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Nuclei and new physics
Nuclei are abundant and useful 

experimental targets

Relating new physics 
models to 
experimental data 
requires nuclear 
responses

• Dark matter direct detection (low-energy scalar) 

• Neutrinoless double-beta decay (low-energy axial) 

• Neutrino-nucleus scattering (low- and high-energy axial)
DUNE

Aprile et al [XENON], 
PRL 131 (2023)
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High-energy scattering
High-energy cross sections factorize:

Deep inelastic scattering (DIS): 

Semi-inclusive DIS (SIDIS): �(Q2
, qT ) ⇠

Z
dx H(Q2

, qT , x, µ) f
TMD
q/A (qT , x, µ)Dh/q(qT , x)

<latexit sha1_base64="k4V8Ey/N5KKdGETQw9L7bYoCtjE="></latexit>

�(Q2) ⇠
Z

dx H(Q2
, x, µ) fq/A(x, µ)

<latexit sha1_base64="gpjjalI58ZxeJGwjnlVX2+Ih704=">AAACH3icbVDLTgIxFO3gC/GFunTTSEwgIThD8LFE3bCERB4Jg6RTOtDQzoxtx0Am/Ikbf8WNC40x7vgbO8BCwZM0OT3n3tx7jxMwKpVpTo3E2vrG5lZyO7Wzu7d/kD48akg/FJjUsc980XKQJIx6pK6oYqQVCIK4w0jTGd7FfvOJCEl9716NA9LhqO9Rl2KktNRNX9qS9jnK1h6KOag5hzb1FOyNbFiJxfwob/MwZ0O3Gz2e30yy8383nTEL5gxwlVgLkgELVLvpb7vn45ATT2GGpGxbZqA6ERKKYkYmKTuUJEB4iPqkramHOJGdaHbfBJ5ppQddX+inl5upvzsixKUcc0dXcqQGctmLxf+8dqjc605EvSBUxMPzQW7IoPJhHBbsUUGwYmNNEBZU7wrxAAmElY40pUOwlk9eJY1iwSoVLmqlTPl2EUcSnIBTkAUWuAJlUAFVUAcYPINX8A4+jBfjzfg0vualCWPRcwz+wJj+AKwcoEc=</latexit>

PDF ~ probability of parton  carrying momentum 
fraction  of hadron (or nucleus) 

q
x A

Transverse Momentum 
Dependent PDF

Fragmentation 
function

`+A ! `0 +X

<latexit sha1_base64="kO+STe2pRvsZU5aYlyUfXr+hKps=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiCkKZkYouq25cVrAX6Awlk2ba0EwyJBmlDN258VXcuFDEra/gzrcx085CW38I/HznHE7OH8SMKu0431ZhYXFpeaW4Wlpb39jcsrd3mkokEpMGFkzIdoAUYZSThqaakXYsCYoCRlrB8Dqrt+6JVFTwOz2KiR+hPqchxUgb1LX3PcIYPIGX0JO0P9BISvEAM3hkaLtrl52KMxGcN25uyiBXvWt/eT2Bk4hwjRlSquM6sfZTJDXFjIxLXqJIjPAQ9UnHWI4iovx0cscYHhrSg6GQ5nENJ/T3RIoipUZRYDojpAdqtpbB/2qdRIcXfkp5nGjC8XRRmDCoBcxCgT0qCdZsZAzCkpq/QjxAEmFtoiuZENzZk+dN87TiVitnt9Vy7SqPowj2wAE4Bi44BzVwA+qgATB4BM/gFbxZT9aL9W59TFsLVj6zC/7I+vwBGMiXjA==</latexit>

`+A ! `0 + h+X

<latexit sha1_base64="Dmw66Be4rGnefidNpF5LRHd/1HU=">AAACC3icbZDLSgMxFIYz9VbrbdSlm9AiCkKZkYouq25cVrAX6Awlk2ba0EwyJBmlDN278VXcuFDErS/gzrcx085CW3848POdc0jOH8SMKu0431ZhaXllda24XtrY3NresXf3WkokEpMmFkzIToAUYZSTpqaakU4sCYoCRtrB6Drrt++JVFTwOz2OiR+hAachxUgb1LPLHmEMnsBL6Ek6GGokpXiAGTwydGiq07MrTtWZCi4aNzcVkKvRs7+8vsBJRLjGDCnVdZ1Y+ymSmmJGJiUvUSRGeIQGpGssRxFRfjq9ZQIPDenDUEhTXMMp/b2RokipcRSYyQjpoZrvZfC/XjfR4YWfUh4nmnA8eyhMGNQCZsHAPpUEazY2BmFJzV8hHiKJsDbxlUwI7vzJi6Z1WnVr1bPbWqV+lcdRBAegDI6BC85BHdyABmgCDB7BM3gFb9aT9WK9Wx+z0YKV7+yDP7I+fwAVfJiH</latexit>

TMDPDFs of nuclei needed for

(perturbative coefficient) x (structure function)

• Improving our understanding of QCD at the EIC
• Analyzing pion production at DUNE (CC1pi)
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The W boson mass
Precise measurement of         from CDF 

disagrees at 7 sigma with         obtained 
from electroweak precision fits

New physics?

<latexit sha1_base64="taKp5q9CsPxQWmws+2CK5bn+8iE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRixehov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWjzhOuB/RgRKhYBSt9HDXa/XKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3UT2/P6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzovzrvzMW8tOPnMIfyB8/kDBrSNpA==</latexit>

MW

Measurement made by fitting shapes 
of transverse momentum 
distributions to theory predictions 
including resumed and 
nonperturbative QCD effects

Distribution shapes are insensitive to 
many aspects of TMDPDFs but 
sensitive to flavor dependence 
and “rapidity evolution’’

Robust understanding of all QCD theory 
uncertainties essential

Aaltonen et al [CDF], Science 376 (2022)

<latexit sha1_base64="taKp5q9CsPxQWmws+2CK5bn+8iE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRixehov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbqt564NiJWjzhOuB/RgRKhYBSt9HDXa/XKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3UT2/P6/UrvM4inAEx3AKHlxCDW6hDg1gMIBneIU3RzovzrvzMW8tOPnMIfyB8/kDBrSNpA==</latexit>

MW
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The Collins-Soper kernel

UV anomalous dimension Collins-Soper kernel

(rapidity anomalous 
dimension)

TMDPDFs depend on UV renormalization scale      as well as a scale       
associated with the renormalization of rapidity divergences

µ

<latexit sha1_base64="VcocTnj16BNQzs21sCszgk0ZXnI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfVr1cv7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBf9o3e</latexit>

• Changing hard momentum scales requires evolving TMDPDFs in      and       µ

<latexit sha1_base64="VcocTnj16BNQzs21sCszgk0ZXnI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfVr1cv7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBf9o3e</latexit>

⇣

<latexit sha1_base64="IzzNffQzHhIhftrNvfcagc9+GOQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtoQ9lsN+3SzSbsToRa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuTaiEQ94DjlQUwHSkSCUbSS333iSHvlilt15yCrxMtJBXI0euWvbj9hWcwVMkmN6XhuisGEahRM8mmpmxmeUjaiA96xVNGYm2AyP3ZKzqzSJ1GibSkkc/X3xITGxozj0HbGFIdm2ZuJ/3mdDKPrYCJUmiFXbLEoyiTBhMw+J32hOUM5toQyLeythA2ppgxtPiUbgrf88ippXlS9WvXyvlap3+RxFOEETuEcPLiCOtxBA3xgIOAZXuHNUc6L8+58LFoLTj5zDH/gfP4A6xaOxA==</latexit>

⇣ ⇠ Q2

<latexit sha1_base64="Vc+hSoOQTeHou0XcmJazHAF09ws=">AAAB9XicbVBNTwIxEO36ifiFevTSSEw8kV2C0SPRi0dI5COBhXTLLDS03U3b1eCG/+HFg8Z49b94899YYA8KvmSSl/dmMjMviDnTxnW/nbX1jc2t7dxOfndv/+CwcHTc1FGiKDRoxCPVDogGziQ0DDMc2rECIgIOrWB8O/NbD6A0i+S9mcTgCzKULGSUGCv1uk9gCO5qJnC9V+4Xim7JnQOvEi8jRZSh1i98dQcRTQRIQznRuuO5sfFTogyjHKb5bqIhJnRMhtCxVBIB2k/nV0/xuVUGOIyULWnwXP09kRKh9UQEtlMQM9LL3kz8z+skJrz2UybjxICki0VhwrGJ8CwCPGAKqOETSwhVzN6K6YgoQo0NKm9D8JZfXiXNcsmrlC7rlWL1Josjh07RGbpAHrpCVXSHaqiBKFLoGb2iN+fReXHenY9F65qTzZygP3A+fwCKA5Hk</latexit>

fTMD
q/A (x,~bT , µ, ⇣) = fTMD

q/A (x,~bT , µ0, ⇣0)

<latexit sha1_base64="Eep0YR5zsbusCBU8yadArOdfpS0="></latexit>

• Evolution in     is perturbative as long as     is large, but evolution in      is always 
nonperturbative for

µ

<latexit sha1_base64="VcocTnj16BNQzs21sCszgk0ZXnI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfVr1cv7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBf9o3e</latexit>

<latexit sha1_base64="sSYoBLsfTkQSi/VYAgcZYQ3zip0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48VTFtoQ9lsN+3SzSbsToRa+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wj25nfeuTaiEQ94DjlQUwHSkSCUbSS333iSHvlilt15yCrxMtJBXI0euWvbj9hWcwVMkmN6XhuisGEahRM8mmpmxmeUjaiA96xVNGYm2AyP3ZKzqzSJ1GibSkkc/X3xITGxozj0HbGFIdm2ZuJ/3mdDKPrYCJUmiFXbLEoyiTBhMw+J32hOUM5toQyLeythA2ppgxtPiUbgrf88ippXlS9y2rtvlap3+RxFOEETuEcPLiCOtxBA3xgIOAZXuHNUc6L8+58LFoLTj5zDH/gfP4A62yOxQ==</latexit>

⇣µ

<latexit sha1_base64="VcocTnj16BNQzs21sCszgk0ZXnI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfVr1cv7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBf9o3e</latexit>

⇥ exp

Z µ

µ0

dµ0

µ0 �
q
µ(µ

0, ⇣0)

