFm/VHbsy3rV86vQsR2n5npuTryaf+FD1yg5ymCJZr/03hsInCWEa8yQUoHrpDqcIqkpZmRW7GWKpAiP0ZAEhnKUEBVO5yfP4KlRBjAW0hTXcK5+n5iiRKlJEpnOBOmR+u3l4l9ekOm4Hk4pTzNNOF4sijMGtYD5/3BAJcGaTQxBWFJzK8QjJBHWJqWiCeHrU/g/aXu2W7X9G7/caCzjKIBjcAIqwAU10ADXoAlaAAMBHsATeLa09Wi9WK+L1hVrOXMEfsB6+wTMu5D1</latexit>

fe(x, ⇢) <latexit sha1_base64="Q58trJywi8HZ0Yk+lnDO0AK4/Xg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2FZoQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84hK81jemUmCfkSHkoecUWOl5lO/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S9kXVu6zWmrVKvZ7HUYQTOIVz8OAK6nALDWgBA4RneIU358F5cd6dj0VrwclnjuEPnM8f6I2NAw==</latexit>x
<latexit sha1_base64="8R4gdIpAudagyh1rhAXy05HvdN8=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5idzCZD5rHMzAphyS948aCIV3/Im3/jbLIHTSxoKKq66e6KEs6M9f1vr7SxubW9U96t7O0fHB5Vj086RqWa0DZRXOlehA3lTNK2ZZbTXqIpFhGn3Wh6l/vdJ6oNU/LRzhIaCjyWLGYE21wa6IkaVmt+3V8ArZOgIDUo0BpWvwYjRVJBpSUcG9MP/MSGGdaWEU7nlUFqaILJFI9p31GJBTVhtrh1ji6cMkKx0q6kRQv190SGhTEzEblOge3ErHq5+J/XT218G2ZMJqmlkiwXxSlHVqH8cTRimhLLZ45gopm7FZEJ1phYF0/FhRCsvrxOOlf14LreeGjUms0ijjKcwTlcQgA30IR7aEEbCEzgGV7hzRPei/fufSxbS14xcwp/4H3+ACIAjk4=</latexit>⇢

Splitting Functions at aN3LO (Note – small bug corrected.)

Nm Mellin moments [2-6] can be used as constraints to define

F (x) =
NmX

i=1

Aifi(x) + fe(x).

Choose a set of relevant functions and solve for Ai.

Introduce a degree of freedom a, interpreted as a nuisance parameter
allowed to vary in a PDF fit, fe(x) ! fe(x, a). In our treatment it is the
coefficient of the most divergent unknown small-x term, e.g. for P (3)

qg
(x)

f1(x) =
1

x
or ln4 x or ln3 x or ln2 x,

f2(x) = lnx,

f2(x) = 1 or x or x
2
,

f3(x) = ln4(1� x) or ln3(1� x) or ln2(1� x) or ln(1� x),

fe(x, ⇢qg) =
C

3

A

3⇡4

✓
82

81
+ 2⇣3

◆
1

2

ln2 1/x

x
+ ⇢qg

ln 1/x

x
.
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Splitting Functions at aN3LO (Note – small bug corrected.)

Nm Mellin moments [2-6] can be used as constraints to define

F (x) =
NmX

i=1

Aifi(x) + fe(x).

Choose a set of relevant functions and solve for Ai.

Introduce a degree of freedom a, interpreted as a nuisance parameter
allowed to vary in a PDF fit, fe(x) ! fe(x, a). In our treatment it is the
coefficient of the most divergent unknown small-x term, e.g. for P (3)

qg
(x)

f1(x) =
1

x
or ln4 x or ln3 x or ln2 x,

f2(x) = lnx,

f2(x) = 1 or x or x
2
,

f3(x) = ln4(1� x) or ln3(1� x) or ln2(1� x) or ln(1� x),

fe(x, ⇢qg) =
C

3

A

3⇡4

✓
82

81
+ 2⇣3

◆
1

2

ln2 1/x

x
+ ⇢qg

ln 1/x

x
.
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Coefficient known

Form known
Coefficient unknown

Splitting Functions at aN3LO (Note – small bug corrected.)

