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Introduction 2

ä B-meson mixing and lifetimes are measured experimentally to high precision
å Key observables for probing New Physics á high precision in theory needed!

ä For B lifetimes and mixing, we use the Heavy Quark Expansion
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pression for the total decay rate of the Hb-hadron
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With the help of the optical theorem the total decay
rate in Eq. (1) can be rewritten as

Γ (Hb) =
1

2mHb

⟨Hb|T |Hb⟩ , (2)

with the transition operator

T = Im i

∫
d4xT {Heff (x)Heff (0)} , (3)

given by a discontinuity of a non-local double insertion
of the effective ∆B = 1 Hamiltonian Heff . The tran-
sition operator in Eq. (3) can be further expanded in

inverse powers of b-quark mass, which is with a value
of ∼ 5 GeV much larger than a typical hadronic scale
of the order of a few hundred MeV. The resulting series

in inverse powers of mb is referred to as heavy quark
expansion (HQE). First ideas for using of HQE in the
theoretical treatment of heavy hadrons have started to
be developed from 1973 onwards [14] – see e.g. the re-

view [15]. For a more detailed introduction and techni-
cal aspects of the heavy quark expansion, heavy quark
symmetry and heavy quark effective theory (HQET),

we refer to the review by Neubert [17].

The main result of the HQE is that the total decay
rate of the bound state Hb is given by the simple decay

rate of a free b quark, Γb, plus corrections depending
on the decaying hadron δΓ (Hb), which are suppressed
by at least two powers of the b-quark mass mb relative
to a hadronic scale Λ,

Γ (Hb) =
1

τ(Hb)
= Γb + δΓ (Hb),

δΓ (Hb) ∝ O
(
Λ2

m2
b

)
, (4)

with τ(Hb) being the lifetime of the hadronHb. The free
b-quark decay has the same structure as the familiar

muon decay

Γb = Γ0

[
Nc

(
|Vud|2f(xc, xu, xd) + |Vcs|2f(xc, xc, xs)

)

+ f(xc, xe, xνe) + f(xc, xµ, xνµ) + f(xc, xτ , xντ )

+ CKM suppressed modes
]
, (5)

with the number of colors Nc, phase space functions f
depending on mass ratios xq = mq/mb, and the prefac-
tor

Γ0 =
G2

Fm
5
b

192π3
|Vcb|2 , (6)

Fig. 1 History of the experimental averages of the lifetime
of the Bs meson, normalised to τ(Bd). We also indicated
the most recent measurement by LHCb [18, 19], CMS [20]
and ATLAS [21], where the latter one seems to be in slight
discrepancy with the average, see Section 3.2.2.

where GF denotes the Fermi constant. The first line

in Eq. (5) describes the CKM leading non-leptonic de-
cays b→ cūd and b→ cc̄s, the second line CKM leading
semi-leptonic decays b→ ceν̄e, b→ cµν̄µ and b→ cτ ν̄τ .
The prefactor Γ0 is strongly suppressed (thus leading

to a long lifetime) by the small CKM element Vcb and
strongly enhanced by the large mass of the b-quark. The
dependence on m5

b is the source of large theory uncer-

tainties in the prediction of the total decay rate. How-
ever, lifetime ratios are theoretically much cleaner, be-
cause there the free-quark decay rate, Γb, cancels com-

pletely,

τ(Hb)

τ(H ′
b)

= 1 + [δΓ (H ′
b)− δΓ (Hb)] · τ(Hb) . (7)

Without knowing the size of higher-order QCD correc-
tions, and with only very rough estimates for the non-

perturbative matrix elements arising in the HQE, the
naive expectation for lifetime ratios was in 1986 [22]

τ(B+)

τ(Bd)

∣∣∣∣
HQE1986

≈ 1.1,
τ(Bs)

τ(Bd)

∣∣∣∣
HQE1986

≈ 1 ,

τ(Λb)

τ(Bd)

∣∣∣∣
HQE1986

≈ 0.96 . (8)

For the B-mesons this naive expectation was more or
less confirmed experimentally.