�
exp


1

2
�q
⇣ (µ, bT ) ln

⇣

⇣0

�

<latexit sha1_base64="cN42OFA7qTU7q7kfsodkVp0OtX4="></latexit>

• Both anomalous dimensions are independent of the hadron target

bT & ⇤�1
QCD

<latexit sha1_base64="mqdUeQegxwP7gC15BXjQXv8d4xo=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgY9iViJbBWFhYJJAXZOMyO5kkQ2YfzNwVw7JfYOOv2FgoYmtt5984eRSaeGDgcM653LnHiwRXYFnfRmZldW19I7uZ29re2d0z9w+aKowlZQ0ailC2PaKY4AFrAAfB2pFkxPcEa3mjysRv3TOpeBjUYRyxrk8GAe9zSkBLrlnw3Dp2BqATPnZu9WCPuIkD7AGSWuU6Te+SUzt1zbxVtKbAy8Sekzyao+qaX04vpLHPAqCCKNWxrQi6CZHAqWBpzokViwgdkQHraBoQn6luMj0nxQWt9HA/lPoFgKfq74mE+EqNfU8nfQJDtehNxP+8Tgz9y27CgygGFtDZon4sMIR40g3ucckoiLEmhEqu/4rpkEhCQTeY0yXYiycvk+ZZ0S4Vz2ulfPlqXkcWHaFjdIJsdIHK6AZVUQNR9Iie0St6M56MF+Pd+JhFM8Z85hD9gfH5A+JJnAU=</latexit>
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CS kernel phenomenology
Fits to SIDIS and Drell-Yan data with multiple energy scales are sensitive to 

evolution effects and therefore the CS kernel

CS kernel can be extracted along with TMDPDF in global fits

0.0 0.2 0.4 0.6 0.8

-2.0

-1.5

-1.0

-0.5

0.0

Modeling significant for

bT & 0.2 fm

<latexit sha1_base64="Rgs+0mMwQ0qCS662pONQdZUHm1Q=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjOlosuiG5cV+oK2lEyaaUOTzJDcEctQcOOvuHGhiFt/wp1/Y9rOQlsPBA7nnMvNPUEsuAHP+3ZWVtfWNzZzW/ntnd29fffgsGGiRFNWp5GIdCsghgmuWB04CNaKNSMyEKwZjG6mfvOeacMjVYNxzLqSDBQPOSVgpZ57HPRquDMAm5DYK5ZwB9gDpDiUk55b8IreDHiZ+BkpoAzVnvvV6Uc0kUwBFcSYtu/F0E2JBk4Fm+Q7iWExoSMyYG1LFZHMdNPZDRN8ZpU+DiNtnwI8U39PpEQaM5aBTUoCQ7PoTcX/vHYC4VU35SpOgCk6XxQmAkOEp4XgPteMghhbQqjm9q+YDokmFGxteVuCv3jyMmmUin65eHFXLlSuszpy6ASdonPko0tUQbeoiuqIokf0jF7Rm/PkvDjvzsc8uuJkM0foD5zPH1+7lro=</latexit>

(nonperturbative region)

SV19 - Scimemi and Vladimirov, JEHP 06 (2020) Pavia19 - Bacchetta et al, JEHP 07 (2020)

(582 SIDIS + 457 DY data points) (353 DY data points)

Can we constrain the large        behavior of the CS kernel using lattice QCD?bT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>



My CS kernel collaborators

Onward to gluons! See Yang’s talk 3:05 Wed

Phiala Shanahan Yong Zhao

Artur Avkhadiev Yang Fu

Shanahan, MW, Zhao: PRD 101 (2020), PRD 102 (2020), PRD 104 (2021)

Avkhadiev, Shanahan, MW, Zhao: PRD 108 (2023),  PRL 132 (2024)
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The CS kernel from LQCD

Quasi TMDPDFs are more complicated (soft factor), but quasi TMDPDF ratios are 
simply related to light-cone TMDPDF ratios

Musch et al, PRD 85 (2012) Engelhardt et al, PRD 93 (2016)

Review: Ji et al, Rev. Mod. Phys. 93, 35005 (2021)

⌘

<latexit sha1_base64="5OH5Yik+VWjMdJ4a0VOPKM2jT54=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnU50gH1Zpbd+cgq8QrSA0KNAfVr/4wYoniGpmk1vY8N0Y/pQYFk3xW6SeWx5RN6Ij3Mqqp4tZP57fOyFmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+KnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPJQvCWX14l7Yu6d1m/erisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8gfP5Awt6jkA=</latexit>

Ebert, Stewart, Zhao, 
JHEP 1909 (2019)

Large momentum effective theory (LaMET) connects light-cone PDFs to Euclidean 
matrix elements that can be calculated using lattice QCD 



The CS kernel from LQCD

Ebert, Stewart, Zhao, PRD 99 (2019)

Musch et al, PRD 85 (2012) Engelhardt et al, PRD 93 (2016)
Euclidean quasi-beam 

function ratioCS kernel related to quasi TMDPDF ratios

�q,MS
⇣ (bT , µ) = 2⇣

d

d⇣
ln fTMD,MS

q/A (x, bT , µ, ⇣)

<latexit sha1_base64="nTdOgND4USzUkUW6RcKWx8wvAdk="></latexit>

=
1

ln(P z
1 /P

z
2 )

ln
CMS

TMD(µ, xP
z
2 )

R
dbzeib

zxP z
1 eBMS

q/A(b
z, bT , ⌘, µ, P z

1 )

CMS
TMD(µ, xP

z
1 )

R
dbzeibzxP

z
2 eBMS

q/A(b
z, bT , ⌘, µ, P z

2 )

<latexit sha1_base64="H6Kn47pm6vhFbvlxVcJ5kcSBLAQ="></latexit>

Perturbative matching factor known at NNLO

Large momentum effective theory (LaMET) connects light-cone PDFs to Euclidean 
matrix elements that can be calculated using lattice QCD 

Review: Ji et al, Rev. Mod. Phys. 93, 35005 (2021)

⌘

<latexit sha1_base64="5OH5Yik+VWjMdJ4a0VOPKM2jT54=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmltfWNzq7xd2dnd2z+oHh61bZQYxlsskpHpBtRyKTRvoUDJu7HhVAWSd4LJXe53nrixItKPOI25r+hIi1AwirnU50gH1Zpbd+cgq8QrSA0KNAfVr/4wYoniGpmk1vY8N0Y/pQYFk3xW6SeWx5RN6Ij3Mqqp4tZP57fOyFmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+KnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPJQvCWX14l7Yu6d1m/erisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c5L86787FoLTnFzDH8gfP5Awt6jkA=</latexit>

Ebert, Stewart, Zhao, 
JHEP 1909 (2019)

Quasi TMDPDFs are more complicated (soft factor), but quasi TMDPDF ratios are 
simply related to light-cone TMDPDF ratios

9



3 values of 

3 values of 

First LQCD exploration

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

CS kernel is a property of QCD vacuum, 
independent of hadronic state

m⇡ ⇠ 1.2 GeV
<latexit sha1_base64="EQknpcKHjoG3NPAPc4ruxSSYvHo=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsJuFPQY9KDHCOYB2RBmJ51kyMzuMtMrhiV48Ve8eFDEq1/hzb9x8jhoYkFDUdVNd1cQS2HQdb+dzNLyyupadj23sbm1vZPf3auZKNEcqjySkW4EzIAUIVRRoIRGrIGpQEI9GFyN/fo9aCOi8A6HMbQU64WiKzhDK7XzB6rtx4L6RijqFUs+wgOm9Bpqo3a+4BbdCegi8WakQGaotPNffifiiYIQuWTGND03xlbKNAouYZTzEwMx4wPWg6alIVNgWunkhRE9tkqHdiNtK0Q6UX9PpEwZM1SB7VQM+2beG4v/ec0EuxetVIRxghDy6aJuIilGdJwH7QgNHOXQEsa1sLdS3meacbSp5WwI3vzLi6RWKnqnRff2rFC+nMWRJYfkiJwQj5yTMrkhFVIlnDySZ/JK3pwn58V5dz6mrRlnNrNP/sD5/AG385ZZ</latexit>

Allows high precision with only 400 quark propagator sources

35,660 bare matrix elements - 
robust automated fitting essential

We can learn about nuclear 
structure using pion states!

In quenched (             ) QCD, exact results 
calculable using heavy quark probe

Nf = 0

<latexit sha1_base64="oKpcO3bpjd2541YbeL4O9GbF0Uk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IsniWAekIQwO+lNhszOrjOzQljyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXX4suDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVMunGgWXWDfcCGzFCmnoC2z6o5up33xCpXkkH8w4xm5IB5IHnFFjpdZdLyBXxCW9YsktuzOQZeJlpAQZar3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ/dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBZTflMk4MSjZfFCSCmIhMnyd9rpAZMbaEMsXtrYQNqaLM2IgKNgRv8eVl0jgre5Xy+X2lVL3O4sjDERzDKXhwAVW4hRrUgYGAZ3iFN+fReXHenY95a87JZg7hD5zPHxUUjrI=</latexit>

All 16 Dirac structures and 
staple geometries       andbT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>

bz

<latexit sha1_base64="dHV9VPHX8kEtaa356F4KkW6aodE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4xyiOBlcwOA0yYnd3M9Jrghk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd8HDU7dYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/0U6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5PGWdmrlM9vK6XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8AWeON2g==</latexit>

P z 2 [1.3, 2.6] GeV

<latexit sha1_base64="K0WAxZOPdD1Q9/Uf7JKyz6WBIlQ=">AAACCHicbVC5TsNAEF1zE64AJQUrIiQKZNncJYICyiCRECk20XozgVXWa2t3jAhWShp+hYYChGj5BDr+hs1RcD1ppKf3ZjQzL0qlMOh5n87I6Nj4xOTUdGFmdm5+obi4VDVJpjlUeCITXYuYASkUVFCghFqqgcWRhIuofdzzL25AG5Goc+ykEMbsSomW4Ayt1Ciuli/vaCAUrfvu9mZAt9y9MKABwi3mJ1DtNoolz/X6oH+JPyQlMkS5UfwImgnPYlDIJTOm7nsphjnTKLiEbiHIDKSMt9kV1C1VLAYT5v1HunTdKk3aSrQthbSvfp/IWWxMJ45sZ8zw2vz2euJ/Xj3D1kGYC5VmCIoPFrUySTGhvVRoU2jgKDuWMK6FvZXya6YZR5tdwYbg/375L6luuf6Ou3u2Uzo8GsYxRVbIGtkgPtknh+SUlEmFcHJPHskzeXEenCfn1XkbtI44w5ll8gPO+xdKD5ej</latexit>