Nm Mellin moments [2-6] can be used as constraints to define

F (x) =
NmX

i=1

Aifi(x) + fe(x).

Choose a set of relevant functions and solve for Ai.

Introduce a degree of freedom a, interpreted as a nuisance parameter
allowed to vary in a PDF fit, fe(x) ! fe(x, a). In our treatment it is the
coefficient of the most divergent unknown small-x term, e.g. for P (3)

qg
(x)

f1(x) =
1

x
or ln4 x or ln3 x or ln2 x,

f2(x) = lnx,

f2(x) = 1 or x or x
2
,

f3(x) = ln4(1� x) or ln3(1� x) or ln2(1� x) or ln(1� x),

fe(x, ⇢qg) =
C

3

A

3⇡4

✓
82

81
+ 2⇣3

◆
1

2

ln2 1/x

x
+ ⇢qg

ln 1/x

x
.
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• For           range of choices are made, guided by what appears at lower orders
<latexit sha1_base64="EXo5L3YsQFE/MUGMTXuu9kTN8+8=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUTUmk9LEruHFZwT6gLSWTZtrYTDIkGbEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89fiS4sQh9eJm19Y3Nrex2bmd3b/8gf3jUNirWlLWoEkp3fWKY4JK1LLeCdSPNSOgL1vGnl6nfuWPacCVv7Cxig5CMJQ84JdZJ7WDIi/fnw3wBlRBCGGOYElytIEfq9doFrkGcWg4FsEJzmH/vjxSNQyYtFcSYHkaRHSREW04Fm+f6sWERoVMyZj1HJQmZGSSLa+fwzCkjGCjtSlq4UL9PJCQ0Zhb6rjMkdmJ+e6n4l9eLbVAbJFxGsWWSLhcFsYBWwfR1OOKaUStmjhCqubsV0gnRhFoXUM6F8PUp/J+0L0q4UipflwuNxiqOLDgBp6AIMKiCBrgCTdACFNyCB/AEnj3lPXov3uuyNeOtZo7BD3hvnzhAjuo=</latexit>

fi(x)
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<latexit sha1_base64="8R4gdIpAudagyh1rhAXy05HvdN8=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5idzCZD5rHMzAphyS948aCIV3/Im3/jbLIHTSxoKKq66e6KEs6M9f1vr7SxubW9U96t7O0fHB5Vj086RqWa0DZRXOlehA3lTNK2ZZbTXqIpFhGn3Wh6l/vdJ6oNU/LRzhIaCjyWLGYE21wa6IkaVmt+3V8ArZOgIDUo0BpWvwYjRVJBpSUcG9MP/MSGGdaWEU7nlUFqaILJFI9p31GJBTVhtrh1ji6cMkKx0q6kRQv190SGhTEzEblOge3ErHq5+J/XT218G2ZMJqmlkiwXxSlHVqH8cTRimhLLZ45gopm7FZEJ1phYF0/FhRCsvrxOOlf14LreeGjUms0ijjKcwTlcQgA30IR7aEEbCEzgGV7hzRPei/fufSxbS14xcwp/4H3+ACIAjk4=</latexit>⇢
<latexit sha1_base64="Q0WokE8mOhF30g6kV/0LY/8aBNU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY8OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpP5nUeqNJPi3kxj6kd4JFjICDZWaocDVn06H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8VOsDCOczkr9RNMYkwke0Z6lAkdU++n82hk6s8oQhVLZEgbN1d8TKY60nkaB7YywGetlLxP/83qJCa/9lIk4MVSQxaIw4chIlL2OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0n7ouZd1up39UqjkcdRhBM4hSp4cAUNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/rO460</latexit>

fi(x)

