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The overlap discretization

» keeps chiral symmetry when
moving to the lattice

» take D, to be the usual
Wilson-Dirac operator

» then, the overlap operator is:
Dy = pI + T'ssign (Q(mge")),
with sign(A4) = A(A?)~1/2 and
Q(mg®) =I5 Dy (mg)

N
N
iddin

x\

G. Ramirez-Hidalgo, Lattice Conference



The overlap discretization

» keeps chiral symmetry when
moving to the lattice

» take D, to be the usual
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» keeps chiral symmetry when
moving to the lattice

» take D, to be the usual
Wilson-Dirac operator

» then, the overlap operator is:

Dy = pI + T'ssign (Q(mge")),
with sign(A4) = A(A?)~1/2 and
Q(mg") = T'5Dy(mg)

» we further equip here the Dirac
operator with a chemical potential
i.e. Dy (1, mEe), and then
QE - Q—u
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Dy
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The overlap discretization
» keeps chiral symmetry when
moving to the lattice

» take D, to be the usual
Wilson-Dirac operator

» on a 4* lattice (no
chemical potential):

» then, the overlap operator is: _
Dy = pI + T'ssign (Q(mge")), :
with sign(A4) = A(A?)~1/2 and .
Q(mf) = IsDy(mge)

» we further equip here the Dirac n
operator with a chemical potential "
i.e. Dy (1, mEe), and then 35

H
Q“ = Q- _ _ T

» task: solve linear systems with el s _
Dy ,////.‘-.
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The overlap discretization

» keeps chiral symmetry when

moving to the lattice » on a 6% lattice

» take D, to be the usual (n=0.3,8,=5.1),
Wilson-Dirac operator spectrum of Qi(mger)i

» then, the overlap operator is: 08
Dy = pI + T'ssign (Q(mge")), 08
with sign(A4) = A(A?)~1/2 and 04
Q(mi) = Ts D,y (mi)

> we further equip here the Dirac Ee
operator with a chemical potential s
i.e. Dy (i, mEe), and then o a
QE - Q—u o

» task: solve linear systems with Yo 5 w v ® 5 ®
DN Re(z') .-
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Preconditioning at the solver level

» a first approach at boosting these
computations is preconditioning at
the level of Dy, i.e. solving linear
systems with
Dy - AMG(D,,(m5™), €)
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Preconditioning at the solver level

» a first approach at boosting these
computations is preconditioning at
the level of Dy, i.e. solving linear
systems with
Dy - AMG(D,,(m5™), €)

» motivation for this: if we assume
that D,,(m{ ) is normal, then:
spec(Dn (Du(mg ) ~") =
{w, A€ spec(Dw(O))},

A+my
and there is an analytic expression .
for m?"““ which is quite close to é_E
.Y ///,_
optimal /Z}/E_
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Preconditioning at the solver level

» a first approach at boosting these
computations is preconditioning at
the level of Dy, i.e. solving linear
systems with
Dy - AMG(D,,(m5™), €) g

» motivation for this: if we assume ,
that D,,(m{ ) is normal, then:

SpeC(DN<DuIi(m8TeC))71) = I::f,“..-,
csign(A+mge” :
[t ) & spec(Du(0)},

and there is an analytic expression -15
prec

for m *" which is quite close to . :
Optlma| real axis

» on a 4! lattice (no
chemical potential):

spec(Dyy) »
spec(Dy)
spec( Dy Dyt
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Preconditioning at the solver level

Impact of preconditioning, at the level of Dy, via AMG(D,,(mf ), ¢)
(no chemical potential, 32x 323, smeared, work by Brannick, Frommer,
Kahl, Leder, Rottmann, Strebel - 2014):

w0 b ' T " GMRES — |
FGMRES+DD-aAMG with ™ = 10~!
— FGMRES+DD-aAMG with ¢’ = 10-%
=500 }
w
2100 |
£ 50
2 - a
20 } //9_—_
. : . , : . . oy
—-0.08 —0.1 —0.12md/ -0.16 —0.18 —0.2 ///,//E_
\\'USUI] mass Ill(}irw: %
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Preconditioning at the sign-function level

But, the sign function still has to be applied and that is the most
expensive part.

N
N
iddin

x\

G. Ramirez-Hidalgo, Lattice Conference 6/



Preconditioning at the sign-function level

But, the sign function still has to be applied and that is the most
expensive part.
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Preconditioning at the sign-function level

But, the sign function still has to be applied and that is the most
expensive part.