⌘ 2 [0.6, 0.8] fm

<latexit sha1_base64="cVj0AL3CfVBa4GAFdiPRv9/DOHw=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GwkONOoqYM2lhGMCrkjrC3mUsW9/aO3TkxHClt/Cs2ForY+hPs/DduYgq/Hgw83pthZl6USWHQ8z6cqemZ2bn50kJ5cWl5ZbWytn5h0lxzaPFUpvoqYgakUNBCgRKuMg0siSRcRtcnI//yBrQRqTrHQQZhwnpKxIIztFKnshUAMhoIRduee7gXUM+thwENEG6xiJNhp1L1XG8M+pf4E1IlEzQ7lfegm/I8AYVcMmPavpdhWDCNgksYloPcQMb4NetB21LFEjBhMX5kSHes0qVxqm0ppGP1+0TBEmMGSWQ7E4Z989sbif957RzjelgIleUIin8tinNJMaWjVGhXaOAoB5YwroW9lfI+04yjza5sQ/B/v/yXXOy7fs09OKtVG8eTOEpkk2yTXeKTI9Igp6RJWoSTO/JAnsizc+88Oi/O61frlDOZ2SA/4Lx9ArCol+Q=</latexit>

Shanahan, MW, Zhao, PRD 102 (2020) 10



Quenched LQCD results

CS kernel determined precisely 
for        extending into 
nonperturbative regime

bT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>

Shanahan, MW, Zhao, PRD 102 (2020)

Fourier transform truncation 
effects challenging to quantify, 
two different models used to 
extrapolate beam functions 
outside range of data

m⇡ = 1.2 GeV

<latexit sha1_base64="b9vCiPiQZ7Qfvs8EiaXV1W/ajgc=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuQkQbIWihZQSTCMlx7G0myZK9D3bnxHCk8a/YWChi68+w89+4Sa7QxAcDj/dmmJnnx1JotO1vK7e0vLK6ll8vbGxube8Ud/eaOkoUhwaPZKTufaZBihAaKFDCfayABb6Elj+8mvitB1BaROEdjmJwA9YPRU9whkbyigeB14kFvaBOuUI7CI+Y0mtojr1iyS7bU9BF4mSkRDLUveJXpxvxJIAQuWRatx07RjdlCgWXMC50Eg0x40PWh7ahIQtAu+n0gTE9NkqX9iJlKkQ6VX9PpCzQehT4pjNgONDz3kT8z2sn2Dt3UxHGCULIZ4t6iaQY0UkatCsUcJQjQxhXwtxK+YApxtFkVjAhOPMvL5JmpexUy6e31VLtMosjTw7JETkhDjkjNXJD6qRBOBmTZ/JK3qwn68V6tz5mrTkrm9knf2B9/gBk1JUD</latexit>

P z 2 {1.3, 1.9, 2.6} GeV

<latexit sha1_base64="V+mt2pQu6rzkPVVgoTByA0MkDts=">AAACEHicbVC7TgMxEPTxJrwClDQWEYICne4gvDoEBZRBIiFSLkQ+ZxOs+Hwnew8RTvkEGn6FhgKEaCnp+BuckILXSLsazezK3gkTKQx63oczMjo2PjE5NZ2bmZ2bX8gvLlVMnGoOZR7LWFdDZkAKBWUUKKGaaGBRKOEi7Bz3/Ytr0EbE6hy7CdQj1laiJThDKzXy66XLWxoIRYPMd7c3A+q7B7ZvubtBjwYIN5jRE6j0GvmC53oD0L/EH5ICGaLUyL8HzZinESjkkhlT870E6xnTKLiEXi5IDSSMd1gbapYqFoGpZ4ODenTNKk3airUthXSgft/IWGRMNwrtZMTwyvz2+uJ/Xi3F1n49EypJERT/eqiVSoox7adDm0IDR9m1hHEt7F8pv2KacbQZ5mwI/u+T/5LKlusX3Z2zYuHwaBjHFFkhq2SD+GSPHJJTUiJlwskdeSBP5Nm5dx6dF+f1a3TEGe4skx9w3j4BwxSZ7w==</latexit>

⌘  0.8 fm

<latexit sha1_base64="fC69B4vcxO/JuHsW7O3oXiI0ODI=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDYBXuJGLKoI1lBPMBuRD2NnPJkr0Pd+fEcKTxr9hYKGLrz7Dz37hJrtDEBwOP92aYmefFUmi07W8rt7K6tr6R3yxsbe/s7hX3D5o6ShSHBo9kpNoe0yBFCA0UKKEdK2CBJ6Hlja6nfusBlBZReIfjGLoBG4TCF5yhkXrFIxeQUVfCPbXLVRfhEVPqB5NesWSX7RnoMnEyUiIZ6r3il9uPeBJAiFwyrTuOHWM3ZQoFlzApuImGmPERG0DH0JAFoLvp7IEJPTVKn/qRMhUinam/J1IWaD0OPNMZMBzqRW8q/ud1EvSr3VSEcYIQ8vkiP5EUIzpNg/aFAo5ybAjjSphbKR8yxTiazAomBGfx5WXSPC87lfLFbaVUu8riyJNjckLOiEMuSY3ckDppEE4m5Jm8kjfryXqx3q2PeWvOymYOyR9Ynz9xN5Wv</latexit>

L = 32a = 1.92 fm

<latexit sha1_base64="olZXS/qnOaLo++Wo+vqbi10mAQ4=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiMxgEq2U3RtRCCNpYWEQwD0iWMDuZTYbMPpi5K4Yl2PgrNhaK2PoVdv6Nk2QLTTxwL4dz7mXmHi8WXIFtfxu5hcWl5ZX8amFtfWNzy9zeqasokZTVaCQi2fSIYoKHrAYcBGvGkpHAE6zhDa7GfuOeScWj8A6GMXMD0gu5zykBLXXMvRt8gY9LRHfHOi/hNrAHSLEfjDpm0bbsCfA8cTJSRBmqHfOr3Y1oErAQqCBKtRw7BjclEjgVbFRoJ4rFhA5Ij7U0DUnAlJtOThjhQ610sR9JXSHgifp7IyWBUsPA05MBgb6a9cbif14rAf/MTXkYJ8BCOn3ITwSGCI/zwF0uGQUx1IRQyfVfMe0TSSjo1Ao6BGf25HlSL1lO2Tq5LRcrl1kcebSPDtARctApqqBrVEU1RNEjekav6M14Ml6Md+NjOpozsp1d9AfG5w8IzZSv</latexit>

11



• Larger physical volume enable larger staple 
extents than in quenched calculation

Dynamical LQCD exploration

bz
<latexit sha1_base64="jVnEqJTH360Mj21pMDXcwhrAvkY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQFXRbduKxgH9CGMJnetEMnkzAzEWvIr7hxoYhbf8Sdf+M0zUJbD1w4nHPv3LknSDhT2nG+rZXVtfWNzcpWdXtnd2/fPqh1VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndB5CKxeJeTxPwIjISLGSUaCP5di0bFI9kAU8hx4H/lPt23Wk4BfAycUtSRyVavv01GMY0jUBoyolSfddJtJcRqRnlkFcHqYKE0AkZQd9QQSJQXlaszfGJUYY4jKUpoXGh/p7ISKTUNApMZ0T0WC16M/E/r5/q8MrLmEhSDYLOF4UpxzrGsyDwkEmgmk8NIVQy81dMx0QSqk1cVROCu3jyMumcNdzzhnN3UW9el3FU0BE6RqfIRZeoiW5RC7URRY/oGb2iNyu3Xqx362PeumKVM4foD6zPH6CzlM8=</latexit>

bT
<latexit sha1_base64="ELCTPZ+pGavDr5eKE+rfZBwRzxQ=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KooMeiF48V2lpoQ9hsN+3SzSbsbsQS8le8eFDEq3/Em//GbZqDtj4YeLw3s7PzgoQzpR3n26qsrW9sblW3azu7e/sH9mG9p+JUEtolMY9lP8CKciZoVzPNaT+RFEcBpw/B9HbuPzxSqVgsOnqWUC/CY8FCRrA2km/Xs2HxSBbwlOYo8Du5bzecplMArRK3JA0o0fbtr+EoJmlEhSYcKzVwnUR7GZaaEU7z2jBVNMFkisd0YKjAEVVeVqzN0alRRiiMpSmhUaH+nshwpNQsCkxnhPVELXtz8T9vkOrw2suYSFJNBVksClOOdIzmQaARk5RoPjMEE8nMXxGZYImJNnHVTAju8smrpHfedC+azv1lo3VTxlGFYziBM3DhClpwB23oAoEneIZXeLNy68V6tz4WrRWrnDmCP7A+fwBm9ZSp</latexit>

⌘
<latexit sha1_base64="Vf5SUn5v/69EBDV6BHz/SiDLV2U=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQq6LLoxmUF+4AmlMn0ph06mYSZiVBC/BU3LhRx64e482+cpllo64ELh3PunTv3BAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSaFDYx7LfkAUcCago5nm0E8kkCjg0Aumt3O/9whSsVg86FkCfkTGgoWMEm2koV3PvOKRLOAp5NgDTfKh3XCaTgG8StySNFCJ9tD+8kYxTSMQmnKi1MB1Eu1nRGpGOeQ1L1WQEDolYxgYKkgEys+KvTk+NcoIh7E0JTQu1N8TGYmUmkWB6YyInqhlby7+5w1SHV77GRNJqkHQxaIw5VjHeJ4EHjEJVPOZIYRKZv6K6YRIQrXJq2ZCcJdPXiXd86Z70XTuLxutmzKOKjpGJ+gMuegKtdAdaqMOomiGntErerOerBfr3fpYtFascqaO/sD6/AFXE5U0</latexit>

Mixed action:                                MILC ensembles with ~physical quark masses

• Wilson flow (fixed in lattice units) used as smearing in valence action to reduce 
statistical noise