56

• Pick one set of functions, with prior range in     set such that full           
variation is covered and overall behaviour is reasonable, e.g.:

Splitting Functions: What do we know and include?
Mellin moments provide constraints - parameterise P

(3)
ab (x) with

functions f1,...,k where k = No. of known moments.
E.g. P

(3)
qg (x) (k=4):

f1(x) =
1
x

or ln4 x or ln3 x or ln2 x,

f2(x) = ln x,

f3(x) = 1 or x or x2,

f4(x) = ln4(1 ≠ x) or ln3(1 ≠ x) or ln2(1 ≠ x) or ln(1 ≠ x),

Exact information included in fe(x , flab) - LL terms at low x included.

fe(x) =
C3

A
3fi4 ( 82

81
+ 2’3) 1

2
ln2(1/x)

x

Coe�cient of low x NLL is dominant missing piece, include with theory
nuisance parameter flab to incorporate MHOU: ∆ flqg

ln 1/x
x .

Overall:

P(3)
qg (x) = A1 ln2 x + A2 ln x + A3x2 + A4 ln(1 ≠ x) +

C3
A

3fi4 ( 82
81

+ 2’3) 1
2

ln2(1/x)
x

+ flqg
ln 1/x

x
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(For P(3)
gg also NLL known)

Lower x

Intermediate x

Higher x

Constrain high/intermediate x .

Try di�erent functions
for each fi , include

in uncertainty.

• Some subjectivity in precise prior range of     / choice of           , but:
<latexit sha1_base64="Q0WokE8mOhF30g6kV/0LY/8aBNU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY8OKxgv2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpP5nUeqNJPi3kxj6kd4JFjICDZWaocDVn06H5Qrbs2dA60SLycVyNEclL/6Q0mSiApDONa657mx8VOsDCOczkr9RNMYkwke0Z6lAkdU++n82hk6s8oQhVLZEgbN1d8TKY60nkaB7YywGetlLxP/83qJCa/9lIk4MVSQxaIw4chIlL2OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0n7ouZd1up39UqjkcdRhBM4hSp4cAUNuIUmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/rO460</latexit>

fi(x)
<latexit sha1_base64="8R4gdIpAudagyh1rhAXy05HvdN8=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5idzCZD5rHMzAphyS948aCIV3/Im3/jbLIHTSxoKKq66e6KEs6M9f1vr7SxubW9U96t7O0fHB5Vj086RqWa0DZRXOlehA3lTNK2ZZbTXqIpFhGn3Wh6l/vdJ6oNU/LRzhIaCjyWLGYE21wa6IkaVmt+3V8ArZOgIDUo0BpWvwYjRVJBpSUcG9MP/MSGGdaWEU7nlUFqaILJFI9p31GJBTVhtrh1ji6cMkKx0q6kRQv190SGhTEzEblOge3ErHq5+J/XT218G2ZMJqmlkiwXxSlHVqH8cTRimhLLZ45gopm7FZEJ1phYF0/FhRCsvrxOOlf14LreeGjUms0ijjKcwTlcQgA30IR7aEEbCEzgGV7hzRPei/fufSxbS14xcwp/4H3+ACIAjk4=</latexit>⇢

★ Band of allowed           rather well constrained by known 
N3LO information (c.f. comparison to NNPDF later).

<latexit sha1_base64="FdHh0UwutXGT2aMCQblc1DmJ7Hw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjBfsB7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5SpVkkH8wspr7AY8lCRrDJpFb16XJYrrg1dwG0TrycVCBHa1j+GowikggqDeFY677nxsZPsTKMcDovDRJNY0ymeEz7lkosqPbTxa1zdGGVEQojZUsatFB/T6RYaD0Tge0U2Ez0qpeJ/3n9xIQ3fspknBgqyXJRmHBkIpQ9jkZMUWL4zBJMFLO3IjLBChNj4ynZELzVl9dJ56rmNWr1+3ql2czjKMIZnEMVPLiGJtxBC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHTRmNwg==</latexit>

P (x)

★ We allow      to vary as nuisance parameter        reduced 
sensitivity to prior, with posterior range decided by fit. 