Many experiments at the time have used the impact
parameter of the tracks to deduce the b-hadron lifetime,
a method that is largely independent of the boost of the
b-hadron but extracts the average b-lifetime relying on

Monte Carlo simulations, e.g. as used in Ref. [23]. An
alternative technique makes use of decays of the type
B → J/ψX, which allows a very clean event selection,

see Ref. [24] as an example. A third class of measure-
ments uses fully reconstructed hadronic events, which

[Albrecht et al. ’24]
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ä Factorise observables into á perturbative QCD contributions
á Non-Perturbative Matrix Elements

https://arxiv.org/abs/2402.04224
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ä Four-quark ∆B = 0 and ∆B = 2 matrix elements can be determined from lattice QCD simulations

ä ∆B = 2 well-studied by several groups á precision increasing
å preliminary ∆K = 2 for Kaon mixing study with gradient flow [Suzuki et al. ’20], [Taniguchi, Lattice ’19]

ä ∆B = 0 á exploratory studies from ∼20 years ago

å contributions from gluon disconnected diagrams

å mixing with lower dimension operators in renormalisation

Recent Developments:

ä [Lin, Detmold, Meinel ’22] á spectator effects in b hadrons
å focus on lifetime ratios for both B mesons and Λb baryon

å isospin breaking, ⟨B|Od −Ou|B⟩

å position-space renormalisation + perturbative matching to MS

ä this work, [Black et al. ’23]
å goal is individual ∆B = 0 matrix elements for B mesons

å non-perturbative gradient flow renormalisation

å perturbative matching to MS in short-flow-time expansion

Ü Lin, Talk @ 11:50 Thursday

https://arxiv.org/abs/2006.06999
https://indico.cern.ch/event/764552/contributions/3420565/
https://arxiv.org/abs/2212.09275
https://arxiv.org/abs/2410.18059
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ä Use 6 RBC/UKQCD’s 2+1 flavour DWF + Iwasaki gauge action ensembles

ä For pilot study, simplified setup without additional extrapolations
å physical charm and strange quarks á simulating a charm-strange meson

ä Stout-smeared Möbius DWF for charm [Cho et. al ’15]

ä Neutral charm-strange meson mixing á proxy to short-distance D0 mixing up to spectator effects

ä Charm-strange meson ∆Q = 0 operators á Ds meson lifetimes

ä Non-perturbatively renormalise four-quark operators via gradient flow evolution
å Match to MS with perturbative coefficients in the short-flow-time expansion

https://arxiv.org/abs/1504.01630
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Gradient Flow – Short-Flow-Time Expansion 5

ä Well-studied for e.g. á energy-momentum tensor [Makino, Suzuki ’14] [Harlander, Kluth, Lange ’18]

ä Re-express effective Hamiltonian in terms of ’flowed’ operators:

Heff =
∑

n
CnOn =

∑
n

∼
Cn(τ)

∼
On(τ).

ä Relate to regular operators in ’short-flow-time expansion’:
∼
On(τ) =

∑
m

ζnm(τ)Om + O(τ)

’flowed’ MEs calculated on lattice
replacing Aµ, q → Bµ, χ

matching matrix
calculated perturbatively

 R. Harlander, The perturbative Gradient Flow and its applications, Siegen 2022

Vertices

regular 3-gluon vertex

new Feynman
diagrams

∑
n

ζ−1
nm(µ, τ)⟨

∼
On⟩(τ) = ⟨Om⟩(µ)

ä Matrix element ⟨Om⟩(µ) in MS found in τ → 0 limit á ’window’ problem
å large systematic effects at very small flow times
å large flow time dominated by operators ∝ O(τ)

á neutron EDM [Rizik, Monahan, Shindler ’20]

https://arxiv.org/abs/1403.4772
https://arxiv.org/abs/1808.09837
https://arxiv.org/abs/2005.04199
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Matrix Elements with Gradient Flow (Schematic) 6

For a set of lattice ensembles with varying bare parameters

Evolve gluon and fermion fields in flow time τ

Calculate 2-point and 3-point correlation functions
for each discrete τ

Extract GF Matrix
Elements for each τ

Continuum limit
for each τ

ζ−1
nm matrix

calculation

Final Result
at τ = 0 in MS
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∆Q = 2 Bag Parameter Extraction 7

ä Three-point correlation function:

C 3pt
Qi

(t,∆T, τ) =
∑
n,n′

⟨Pn|Qi|Pn′⟩(τ)
4MnMn′

e−(∆T−t)Mne−tMn′ =⇒
t0≪t≪t0+∆T

⟨P⟩2
4M2

⟨Qi⟩(τ)e−∆T M

ä Measure along positive flow time τ

γ5 γ5
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Mixing O1 vs GF time and Continuum Limit 8
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Combine with perturbative matching → MS 9

ä Relate to regular operators in ’short-flow-time expansion’:
∼
On(τ) =

∑
m

ζnm(τ)Om + O(τ)

ä Calculated at two-loop for B1 based on [Harlander, Lange ’22] [Borgulat et al. ’23]:

’flowed’ MEs calculated on lattice matching matrix
calculated perturbatively

∑
n

ζ−1
nm(µ, τ)⟨

∼
On⟩(τ) = ⟨Om⟩(µ)

ζ−1
B1

(µ, τ) = 1 +
as

4

(
−11

3
− 2Lµτ

)
+ a2

s

(
. . .