<latexit sha1_base64="TnCjbJF6JcZDi+DKVUnKaACTbd0=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQxCvIQZjZqLEPTiRYhgFkhC6OlUkiY9C901YhiCF3/FiwdFvPoV3vwbO8tBEx8UPN6roqqeG0qh0ba/rcTC4tLySnI1tba+sbmV3t6p6CBSHMo8kIGquUyDFD6UUaCEWqiAea6Eqtu/GvnVe1BaBP4dDkJoeqzri47gDI3USu95rUYo6AU9PSlknaMGwgPG9AYqw1Y6Y+fsMeg8caYkQ6YotdJfjXbAIw985JJpXXfsEJsxUyi4hGGqEWkIGe+zLtQN9ZkHuhmPXxjSQ6O0aSdQpnykY/X3RMw8rQeeazo9hj09643E/7x6hJ1CMxZ+GCH4fLKoE0mKAR3lQdtCAUc5MIRxJcytlPeYYhxNaikTgjP78jypHOecs1z+Np8pXk7jSJJ9ckCyxCHnpEiuSYmUCSeP5Jm8kjfryXqx3q2PSWvCms7skj+wPn8Ab7uVjw==</latexit>

m⇡ = 538(1) MeV

<latexit sha1_base64="92jfbbPa99NSFNPwQKKBNU3uzvM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBKJTdUtSLUPTiSSrYVmmXkk2zbWiSXZKsUJb+Ci8eFPHqz/HmvzFt96CtDwYe780wMy+IOdPGdb+d3Mrq2vpGfrOwtb2zu1fcP2jpKFGENknEI/UQYE05k7RpmOH0IVYUi4DTdjC6nvrtJ6o0i+S9GcfUF3ggWcgINlZ6vO2Fl9WyV/Z6xZJbcWdAy8TLSAkyNHrFr24/Iomg0hCOte54bmz8FCvDCKeTQjfRNMZkhAe0Y6nEgmo/nR08QSdW6aMwUrakQTP190SKhdZjEdhOgc1QL3pT8T+vk5jwwk+ZjBNDJZkvChOOTISm36M+U5QYPrYEE8XsrYgMscLE2IwKNgRv8eVl0qpWvLNK7a5Wql9lceThCI7hFDw4hzrcQAOaQEDAM7zCm6OcF+fd+Zi35pxs5hD+wPn8AcU3jxc=</latexit>

Nf = 2 + 1 + 1

<latexit sha1_base64="v3ZxTkSbP8td9yiFp831HqGdmNo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5CUol6EohePFewHtKFstpt26W4SdifSEvpXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCARXIPrfluFjc2t7Z3ibmlv/+DwyD4ut3ScKsqaNBax6gREM8Ej1gQOgnUSxYgMBGsH47u5335iSvM4eoRpwnxJhhEPOSVgpL5dJvgGu45X7QGbQIZDOevbFddxF8DrxMtJBeVo9O2v3iCmqWQRUEG07npuAn5GFHAq2KzUSzVLCB2TIesaGhHJtJ8tbp/hc6MMcBgrUxHghfp7IiNS66kMTKckMNKr3lz8z+umEF77GY+SFFhEl4vCVGCI8TwIPOCKURBTQwhV3NyK6YgoQsHEVTIheKsvr5NW1fEundpDrVK/zeMoolN0hi6Qh65QHd2jBmoiiiboGb2iN2tmvVjv1seytWDlMyfoD6zPH+ABkxM=</latexit>

a = 0.12 fm
<latexit sha1_base64="8bXO9ToKB45/sVA9CM16Oqgam9I=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVsuuxJhGCNpYWEQwD0iWMDuZTYbMPpi5K4ZlG3/FxkIRWz/Dzr9xkmyhiQfu5XDOvczc48WCK7Dtb2NpeWV1bb2wUdzc2t7ZNff2mypKJGUNGolItj2imOAhawAHwdqxZCTwBGt5o+uJ33pgUvEovIdxzNyADELuc0pASz3z8BZf4nKV6H5uVbrAHiHFfpD1zJJt2VPgReLkpIRy1HvmV7cf0SRgIVBBlOo4dgxuSiRwKlhW7CaKxYSOyIB1NA1JwJSbTg/I8IlW+tiPpK4Q8FT9vZGSQKlx4OnJgMBQzXsT8T+vk4BfdVMexgmwkM4e8hOBIcKTNHCfS0ZBjDUhVHL9V0yHRBIKOrOiDsGZP3mRNM8sp2KV78ql2lUeRwEdoWN0ihx0gWroBtVRA1GUoWf0it6MJ+PFeDc+ZqNLRr5zgP7A+PwBRmiUUg==</latexit>

L = 48a = 5.6 fm

<latexit sha1_base64="NvzAqDKbNuyuum/rNJHMNxmv3jI=">AAACAHicbVDJSgNBEO2JW4zbqAcPXhqD4CnMSDAeg148RjALZELo6dQkTXoWu2vEMOTir3jxoIhXP8Obf2NnOWjig4LHe1VU1fMTKTQ6zreVW1ldW9/Ibxa2tnd29+z9g4aOU8WhzmMZq5bPNEgRQR0FSmglCljoS2j6w+uJ33wApUUc3eEogU7I+pEIBGdopK595AEy6km4p26p4iE8YkaDcNy1i07JmYIuE3dOimSOWtf+8noxT0OIkEumddt1EuxkTKHgEsYFL9WQMD5kfWgbGrEQdCebPjCmp0bp0SBWpiKkU/X3RMZCrUehbzpDhgO96E3E/7x2isFlJxNRkiJEfLYoSCXFmE7SoD2hgKMcGcK4EuZWygdMMY4ms4IJwV18eZk0zkvuRal8Wy5Wr+Zx5MkxOSFnxCUVUiU3pEbqhJMxeSav5M16sl6sd+tj1pqz5jOH5A+szx9xj5Ww</latexit>

⌘  1.7 fm

vs quenched

Bazavov et al [MILC] PRD 87 (2013) 

• Wilson valence quarks with tree-level clover improvement, 

Shanahan, MW, Zhao, PRD 104 (2021)

(bzP z)max = 14.5

<latexit sha1_base64="wBhhxFeybiR2kdP3JzwOp/rZy6w=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkoiFd0IRTcuK9gHtGmYTCft0JkkzEzENhTc+CtuXCji1p9w5984abPQ1gMXDufcy733eBGjUlnWt5FbWl5ZXcuvFzY2t7Z3zN29hgxjgUkdhywULQ9JwmhA6ooqRlqRIIh7jDS94XXqN++JkDQM7tQoIg5H/YD6FCOlJdc8KHndMax1xydu0hEccvQwgZfQrpTPXLNola0p4CKxM1IEGWqu+dXphTjmJFCYISnbthUpJ0FCUczIpNCJJYkQHqI+aWsaIE6kk0x/mMBjrfSgHwpdgYJT9fdEgriUI+7pTo7UQM57qfif146Vf+EkNIhiRQI8W+THDKoQpoHAHhUEKzbSBGFB9a0QD5BAWOnYCjoEe/7lRdI4LaeJ3VaK1assjjw4BEegBGxwDqrgBtRAHWDwCJ7BK3gznowX4934mLXmjGxmH/yB8fkD7deVxw==</latexit>

(bzP z)max = 11

<latexit sha1_base64="hH164S/1PeV2Mtokc/vrCda/Xek=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMSEU3QtGNywr2Ae10yKSZNjTJDElGbIe68VfcuFDErX/hzr8xfSy09cCFwzn3cu89Qcyo0o7zbWWWlldW17LruY3Nre0de3evpqJEYlLFEYtkI0CKMCpIVVPNSCOWBPGAkXrQvx779XsiFY3EnR7ExOOoK2hIMdJG8u2DQtAewkp7eOKnLckhRw8jeAld17fzTtGZAC4Sd0byYIaKb3+1OhFOOBEaM6RU03Vi7aVIaooZGeVaiSIxwn3UJU1DBeJEeenkgxE8NkoHhpE0JTScqL8nUsSVGvDAdHKke2reG4v/ec1EhxdeSkWcaCLwdFGYMKgjOI4DdqgkWLOBIQhLam6FuIckwtqEljMhuPMvL5LaadEtFc9uS/ny1SyOLDgER6AAXHAOyuAGVEAVYPAInsEreLOerBfr3fqYtmas2cw++APr8wf5RJVN</latexit>
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CS kernel systematics

•    -dependence of CS kernel not 
successfully cancelled

• Differences between estimates with 
different momentum pairs visible

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

Shanahan, MW, Zhao, PRD 104 (2021)

NLO quasi/light-cone matching effects 
significant 

Still significant Fourier transform systematics

• Approximations valid only at LO 
used in previous calculations 
insufficient
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• Differences between estimates with 
different momentum pairs visible

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

Shanahan, MW, Zhao, PRD 104 (2021)
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Improved calculations

• Larger boosts and staple extents reduce 
Fourier transform truncation effects

0.005
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0.100

0.500

1.000

Avkhadiev, Shanahan, MW, Zhao, PRD 108 (2023)
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0.5
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0.10

0.25

0.40

0.55

0.70

0.85

• Nearly physical quark masses

• RI-xMOM scheme turns nonlocal 
operators into local operator 
products using auxiliary static 
quark fields

Operator mixing patterns agree 
with perturbative expectations• Continuum limit from 3 MILC ensembles 

with different lattice spacings

Ji, Zhang, and Zhao, PRL 120 (2018)

Green, Jansen, and Steffens, PRL 121 (2018)

Green, Jansen, and Steffens, PRD 101 (2020)

TMD wavefunctions reduce computational costs 
(requires 2pt instead of 3pt functions)

Chu et al [LPC], PRD 106 (2022)



15

Fourier transform systematics
Precise TMD wavefunctions achieved, including large-         tails
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bzP z

<latexit sha1_base64="1SC91XjbCbLqcRhIgCNG9d3Jmck=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4xkUcCC5kdemHC7OxmZtYECB/hxYPGePV7vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLh3cxvPKHSPJaPZpSgH9G+5CFn1FipEXTGpNoZd4slt+zOQVaJl5ESZKh2i1/tXszSCKVhgmrd8tzE+BOqDGcCp4V2qjGhbEj72LJU0gi1P5mfOyVnVumRMFa2pCFz9ffEhEZaj6LAdkbUDPSyNxP/81qpCW/8CZdJalCyxaIwFcTEZPY76XGFzIiRJZQpbm8lbEAVZcYmVLAheMsvr5L6Rdm7LF89XJYqt1kceTiBUzgHD66hAvdQhRowGMIzvMKbkzgvzrvzsWjNOdnMMfyB8/kD5ROPSg==</latexit>

Large enough           achieved that 
simple DFTs show negligible 
truncation effects for all momenta 
studied

bzP z

<latexit sha1_base64="1SC91XjbCbLqcRhIgCNG9d3Jmck=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNRo9ELx4xkUcCC5kdemHC7OxmZtYECB/hxYPGePV7vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLh3cxvPKHSPJaPZpSgH9G+5CFn1FipEXTGpNoZd4slt+zOQVaJl5ESZKh2i1/tXszSCKVhgmrd8tzE+BOqDGcCp4V2qjGhbEj72LJU0gi1P5mfOyVnVumRMFa2pCFz9ffEhEZaj6LAdkbUDPSyNxP/81qpCW/8CZdJalCyxaIwFcTEZPY76XGFzIiRJZQpbm8lbEAVZcYmVLAheMsvr5L6Rdm7LF89XJYqt1kceTiBUzgHD66hAvdQhRowGMIzvMKbkzgvzrvzsWjNOdnMMfyB8/kD5ROPSg==</latexit>
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Extracting the CS kernel