<latexit sha1_base64="8R4gdIpAudagyh1rhAXy05HvdN8=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5idzCZD5rHMzAphyS948aCIV3/Im3/jbLIHTSxoKKq66e6KEs6M9f1vr7SxubW9U96t7O0fHB5Vj086RqWa0DZRXOlehA3lTNK2ZZbTXqIpFhGn3Wh6l/vdJ6oNU/LRzhIaCjyWLGYE21wa6IkaVmt+3V8ArZOgIDUo0BpWvwYjRVJBpSUcG9MP/MSGGdaWEU7nlUFqaILJFI9p31GJBTVhtrh1ji6cMkKx0q6kRQv190SGhTEzEblOge3ErHq5+J/XT218G2ZMJqmlkiwXxSlHVqH8cTRimhLLZ45gopm7FZEJ1phYF0/FhRCsvrxOOlf14LreeGjUms0ijjKcwTlcQgA30IR7aEEbCEzgGV7hzRPei/fufSxbS14xcwp/4H3+ACIAjk4=</latexit>⇢ <latexit sha1_base64="YTQnyQ2OQMquyX5KRHndj0ndF3U=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKLzwFvHiMYh6wWcLsZJIMmZ1ZZnqVsOQzvHhQxKtf482/cZLsQaMFDUVVN91dUSK4Qc/7cgpLyyura8X10sbm1vZOeXevaVSqKWtQJZRuR8QwwSVrIEfB2olmJI4Ea0Wj66nfemDacCXvcZywMCYDyfucErRS0LnjgyESrdVjt1zxqt4M7l/i56QCOerd8menp2gaM4lUEGMC30swzIhGTgWblDqpYQmhIzJggaWSxMyE2ezkiXtklZ7bV9qWRHem/pzISGzMOI5sZ0xwaBa9qfifF6TYvwwzLpMUmaTzRf1UuKjc6f9uj2tGUYwtIVRze6tLh0QTijalkg3BX3z5L2meVP3z6tntaaV2lcdRhAM4hGPw4QJqcAN1aAAFBU/wAq8OOs/Om/M+by04+cw+/ILz8Q2R85Fv</latexit>)



Higgs predictions at N3LO with Theoretical Uncertainty.

Good agreement between NNLO and
aN3LO for gluon fusion (top).

Cancellation between N3LO cross
section and PDFs not automatic.

Less cancellation for VBF (bottom).

However variation between orders is
smaller for VBF cross-section.
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• Higgs via VBF: less cancellation although here variation between orders is 
smaller.
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Figure 37: (Continued) Low-Q2 ratio plots showing the aN3LO 68% confidence intervals with decor-
related and correlated K-factor parameters, compared to the aN3LO central value. Also shown are the
central values at aN3LO when fit to all non-HERA datasets and the central values with all K-factors
set at NNLO. All plots are shown for Q

2 = 10 GeV2 with the exception of the bottom quark shown
for Q2 = 25 GeV2.

best fit has been achieved through fitting the N3LO theory, fixing the aN3LO theory parameters

is likely to have a substantial e↵ect across all PDFs.

An important point made by Fig.’s 37 and 38 is that that the di↵erence between the decor-

related and correlated cases is much smaller than the di↵erence of not including theoretical

uncertainties at all (blue shaded region). This analysis therefore provides evidence to support

the original assumption of being able to decorrelate the cross section (aN3LO K-factors) and

PDF theory (including other N3LO theory).

Along with the separate cases of uncertainty illustrated in Fig.’s 37 and 38, we also display

the central values of an aN3LO fit to all non-HERA data and an aN3LO fit with NNLO K-

factors. Examining the form of the no HERA aN3LO PDFs for x > 10�2, we show some

agreement with the standard N3LO central value across most PDFs (more so at high-Q2 than

104

NNLO K-factors - PDFs
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