)
Lµτ = log(2µ2τ) + γE, µ = 3GeV
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https://arxiv.org/pdf/2201.08618.pdf
https://arxiv.org/abs/2311.16799


Matthew BlackGF Renormalisation for Mixing and Lifetimes

Combine with perturbative matching → MS 9

ä Relate to regular operators in ’short-flow-time expansion’:
∼
On(τ) =

∑
m

ζnm(τ)Om + O(τ)

ä Calculated at two-loop for B1 based on [Harlander, Lange ’22] [Borgulat et al. ’23]:

’flowed’ MEs calculated on lattice matching matrix
calculated perturbatively∑

n
ζ−1

nm(µ, τ)⟨
∼
On⟩(τ) = ⟨Om⟩(µ)

ζ−1
B1

(µ, τ) = 1 +
as

4

(
−11

3
− 2Lµτ

)
+ a2

s

(
. . .

)
Lµτ = log(2µ2τ) + γE, µ = 3GeV

0.0 0.5 1.0 1.5 2.0 2.5

τ [GeV−2]

0.6

0.7

0.8

0.9

ζ
−1 B

1
∆
Q

=
2

µ = 3 GeV

NLO

NNLO

+α3
s logs

+α4
s logs

+α5
s logs

https://arxiv.org/pdf/2201.08618.pdf
https://arxiv.org/abs/2311.16799


Matthew BlackGF Renormalisation for Mixing and Lifetimes

Combine with perturbative matching → MS 9

ä Relate to regular operators in ’short-flow-time expansion’:
∼
On(τ) =

∑
m

ζnm(τ)Om + O(τ)

ä Calculated at two-loop for B1 based on [Harlander, Lange ’22] [Borgulat et al. ’23]:

’flowed’ MEs calculated on lattice matching matrix
calculated perturbatively∑

n
ζ−1

nm(µ, τ)⟨
∼
On⟩(τ) = ⟨Om⟩(µ)

ζ−1
B1

(µ, τ) = 1 +
as

4

(
−11

3
− 2Lµτ

)
+ a2

s

(
. . .

)
Lµτ = log(2µ2τ) + γE, µ = 3GeV

0.0 0.5 1.0 1.5 2.0 2.5

τ [GeV−2]

0.6

0.7

0.8

0.9
ζ
−1 B

1
∆
Q

=
2

µ = 3 GeV

NLO

NNLO

+α3
s logs

+α4
s logs

+α5
s logs

https://arxiv.org/pdf/2201.08618.pdf
https://arxiv.org/abs/2311.16799


Matthew BlackGF Renormalisation for Mixing and Lifetimes

Mixing O1 Matched Results 10

0.0 0.2 0.4 0.6 0.8

τ [GeV−2]

0.65

0.70

0.75

0.80

0.85

0.90

ζ
−1 B

1
(µ
,τ

)B
1
(τ

)
∆
Q

=
2

stat. errors only

D0 Mixing B1

ETM ‘15: 0.757(27)
FNAL/MILC ‘17: 0.795(57)

preliminary

µ = 3 GeV

NLO MS B1

NNLO MS B1

+α3
s logs

+α4
s logs

+α5
s logs

ä Consider existing short-distance
D0 mixing results

ä Promising first signs of agreement

ä Different perturbative orders
“in same ball park”
å systematic errors needed for

meaningful comparison

[ETM ’15]

[FNAL/MILC ’17]
BMS

1 = 0.757(27)

BMS
1 = 0.795(56)

å statistical errors only

https://arxiv.org/abs/1505.06639
https://arxiv.org/abs/1706.04622


Matthew BlackGF Renormalisation for Mixing and Lifetimes

∆Q = 0 Bag Parameter Extraction 11
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Lifetimes O1 Operator vs GF time and Continuum limit 12
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ä operator is renormalised in ‘GF’ scheme as it is evolved along flow time
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ä different lattice spacings overlap in physical flow time á mild continuum limit
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Lifetimes O1 Operator vs GF time and Continuum limit 12
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∆Q = 0 Bag Parameter Extraction 13

ä Three-point functions for τi have different functional form
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ä asymmetric signal: (bb̄) → (ss̄)
ä O1 and T1 mix in renormalisation