Ratios of TMD wavefunction DFTs show 
(asymptotically) expected     independence
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x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

CS kernel extracted from averaging over 
intermediate       and momentum pairsx

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

LO, NLO, and NNLO perturbative 
matching shows clear 
convergence at large bT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>

Resumed “unexpanded” matching 
improves small       convergencebT

<latexit sha1_base64="796+lJPjAXwUUPiUJX5dpXCv+jU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK/YI2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzfz2EyrNY9kwkwT9iA4lDzmjxkqPQb/RL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rVw+XldptHkcRTuAUzsGDa6jBPdShCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAh0I21</latexit>
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Discretization effects
New calculations used two additional MILC ensembles with nearly physical 

(valence and sea) pion masses
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a = 0.15 fm

<latexit sha1_base64="C91H08bN/bKzWlsGQm0pxiItCYI=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9kVi16EohePFewHtEvJptk2NMkuyWyxLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXpgIbsDzvp3C2vrG5lZxu7Szu7d/4B4eNU2casoaNBaxbofEMMEVawAHwdqJZkSGgrXC0d3Mb42ZNjxWjzBJWCDJQPGIUwJW6rkuufEqfrUL7AkyHMlpzy17FW8OvEr8nJRRjnrP/er2Y5pKpoAKYkzH9xIIMqKBU8GmpW5qWELoiAxYx1JFJDNBNr98is+s0sdRrG0pwHP190RGpDETGdpOSWBolr2Z+J/XSSG6DjKukhSYootFUSowxHgWA+5zzSiIiSWEam5vxXRINKFgwyrZEPzll1dJ86LiX1aqD5fl2m0eRxGdoFN0jnx0hWroHtVRA1E0Rs/oFb05mfPivDsfi9aCk88coz9wPn8ANFKSwQ==</latexit>

a = 0.12 fm

<latexit sha1_base64="LifYZIcI3ttI/I7VGSOUoAjKTic=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9ktFb0IRS8eK9haaJeSTbNtaJJdktliWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDAR3IDnfTuFtfWNza3idmlnd2//wD08apk41ZQ1aSxi3Q6JYYIr1gQOgrUTzYgMBXsMR7cz/3HMtOGxeoBJwgJJBopHnBKwUs91ybVX8atdYE+Q4UhOe27Zq3hz4FXi56SMcjR67le3H9NUMgVUEGM6vpdAkBENnAo2LXVTwxJCR2TAOpYqIpkJsvnlU3xmlT6OYm1LAZ6rvycyIo2ZyNB2SgJDs+zNxP+8TgrRVZBxlaTAFF0silKBIcazGHCfa0ZBTCwhVHN7K6ZDogkFG1bJhuAvv7xKWtWKX6tc3NfK9Zs8jiI6QafoHPnoEtXRHWqgJqJojJ7RK3pzMufFeXc+Fq0FJ585Rn/gfP4AL6iSvg==</latexit>

a = 0.09 fm

<latexit sha1_base64="RHeG2G7q1tNsxzGvGzLLateK4EA=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9kVRT0IRS8eK9gPaJeSTbNtaJJdktliWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDAR3IDnfTuFldW19Y3iZmlre2d3z90/aJg41ZTVaSxi3QqJYYIrVgcOgrUSzYgMBWuGw7up3xwxbXisHmGcsECSvuIRpwSs1HVdcuNVvOsOsCfIcCQnXbdshRnwMvFzUkY5al33q9OLaSqZAiqIMW3fSyDIiAZOBZuUOqlhCaFD0mdtSxWRzATZ7PIJPrFKD0extqUAz9TfExmRxoxlaDslgYFZ9Kbif147hegqyLhKUmCKzhdFqcAQ42kMuMc1oyDGlhCqub0V0wHRhIINq2RD8BdfXiaNs4p/Xrl4OC9Xb/M4iugIHaNT5KNLVEX3qIbqiKIRekav6M3JnBfn3fmYtxacfOYQ/YHz+QM4+5LE</latexit>

Discretization effects subtracted by fitting to parameterization of continuum CS 
kernel + lattice artifacts
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The CS kernel from QCD
Continuum-limit LQCD results agree nicely with state-of-the-art phenomenological 

determinations of the CS kernel from global fits 

Continuum-limit LQCD results can be directly included in future global fits

LQCD precision is sufficient to exclude some models at large bT
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c0 = 0.32(12)Nonperturbative effects can summarized by one parameter:



Nuclear physics from LQCD
Lattice QCD is a many-body method — just simulate a few 100 quarks
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Nuclear physics from LQCD
Lattice QCD is a many-body method — just simulate a few 100 quarks

Energy spectrum of up to 6000 pions in 
a box:

Abbot, Detmold, Romero-Lopez, MW et al [NPLQCD], 
PRD 108 (2023)

Abbot, Detmold, Romero-Lopez, MW et al [NPLQCD], 
arXiv:2406.09273

Speed of sound at large isospin density

See Will Detmold’s talk Thursday at 10am
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What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Lattice QCD is a many-body method — just simulate a few 100 quarks

<latexit sha1_base64="7uNV06VqFKnKL70jVzuvWdaBd1Q=">AAACGXicbVBNSwMxEM36WetX1aOXYBFaxLIrol6EYil4VLC10C1lNs22wWx2SWaFsvRvePGvePGgiEc9+W9Maw9+PRjm8d4MybwgkcKg6344M7Nz8wuLuaX88srq2nphY7Np4lQz3mCxjHUrAMOlULyBAiVvJZpDFEh+HdzUxv71LddGxOoKhwnvRNBXIhQM0Erdggv1EpbpKd33paJ+qIFltRLuQXk07uWRtaDedeke9WUvRtMtFN2KOwH9S7wpKZIpLrqFN78XszTiCpkEY9qem2AnA42CST7K+6nhCbAb6PO2pQoibjrZ5LIR3bVKj4axtqWQTtTvGxlExgyjwE5GgAPz2xuL/3ntFMOTTiZUkiJX7OuhMJUUYzqOifaE5gzl0BJgWti/UjYAmw7aMPM2BO/3yX9J86DiHVWOLg+L1bNpHDmyTXZIiXjkmFTJObkgDcLIHXkgT+TZuXcenRfn9Wt0xpnubJEfcN4/AdyHnSQ=</latexit>

aE(t) = � ln
C(t+ a)

C(t)
= aE0 + . . .
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What’s so hard about nuclei?

1
H

2
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t

E

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

Lattice QCD is a many-body method — just simulate a few 100 quarks
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What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

or

Lattice QCD is a many-body method — just simulate a few 100 quarks
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aE(t) = � ln
C(t+ a)

C(t)
= aE0 + . . .
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Shanahan, Tibuzri, MW, Winter, PRL 120 (2018)

The signal-to-noise problem
Nucleon ground state dominates correlation 

function for large  

Variance of nucleon correlation 
function is itself a 
correlation function with 
quantum numbers of NN

<latexit sha1_base64="u4Db7NE7zdKhCztUcrZJPQrGZsg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG1elgn1AO5RMmmlDM8mYZApl6He4caGIWz/GnX9jpp2Fth4IHM65h3tzgpgzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvsv89oQqzaR4NNOY+hEeChYygo2V/HpPWjcLp/VZv1xxq+4caJV4OalAjka//NUbSJJEVBjCsdZdz42Nn2JlGOF0VuolmsaYjPGQdi0VOKLaT+dHz9CZVQYolMo+YdBc/Z1IcaT1NArsZITNSC97mfif101MeOOnTMSJoYIsFoUJR0airAE0YIoSw6eWYKKYvRWREVaYGNtTyZbgLX95lbQuqt5l9erhslK7zesowgmcwjl4cA01uIcGNIHAEzzDK7w5E+fFeXc+FqMFJ88cwx84nz8hKZJY</latexit>

The lightest allowed state is 3⇡

<latexit sha1_base64="nqWb9V1qXpwvppYzNNw1NaOKXyE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48VTFtoQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8epItQnMY9VN8Saciapb5jhtJsoikXIaSec3OV+54kqzWL5aKYJDQQeSRYxgk0uXfYTNqjW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKx1z3MTE2RYGUY4nVX6qaYJJhM8oj1LJRZUB9n81hk6s8oQRbGyJQ2aq78nMiy0norQdgpsxnrZy8X/vF5qopsgYzJJDZVksShKOTIxyh9HQ6YoMXxqCSaK2VsRGWOFibHxVGwI3vLLq6R9Ufca9auHRq15W8RRhhM4hXPw4BqacA8t8IHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w/FIo4S</latexit>

CN (t) ⇠ e�MN t

<latexit sha1_base64="i3wbu4FxTFV2FHVkgqk2gQg5uOg=">AAAB/3icbVDLSgNBEJyNrxhfq4IXL4NBiAfDrkT0GMzFiyGCeUCyLrOTSTJk9sFMrxDWHPwVLx4U8epvePNvnCR70MSChqKqm+4uLxJcgWV9G5ml5ZXVtex6bmNza3vH3N1rqDCWlNVpKELZ8ohiggesDhwEa0WSEd8TrOkNKxO/+cCk4mFwB6OIOT7pB7zHKQEtueZBxa0W4AR3FPcxu09Ob9wqhrFr5q2iNQVeJHZK8ihFzTW/Ot2Qxj4LgAqiVNu2InASIoFTwca5TqxYROiQ9Flb04D4TDnJ9P4xPtZKF/dCqSsAPFV/TyTEV2rke7rTJzBQ895E/M9rx9C7dBIeRDGwgM4W9WKBIcSTMHCXS0ZBjDQhVHJ9K6YDIgkFHVlOh2DPv7xIGmdFu1Q8vy3ly1dpHFl0iI5QAdnoApXRNaqhOqLoET2jV/RmPBkvxrvxMWvNGOnMPvoD4/MHr8+Unw==</latexit>

t

<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

StN[CN (t)] =
hCN (t)ip
Var[CN (t)]

⇠ e�(MN� 3
2m⇡)t

<latexit sha1_base64="GDRv9u2hlQiR6x95BsNKtKDxP2g="></latexit>

Parisi, Phys.Rept. 103 (1984)

Lepage, TASI (1989)
Implies signal-to-noise ratios scale as

Same analysis for a system of A nucleons:
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The sign/al-to-noise problem
Nucleon correlation functions are complex in generic gauge field backgrounds

MW, Savage PRD 96 (2017)

Complex phases of correlation functions give path integrals “sign problems”

CN (t) =
1

Z

Z
DU e�S(U) |CN (t)| ei✓N (t)