In recent work (Frommer, R-H, Schweitzer, Tsolakis - 2024), we have
introduced polynomial preconditioning for the inverse square root:

A~12h = q(A)(A(q(A))?)"1/2b with g(A) ~ A71/2,
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Preconditioning at the sign-function level

But, the sign function still has to be applied and that is the most
expensive part.

In recent work (Frommer, R-H, Schweitzer, Tsolakis - 2024), we have
introduced polynomial preconditioning for the inverse square root:

A12p = q(A)(A(q(A))Q)‘l/Qb with ¢(A) ~ A~1/2,
In the LQCD context, this means:

(@) 7'20 = q(Qp)(QR(a(@7))*) /20 with ¢(Q) ~ (@)~ 1/2//-_-

(note how Arnoldi is done with Q7). /l//'llg
//%
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Preconditioning at the sign-function level

With a chemical potential © = 0.3,

64x323, non-smeared, d is the degree
of the polynomial, the dashed lines

relative error

are a cheap approximation of the error.
Tolerances are 10~° for the table and
1077 for the figure.

1010
0

50 100 150 200 250 300 350 400
iteration

d | iterations mvms inner products time 64 nodes (ins) time 256 nodes (in s)

1 1600 3200 1279200 127.8 105.8 ) —
8 296 8910 42510 25.7 9.8 //éﬁ
16 140 8742 9991 12.3 78 A —
32 72 9198 3125 11.6 74 //44'/=
64 33 8636 2578 10.6 55 ////
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Preconditioning at the sign-function level

A short note on LR deflation for the sign function (Bloch, Frommer,
Lang, Wettig - 2007):

» let: AR, = R,,A,,
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Preconditioning at the sign-function level

A short note on LR deflation for the sign function (Bloch, Frommer,
Lang, Wettig - 2007):

» let: AR, = R,,A,,

> let: LA = A, L7

» then: f(A)b= f(A)(I —
R, LI+ f(A)R,,L2b (note:
f(A) Ry Ligh =
R f (Am) L30)

N
|I||

W
i

x\
NN

G. Ramirez-Hidalgo, Lattice Conference 8/9



Preconditioning at the sign-function level

A short note on LR deflation for the sign function (Bloch, Frommer,
Lang, Wettig - 2007):

» main problem with this
approach: eigensolving can

> let: AR, = Ry, be extremelly expensive
> let: LEA=A, LY
» then: f(A)b= f(A)(I —

R, LI+ f(A)R,,L2b (note:

f(A) Ry Ligh =

R f (M) L13b)
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Preconditioning at the sign-function level

A short note on LR deflation for the sign function (Bloch, Frommer,
Lang, Wettig - 2007):

» main problem with this
approach: eigensolving can

> let: AR, = Ry, be extremelly expensive
> let: LA = A, L] » our numerical experiments
» then: f(A)b= f(A)(I — show that expensive
R, LM+ f(A)R,,Lb (note:  eigensolving is not a critical
f(AR,,LEY = issue anymore, if we
R..f(Ay)LED) combine polynomial
preconditioning with LRz = »
deflation /7/
//=
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Preconditioning at the sign-function level

A short note on LR deflation for the sign function (Bloch, Frommer,

Lang, Wettig - 2007):

» let: AR, = R,,A,,
> let: LHA = A, LT
» then: f(A)b= f(A)(I —

R, LI+ f(A)R,,L2b (note:

fA) Ry Lyb =
R f (Am) L30)

» main problem with this

approach: eigensolving can
be extremelly expensive

our numerical experiments
show that expensive
eigensolving is not a critical
issue anymore, if we
combine polynomial

the context of the sign function, is ongoing work.
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“Modern™ overlap solver

1: while not converged do
2 for i = 1: myy, do
3
4 for j =1:m;, do
5:
6: UZ%) + AMG (D, (mh™, €)) wz(i) (hp)
7
o\ —1/2
8 o e (@2 (a(@)?) " (vl = Rullwl))  (sp/hp)
9:
10: end for
11: ) . 12 ; B
12: Vout < (Qﬂ (Q(Qu)) ) (wout - Rmmeout) (dp) %._é
13: ///,=
| i
14 end for /}2
15: end while Z
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“Modern” overlap solver

Thank you!
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