<latexit sha1_base64="Tb78bZ5fHfJm3tRpdRBcPtMgqsg="></latexit>

Integral can’t be interpreted 
as a probability

The same phase fluctuations are responsible for the full severity of the signal-to-noise 
problem for the nucleon and nuclei

Neglects
ei✓N

<latexit sha1_base64="aoBIPsB5ytamqbKrh5D76ul659w=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKosegF08SwTwgWcPspJMMmZ1dZ3oDYcl3ePGgiFc/xpt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DuokSzaHGIxnpZsAMSKGghgIlNGMNLAwkNILhzdRvjEAbEakHHMfgh6yvRE9whlby4TEVbRwAss7dpFMsuWV3BrpMvIyUSIZqp/jV7kY8CUEhl8yYlufG6KdMo+ASJoV2YiBmfMj60LJUsRCMn86OntATq3RpL9K2FNKZ+nsiZaEx4zCwnSHDgVn0puJ/XivB3pWfChUnCIrPF/USSTGi0wRoV2jgKMeWMK6FvZXyAdOMo82pYEPwFl9eJvWzsndevrg/L1Wuszjy5Igck1PikUtSIbekSmqEkyfyTF7JmzNyXpx352PemnOymUPyB87nDwgAkkc=</latexit>

3

2
m⇡
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MN � 3

2
m⇡

<latexit sha1_base64="1gT5jB1/+1jYVc3pgNLplyUfGxQ=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0tSK7osunGjVLAPaEKYTCft0JlJmJkIJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeECaNKO863tbC4tLyyWlgrrm9sbm3bO7tNFacSkwaOWSzbIVKEUUEammpG2okkiIeMtMLB1chvPRCpaCzu9TAhPkc9QSOKkTZSYO/fBLfwBHqRRDg7zbNKzgMvoYFdcsrOGHCeuFNSAlPUA/vL68Y45URozJBSHddJtJ8hqSlmJC96qSIJwgPUIx1DBeJE+dn4/hweGaULo1iaEhqO1d8TGeJKDXloOjnSfTXrjcT/vE6qows/oyJJNRF4sihKGdQxHIUBu1QSrNnQEIQlNbdC3EcmCm0iK5oQ3NmX50mzUnar5bO7aql2OY2jAA7AITgGLjgHNXAN6qABMHgEz+AVvFlP1ov1bn1MWhes6cwe+APr8wes05VE</latexit>

Neglects
|CN |
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What’s so hard about nuclei?

1
H

2
H

3
He

4
He

t

E

Getting large enough imaginary times to suppress excited-state effects can be 
challenging or impossible for multi-nucleon systems

1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

or

Lattice QCD is a many-body method — just simulate a few 100 quarks
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aE(t) = � ln
C(t+ a)

C(t)
= aE0 + . . .



L = 3.5 fm ! 7.0 fm
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a = 0.145 fm
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Yamazaki et al, PRD 86 (2012)

Beane et al [NPLQCD], PRD 87 (2013) L = 2.9 fm ! 5.8 fm
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First calculations of 2-5 baryon (asymmetric) correlation functions

m⇡ ⇠ 510 MeV
<latexit sha1_base64="6KSVVil53WAbPz2+ZKglaBXGPeg=">AAACA3icbVDJSgNBEO2JW4xb1JteGoPgKcy4oMegFy9CBLNAJoSeTiVp0j0zdNeIYQh48Ve8eFDEqz/hzb+xsxw08UHB470qquoFsRQGXffbySwsLi2vZFdza+sbm1v57Z2qiRLNocIjGel6wAxIEUIFBUqoxxqYCiTUgv7VyK/dgzYiCu9wEENTsW4oOoIztFIrv6dafiyob4SiZ57rUx/hAdMbqA5b+YJbdMeg88SbkgKZotzKf/ntiCcKQuSSGdPw3BibKdMouIRhzk8MxIz3WRcaloZMgWmm4x+G9NAqbdqJtK0Q6Vj9PZEyZcxABbZTMeyZWW8k/uc1EuxcNFMRxglCyCeLOomkGNFRILQtNHCUA0sY18LeSnmPacbRxpazIXizL8+T6nHROym6t6eF0uU0jizZJwfkiHjknJTINSmTCuHkkTyTV/LmPDkvzrvzMWnNONOZXfIHzucPgDmWyg==</latexit>

m⇡ ⇠ 806 MeV
<latexit sha1_base64="5vrups7WQmo52iX3VVcaFP9LAfs=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0HwFHZVNMegFy9CBPOAbAizk04yZGZ3mekVwxLw4q948aCIV3/Cm3/j5HHQxIKGoqqb7q4glsKg6347C4tLyyurmbXs+sbm1nZuZ7dqokRzqPBIRroeMANShFBBgRLqsQamAgm1oH818mv3oI2IwjscxNBUrBuKjuAMrdTK7auWHwvqG6Fo0T33qY/wgOkNVIetXN4tuGPQeeJNSZ5MUW7lvvx2xBMFIXLJjGl4bozNlGkUXMIw6ycGYsb7rAsNS0OmwDTT8Q9DemSVNu1E2laIdKz+nkiZMmagAtupGPbMrDcS//MaCXaKzVSEcYIQ8smiTiIpRnQUCG0LDRzlwBLGtbC3Ut5jmnG0sWVtCN7sy/OkelLwTgvu7Vm+dDmNI0MOyCE5Jh65ICVyTcqkQjh5JM/klbw5T86L8+58TFoXnOnMHvkD5/MHjL6W0g==</latexit>
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• Ground state energy appears approximately volume independent

a = 0.09 fm
<latexit sha1_base64="Ha94GPFQTK6Y3lmpjsXRzYhgH/0=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KooB6EohePFewHNKFstpt26WYTdidiCPWvePGgiFd/iDf/jds2B60+GHi8N8PMvCARXIPjfFmlpeWV1bXyemVjc2t7x97da+s4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJxtdTv3PPlOaxvIMsYX5EhpKHnBIwUt+uEnyJnbpz4WEP2APkYTTp2zWjzID/ErcgNVSg2bc/vUFM04hJoIJo3XOdBPycKOBUsEnFSzVLCB2TIesZKknEtJ/Pjp/gQ6MMcBgrUxLwTP05kZNI6ywKTGdEYKQXvan4n9dLITz3cy6TFJik80VhKjDEeJoEHnDFKIjMEEIVN7diOiKKUDB5VUwI7uLLf0n7uO6e1J3b01rjqoijjPbRATpCLjpDDXSDmqiFKMrQE3pBr9aj9Wy9We/z1pJVzFTRL1gf35sVk3g=</latexit>

• First excited state shows volume dependence consistent with unbound

• Operators with two different smearings give consistent results

Data from Beane et al [NPLQCD], PRD 87 (2013)
t
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a = 0.145 fm
<latexit sha1_base64="bg7rxbBijFY7WbZQxnNY+tzkBEA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKt6EYounFZwT6gCWUynbRDZ5IwcyPWUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4JEcA2O820tLC4tr6wW1orrG5tb2/bObkPHqaKsTmMRq1ZANBM8YnXgIFgrUYzIQLBmMLge+817pjSPozsYJsyXpBfxkFMCRurY+wRfYqfsVs487AF7gCyUo45dcsrOBHieuDkpoRy1jv3ldWOaShYBFUTrtusk4GdEAaeCjYpeqllC6ID0WNvQiEim/Wxy/QgfGaWLw1iZigBP1N8TGZFaD2VgOiWBvp71xuJ/XjuF8MLPeJSkwCI6XRSmAkOMx1HgLleMghgaQqji5lZM+0QRCiawognBnX15njROyu5p2bmtlKpXeRwFdIAO0TFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PaumDlM3voD6zPHw5Mk7M=</latexit>

Beane et al [NPLQCD], PRD 87 (2013) L = 2.9 fm ! 5.8 fm
<latexit sha1_base64="7mwdF4vMP76cuvsmG+5MgTGAfII=">AAACF3icbVC7SgNBFJ31GeNr1dJmMAhWy25UjIUQtLGwiGAekA1hdjKbDJl9MHNXDUv+wsZfsbFQxFY7/8ZJskVMPHDhcM693HuPFwuuwLZ/jIXFpeWV1dxafn1jc2vb3NmtqSiRlFVpJCLZ8IhigoesChwEa8SSkcATrO71r0Z+/Z5JxaPwDgYxawWkG3KfUwJaapvWDb7ARevcxS6wR0j9YIhdybs9IFJGD/jUKuEpr20WbMseA88TJyMFlKHSNr/dTkSTgIVABVGq6dgxtFIigVPBhnk3USwmtE+6rKlpSAKmWun4ryE+1EoH+5HUFQIeq9MTKQmUGgSe7gwI9NSsNxL/85oJ+KVWysM4ARbSySI/ERgiPAoJd7hkFMRAE0Il17di2iOSUNBR5nUIzuzL86RWtJxjy749KZQvszhyaB8doCPkoDNURteogqqIoif0gt7Qu/FsvBofxuekdcHIZvbQHxhfv3lVnks=</latexit>

First calculations of 2-5 baryon (asymmetric) correlation functions

m⇡ ⇠ 806 MeV
<latexit sha1_base64="5vrups7WQmo52iX3VVcaFP9LAfs=">AAACA3icbVDLSgNBEJz1GeMr6k0vg0HwFHZVNMegFy9CBPOAbAizk04yZGZ3mekVwxLw4q948aCIV3/Cm3/j5HHQxIKGoqqb7q4glsKg6347C4tLyyurmbXs+sbm1nZuZ7dqokRzqPBIRroeMANShFBBgRLqsQamAgm1oH818mv3oI2IwjscxNBUrBuKjuAMrdTK7auWHwvqG6Fo0T33qY/wgOkNVIetXN4tuGPQeeJNSZ5MUW7lvvx2xBMFIXLJjGl4bozNlGkUXMIw6ycGYsb7rAsNS0OmwDTT8Q9DemSVNu1E2laIdKz+nkiZMmagAtupGPbMrDcS//MaCXaKzVSEcYIQ8smiTiIpRnQUCG0LDRzlwBLGtbC3Ut5jmnG0sWVtCN7sy/OkelLwTgvu7Vm+dDmNI0MOyCE5Jh65ICVyTcqkQjh5JM/klbw5T86L8+58TFoXnOnMHvkD5/MHjL6W0g==</latexit>
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My NPLQCD Collaborators

Beane Chang Davoudi Detmold

Illa Murphy Orginos Parreño

Savage Shanahan WinterTiburziPerry

Jay

Grebe



Two-body axial currents

Parreño, MW et al [NPLQCD] PRD 103 (2021)

Axial current matrix element calculations with                        permit preliminary 
extrapolations to physical quark masses

m⇡ = 450 MeV

<latexit sha1_base64="O9OpK4/6JiFqjN0j3RDGqxc9o40=">AAAB/3icbVDJSgNBEO2JW4xbVPDipTEInsKMJOhFCHrxIkQwC2SG0NOpJE16FrprxDDm4K948aCIV3/Dm39jZzlo4oOCx3tVVNXzYyk02va3lVlaXlldy67nNja3tnfyu3t1HSWKQ41HMlJNn2mQIoQaCpTQjBWwwJfQ8AdXY79xD0qLKLzDYQxewHqh6ArO0Ejt/EHQdmNBL2ipbLsID5jSG6iP2vmCXbQnoIvEmZECmaHazn+5nYgnAYTIJdO65dgxeilTKLiEUc5NNMSMD1gPWoaGLADtpZP7R/TYKB3ajZSpEOlE/T2RskDrYeCbzoBhX897Y/E/r5Vg99xLRRgnCCGfLuomkmJEx2HQjlDAUQ4NYVwJcyvlfaYYRxNZzoTgzL+8SOqnRadULN+WCpXLWRxZckiOyAlxyBmpkGtSJTXCySN5Jq/kzXqyXqx362PamrFmM/vkD6zPHyBnlOc=</latexit>

Two-nucleon axial matrix 
elements relevant for proton-
proton fusion computed, 
used to constrain two-body 
currents in pionless EFT for

Savage, MW et al [NPLQCD], PRL 119 (2017)

More complicated two-body currents 
important for , first study:0νββ

Davoudi, Grebe, MW et al, arXiv:2402.09362

Matrix elements of two axial currents 
constrain   in poinless EFT2νββ

Shanahan, MW et al [NPLQCD], PRL 119 (2017)

Tiburzi, MW et al [NPLQCD], PRD 96 (2017)

See plenary talk by Anthony Grebe on Saturday

See talk by Zi-Yu Wang, Wed 12:35 
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m⇡ = 806 MeV

<latexit sha1_base64="Sh/+vWOjQSEBdvrSD030q9i+cMM=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2FXouYiBL14ESKYByQhzE56kyGzD2Z6xbDm4K948aCIV3/Dm3/jJNmDJhY0FFXddHe5kRQabfvbWlhcWl5Zzaxl1zc2t7ZzO7s1HcaKQ5WHMlQNl2mQIoAqCpTQiBQw35VQdwdXY79+D0qLMLjDYQRtn/UC4QnO0Eid3L7faUWCXtCSfdZCeMCE3kBt1Mnl7YI9AZ0nTkryJEWlk/tqdUMe+xAgl0zrpmNH2E6YQsEljLKtWEPE+ID1oGlowHzQ7WRy/4geGaVLvVCZCpBO1N8TCfO1Hvqu6fQZ9vWsNxb/85oxeqV2IoIoRgj4dJEXS4ohHYdBu0IBRzk0hHElzK2U95liHE1kWROCM/vyPKmdFJxi4fS2mC9fpnFkyAE5JMfEIeekTK5JhVQJJ4/kmbySN+vJerHerY9p64KVzuyRP7A+fwAoNZTs</latexit>



Shanahan, Tibuzri, MW, Winter, PRL 120 (2018)

Scalar, axial, and tensor charges

Chang, MW et al [NPLQCD], PRL 120 (2018)

Flavor decompositions of scalar, axial, and tensor charges for 1-3 nucleons, m⇡ = 806 MeV

<latexit sha1_base64="Sh/+vWOjQSEBdvrSD030q9i+cMM=">AAAB/3icbVDLSgNBEJz1GeMrKnjxMhgET2FXouYiBL14ESKYByQhzE56kyGzD2Z6xbDm4K948aCIV3/Dm3/jJNmDJhY0FFXddHe5kRQabfvbWlhcWl5Zzaxl1zc2t7ZzO7s1HcaKQ5WHMlQNl2mQIoAqCpTQiBQw35VQdwdXY79+D0qLMLjDYQRtn/UC4QnO0Eid3L7faUWCXtCSfdZCeMCE3kBt1Mnl7YI9AZ0nTkryJEWlk/tqdUMe+xAgl0zrpmNH2E6YQsEljLKtWEPE+ID1oGlowHzQ7WRy/4geGaVLvVCZCpBO1N8TCfO1Hvqu6fQZ9vWsNxb/85oxeqV2IoIoRgj4dJEXS4ohHYdBu0IBRzk0hHElzK2U95liHE1kWROCM/vyPKmdFJxi4fS2mC9fpnFkyAE5JMfEIeekTK5JhVQJJ4/kmbySN+vJerHerY9p64KVzuyRP7A+fwAoNZTs</latexit>

 Nuclear effects on these charges 
are relevant for

• Dark matter direct detection

• Single- and double-beta decay, 
neutrino-nucleus scattering

• CP violating nuclear EDMs

Scalar

Axial

Tensor
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Nuclear momentum fractions
First calculations of gluon and isovector quark momentum fractions of light nuclei

Demonstrates potential for LQCD to usefully constrain nuclear PDFs, although 
systematic uncertainties are not fully controlled

Detmold, MW et al [NPLQCD] PRL 126 (2021)

Results matched to pionless EFT to determine two-body current operator relevant 
for isovector EMC effects

Winter, MW et al [NPLQCD], PRD 96 (2017)
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Systematic uncertainties

• Heavier than physical quark masses only 

• One lattice spacing 

• Excited-state effects

Present-day LQCD studies of nuclei still have several systematic uncertainties 
that need to be studied in detail
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• Heavier than physical quark masses only 

• One lattice spacing 

• Excited-state effects

Systematic uncertainties
Present-day LQCD studies of nuclei still have several systematic uncertainties 

that need to be studied in detail

Gap between ground and two-nucleon finite-volume “scattering” states becomes 
small for large volumes, ground-state dominance relies on overlap factors

Z0e
�E0t

✓
1 +

Z1

Z0
e��t + . . .

◆

<latexit sha1_base64="NhbzkLzwC5Iqt9UwDWYqWXCciIw="></latexit>

� ⇠ 4⇡2

ML2

<latexit sha1_base64="CsInhY8oRrjx6OUWln6FBHL7SKY=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSlIquiy6caFQwT6giWUynbRDZ5IwcyOU0K0bf8WNC0Xc+gfu/BunbRbaeuBeDufcy8w9QSK4Bsf5tpaWV1bX1gsbxc2t7Z1de2+/qeNUUdagsYhVOyCaCR6xBnAQrJ0oRmQgWCsYXk781gNTmsfRHYwS5kvSj3jIKQEjdW3s9ZgAgj3NJfZCRWhWxV7C7yvj7Oba9K5dcsrOFHiRuDkpoRz1rv3l9WKaShYBFUTrjusk4GdEAaeCjYteqllC6JD0WcfQiEim/Wx6yRgfG6WHw1iZigBP1d8bGZFaj2RgJiWBgZ73JuJ/XieF8NzPeJSkwCI6eyhMBYYYT2LBPa4YBTEyhFDFzV8xHRATB5jwiiYEd/7kRdKslN1q+fS2Wqpd5HEU0CE6QifIRWeohq5QHTUQRY/oGb2iN+vJerHerY/Z6JKV7xygP7A+fwA6Wplo</latexit>

For non-positive-definite correlation functions, cancellations between the ground and 
excited-state could in principle conspire to form a “false plateau”

See e.g. Iritani et al, JHEP 10 (2016)

All Z factors in spectral representation guaranteed to be positive for symmetric 
correlation functions
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Variational methods

Although application of variational methods to multi-nucleon systems has long been 
advocated, it has only recently become computationally feasible

Li et al, PRD 103 (2021)
Peardon et al PRD 80 (2009)

Morningstar et al PRD 83 (2011)

Detmold, MW et al, PRD 104 (2021)

Robust upper bounds on energy spectrum can be obtained by diagonalizing symmetric 
matrices of correlation functions

All LQCD nuclear 
matrix element 
calculations so far

Distillation: Sparsening:
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Two-nucleon variational bounds
Variational upper bounds obtained 

using different interpolating operator 
sets are consistent

Ground-state energy estimates using 
different interpolating-operator sets 
show large discrepancies

□□
△△○○ ▽▽

◇◇

▯▯

□

○

△

▽

◇

▯

-0.02

-0.01

0.00

0.01

0.02

0.03

See talk by Robert Perry, Wed 11:35 

Phase shifts obtained using asymmetric 
vs variational energy estimates 
suggest qualitatively different physics 
(bound vs unbound)

Amarasinghe, MW et al [NPLQCD], PRD 107 (2023) 

Results by different groups using 
similar interpolating operators show 
good consistency
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Excited states or overlap problem?
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Toy model: 2 operators, 3 states

Z(A)
n = (✏,

p
1� ✏2, 0)

<latexit sha1_base64="3wDYRfu2hgugE9SF72ZxsnAnh6Y="></latexit>

Z(B)
n = (✏, 0,

p
1� ✏2)

<latexit sha1_base64="xLAvxyke68n3yE+Sy8qbUFYAFmk="></latexit>

✏

<latexit sha1_base64="3XIGuV+y1l7U9a/NpP0f3Z+pOss=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF09SwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rF8MJME/YgOJQ85o8ZKnR4mmotY9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+b3TsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZs+TAVfIjJhYQpni9lbCRlRRZmxEJRuCt/zyKmldVL1a9fK+Vqnf5XEU4QRO4Rw8uII63EIDmsBAwDO8wpvz6Lw4787HorXg5DPH8AfO5w9TBZA0</latexit>

• Both operators have small overlap       
with ground state 

• Operators are approximately 
orthogonal

GEVP eigenvalues controlled by first 
and second excited state (not 
ground state) for

�
(AB)
1 = e

�(t�t0)E2 +O(✏2)

<latexit sha1_base64="dPHbA5Aa3DsTtE50Bkd+3p1lI6Y="></latexit>

�
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<latexit sha1_base64="hGlImhOlEe1qlwE4okq2ur0et0s="></latexit>

Off-diagonal correlator conversely has 
perfect ground-state overlap

Apparent plateau of hexaquark-
dibaryon correlation function can 
be reproduced by a linear 
combination of ground- and 
excited-state GEVP energy 
levels

GEVP predicts slow approach from 
below for much larger

<latexit sha1_base64="B90Po7805C2SMmhxq9m5XKPWiE0=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyWRUj0WvXisYD+gCWWz3bRLd5OwOxFLKHjxr3jxoIhX/4Q3/43bNgdtfTDweG+GmXlBIrgGx/m2Ciura+sbxc3S1vbO7p69f9DScaooa9JYxKoTEM0Ej1gTOAjWSRQjMhCsHYyup377ninN4+gOxgnzJRlEPOSUgJF69hFgbzDAVYdgT3OJax6wB8hwKCc9u+xUnBnwMnFzUkY5Gj37y+vHNJUsAiqI1l3XScDPiAJOBZuUvFSzhNARGbCuoRGRTPvZ7IcJPjVKH4exMhUBnqm/JzIitR7LwHRKAkO96E3F/7xuCuGln/EoSYFFdL4oTAWGGE8DwX2uGAUxNoRQxc2tmA6JIhRMbCUTgrv48jJpnVfcWqV2Wy3Xr/I4iugYnaAz5KILVEc3qIGaiKJH9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx8CrJaE</latexit>

t � 40a ⇠ 6 fm

<latexit sha1_base64="ITIOxLvl9VJ3/tVpiG5Qf5isaxU=">AAACCXicbVA9SwNBEN3zM8avqKXNYhBiYbgLEi0DErCSCOYDcsmxt5kkS/b2jt09IRxpbfwrNhaK2PoP7Pw3bpIrNPHBwOO9GWbm+RFnStv2t7Wyura+sZnZym7v7O7t5w4OGyqMJYU6DXkoWz5RwJmAumaaQyuSQAKfQ9MfXU/95gNIxUJxr8cRdAIyEKzPKNFG8nLYhUgxHopuCbucY+gmGheqnoPPcdWzzyZeLm8X7RnwMnFSkkcpal7uy+2FNA5AaMqJUm3HjnQnIVIzymGSdWMFEaEjMoC2oYIEoDrJ7JMJPjVKD/dDaUpoPFN/TyQkUGoc+KYzIHqoFr2p+J/XjnX/qpMwEcUaBJ0v6scc6xBPY8E9JoFqPjaEUMnMrZgOiSRUm/CyJgRn8eVl0igVnXKxfHeRr9ymcWTQMTpBBeSgS1RBN6iG6oiiR/SMXtGb9WS9WO/Wx7x1xUpnjtAfWJ8/Gj+YEg==</latexit>

✏2 ⌧ et(E1�E0)
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Lanczos, the transfer matrix, and 
the signal-to-noise problem

MW, arXiv:2406.20009

Hackett, MW, arXiv:2407.21777

Daniel HackettCornelius Lanczos



Spectroscopy = finding eigenvalues

Discrete time translation symmetry enables definition of transfer matrix T

Lattice theories do not have continuous time translation symmetry defining Hamiltonian

<latexit sha1_base64="ncgSHQ2L/AMNj0Ht3k7TbgkehyU=">AAACFHicbZC7SgNBFIZn4y3G26qlzWAQImLYFYk2QtAmnRHMBZIYZieTZMjshZmzQlj2IWx8FRsLRWwt7HwbZ5MtYuKBgZ/vP4c553cCwRVY1o+RWVpeWV3Lruc2Nre2d8zdvbryQ0lZjfrCl02HKCa4x2rAQbBmIBlxHcEazugm8RuPTCrue/cwDljHJQOP9zkloFHXPGm7BIaUiOg2LsAxvsLsITqtQIxnjIRp1DXzVtGaFF4UdiryKK1q1/xu93wauswDKohSLdsKoBMRCZwKFufaoWIBoSMyYC0tPeIy1YkmR8X4SJMe7vtSPw/whM5ORMRVauw6ujPZVM17CfzPa4XQv+xE3AtCYB6dftQPBQYfJwnhHpeMghhrQajkeldMh0QSCjrHnA7Bnj95UdTPinapWLo7z5ev0ziy6AAdogKy0QUqowqqohqi6Am9oDf0bjwbr8aH8TltzRjpzD76U8bXL6f5nfs=</latexit>

O(t) = e�Ht
OeHt

Energy spectrum = - ln ( spectrum of eigenvalues of  )T

<latexit sha1_base64="MYgBXf8ilHqiZddUDdMe1NP8ugw=">AAACF3icbZDLSsNAFIYnXmu9RV26GSxCuzAkItWNUHTjzgq9QZuWyXTSDplcmJkIJeQt3Pgqblwo4lZ3vo2TNova+sPAz3fOYc75nYhRIU3zR1tZXVvf2CxsFbd3dvf29YPDlghjjkkThyzkHQcJwmhAmpJKRjoRJ8h3GGk73m1Wbz8SLmgYNOQkIraPRgF1KUZSoYFu9Hwkxxix5D4te6gCr2Gjn3gpnOOwrNCZlVb63kAvmYY5FVw2Vm5KIFd9oH/3hiGOfRJIzJAQXcuMpJ0gLilmJC32YkEihD00Il1lA+QTYSfTu1J4qsgQuiFXL5BwSucnEuQLMfEd1ZltKxZrGfyv1o2le2UnNIhiSQI8+8iNGZQhzEKCQ8oJlmyiDMKcql0hHiOOsFRRFlUI1uLJy6Z1blhVo/pwUard5HEUwDE4AWVggUtQA3egDpoAgyfwAt7Au/asvWof2uesdUXLZ47AH2lfv/eeno0=</latexit>
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En = � ln�n

Correlation functions are matrix elements of powers of T
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Lanczos and the transfer matrix
• Standard effective mass = “power-iteration algorithm” for finding eigenvalues
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von Mises and Pollaczek-Geiringer,  Zeitschrift Angewandte Mathematik und Mechanik 9, 58 (1929) 
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von Mises and Pollaczek-Geiringer,  Zeitschrift Angewandte Mathematik und Mechanik 9, 58 (1929) 

• Modern computational linear algebra uses more sophisticated methods, e.g.

Lanczos algorithm
Lanczos, J. Res. Natl. Bur. 
Stand. B 45, 255 (1950)

Paige, PhD thesis 1971 

• Exponentially faster convergence for systems with small gaps

Saad, SIAM 17 (1980)

Kaniel, Mathematics of 
Computation 20, 369 (1966) 
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Applied to LQCD since at 
least Barbour et al (1984)



The residual bound
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• Lanczos approximation error after finite number of iterations directly computable:

• Applying Lanczos feasible by 
computing matrix elements 

 recursivelyT(m)
ij

Paige, PhD thesis 1971 

Eigenvectors of T(m)

Matrix element T (m)
m(m+1)

Rigorous quantification of excited-state effects!

• Faster convergence evident in 
studies of toy data

But the LQCD transfer matrix is 
infinite-dimensional….

MW, arXiv:2406.20009 35



Heating things up
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• Arbitrary-precision arithmetic required to achieve high convergence

• Lanczos is known to be numerically unstable with fixed-precision arithmetic … 
what about statistical noise?

• Lanczos works at finite inverse temperature (temporal lattice extent)

• Eigenvalues converge and residual bound is accurate even past the 
midpoint of the lattice

MW, arXiv:2406.20009
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Will noise destroy Lanczos?
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• No

• Lanczos is surprisingly robust to large-time correlation function noise

MW, arXiv:2406.20009 37



Is it really that easy?
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• Lanczos produces an increasingly dense forest of “spurious eigenvalues”

• No
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Spurious eigenvalues
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• We need a way to automatically detect 
which eigenvalues are spurious and 
get rid of them
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Cullum-Willoughby
• Jane Cullum and Ralph Willoughby developed a useful criterion for identifying 

spurious eigenvalues in 1981

2

Cullum and Willoughby, Journal of Computational Physics 44, 329 (1981)

40



Think positive
• Since transfer matrix is positive-definite by assumption, any eigenvalues with non-

zero imaginary parts can be discarded as spurious

• “Non-zero” can be kept exact even in the presence of noise by adopting 
oblique Lanczos formalism
Saad, SIAM 19 (1982)

MW, arXiv:2406.20009
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Think positive
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• Since transfer matrix is positive-definite by assumption, any eigenvalues with non-
zero imaginary parts can be discarded as spurious

• “Non-zero” can be kept exact even in the presence of noise by adopting 
oblique Lanczos formalism
Saad, SIAM 19 (1982)

• This gets rid of many spurious 
eigenvalues but still leaves 
some that must be wrong 
because they correspond to  
MN < mπ

41MW, arXiv:2406.20009



Bootstrapping Cullum-Willoughby
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• Defining “pathologically close” is easy for finite matrices with floating-point roundoff 
error, harder for Monte Carlo simulations of infinite-dimensional matrices

• Distances between  and  fluctuate due to noise much more for spurious 
than non-spurious eigenvalues

T(m) T(m)
2

• Use bootstrap histograms to define cutoff
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• Largest eigenvalue not removed as spurious defines ground-state energy

Non-spurious proton energies

E0 = − ln λ(m)
0

• Excited-state energies also accessible 
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Lanczos proton mass results
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• Residual bound can be used to identify 
when Lanczos results have converged, 
provides bound on finite-  
approximation errors

t

• Bootstrap uncertainties 
complicated by outliers due 
to spurious eigenvalue 
misidentification within 
bootstrap samples

• Robust estimators e.g. based 
on confidence intervals 
critical

MW, arXiv:2406.20009
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Projecting out the noise
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• Signal-to-noise of Lanczos 

results does not degrade 
exponentially for large t

Why?

• Projection operator solution to 
signal-to-noise problem:

Della Morte and Giusti, Comp. Phys. Communications 180 (2009)

removes states from variance without quantum numbers of “signal squared,” e.g. 
three-pion states in nucleon variance

• Building such projectors is hard — but Lanczos 
provides Krylov-space approximations

Saad, SIAM 19 (1982)Saad, SIAM 17 (1980)



Lanczos LQCD spectroscopy
1) Too many Wick contractions

2) Small energy gaps to excited states

3) Exponential signal-to-noise degradation

Detmold and Orginos, PRD 87 (2013)

• Lanczos enables rapid 
convergence even with small 
energy gaps

• Two-sided error bounds 
allow excited-state effects 
to be fully quantified

• Lanczos results do not show 
exponential signal-to-noise 
degradation
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Lanczos shows promise for LQCD 
studies of nucleons and nuclei where 
isolating ground states is challenging; 
further study needed!

• Spurious eigenvalues lead to 
challenges:  Cullum-Willoughby 
+ bootstrap sufficient?
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Lanczos for matrix elements

Lanczos eigenvectors provide change of basis allowing matrix elements to be 
extracted from 3pt functions with simple matrix multiplication

• Excited / transition matrix 
elements accessible

Hackett, MW, arXiv:2407.21777

See Dan Hackett’s talk at 12:35 Friday

Nucleon strange scalar (bare) matrix element



Thank you!