å need both for preliminary results
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Lifetimes T1 Operator vs GF time and Continuum Limit 14

ä first attempt at T1
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ä larger systematic effects in correlator fitting
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Lifetimes T1 Operator vs GF time and Continuum Limit 14

ä first attempt at T1
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Lifetimes O1 Matched Results 15
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ä Result for BMS
1 mixes BGF

1 and ϵGF
1

ä Simplifications:
á perturbative matching taken

for lifetime ratios
á missing ‘eye’ diagrams

ä Compare existing D0 lifetime
result (HQET Sum Rules):

[Kirk, Lenz, Rauh ’17]
BMS

1 = 0.902+0.077
−0.051

https://arxiv.org/abs/1711.02100
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ä Result for ϵMS
1 mixes ϵGF

1 and BGF
1

ä Simplifications:
á perturbative matching taken

for lifetime ratios
á missing ‘eye’ diagrams

ä Compare existing D0 lifetime
result (HQET Sum Rules):

[Kirk, Lenz, Rauh ’17]
ϵMS
1 = −0.132+0.041

−0.046

https://arxiv.org/abs/1711.02100
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ä ∆B = 0 four-quark matrix elements are strongly-desired quantities
å We aim to use the fermionic gradient flow as a non-perturbative renormalisation procedure

ä Shown first analysis for short-distance charm-strange mixing and charm-strange lifetimes
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Lattice meets Continuum3rd edition
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∆B = 2 Operators A.1

ä Full BSM basis:

Oq
1 = b̄αγµ(1− γ5)qα b̄βγµ(1− γ5)qβ, ⟨Oq

1⟩ = ⟨B̄q|Oq
1|Bq⟩ =

8

3
f 2BqM

2
BqB

q
1

Oq
2 = b̄α(1− γ5)qα b̄β(1− γ5)qβ, ⟨Oq

2⟩ = ⟨B̄q|Oq
2|Bq⟩ =

−5M 2
Bq

3(mb + mq)2
f 2BqM

2
BqB

q
2,

Oq
3 = b̄α(1− γ5)qβ b̄β(1− γ5)qα, ⟨Oq

3⟩ = ⟨B̄q|Oq
3|Bq⟩ =

M 2
Bq

3(mb + mq)2
f 2BqM

2
BqB

q
3,

Oq
4 = b̄α(1− γ5)qα b̄β(1 + γ5)qβ, ⟨Oq

4⟩ = ⟨B̄q|Oq
4|Bq⟩ =

[
2M 2

Bq

(mb + mq)2
+

1

3

]
f 2BqM

2
BqB

q
4,

Oq
5 = b̄α(1− γ5)qβ b̄β(1 + γ5)qα, ⟨Oq

5⟩ = ⟨B̄q|Oq
5|Bq⟩ =

[
2M 2

Bq

3(mb + mq)2
+ 1

]
f 2BqM

2
BqB

q
5.
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∆B = 2 Operators A.2

ä Transformed basis (colour singlets only)

Qq
1 = b̄αγµ(1− γ5)qα b̄βγµ(1− γ5)qβ,

Qq
2 = b̄αγµ(1− γ5)qα b̄βγµ(1 + γ5)qβ,

Qq
3 = b̄α(1− γ5)qα b̄β(1 + γ5)qβ,

Qq
4 = b̄α(1− γ5)qα b̄β(1− γ5)qβ,

Qq
5 =

1

4
b̄ασµν(1− γ5)qα b̄βσµν(1− γ5)qβ


O+

1

O+
2

O+
3

O+
4

O+
5

 =


1 0 0 0 0

0 0 0 1 0

0 0 0 −1
2

1
2

0 0 1 0 0

0 −1
2

0 0 0




Q+

1

Q+
2

Q+
3

Q+
4

Q+
5


ä Advantages for both lattice calculation and the NPR procedure

ä We are only concerned with parity-even components which then can be transformed back to SUSY basis
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∆B = 0 Operators A.3

ä For lifetimes, the dimension-6 ∆B = 0 operators are:

Qq
1 = b̄αγµ(1− γ5)qα q̄βγµ(1− γ5)bβ, ⟨Qq

1⟩ = ⟨Bq|Qq
1|Bq⟩ = f 2BqM

2
BqB

q
1,

Qq
2 = b̄α(1− γ5)qα q̄β(1− γ5)bβ, ⟨Qq

2⟩ = ⟨Bq|Qq
2|Bq⟩ =

M 2
Bq

(mb + mq)2
f 2BqM

2
BqB

q
2,

T q
1 = b̄αγµ(1− γ5)(T a)αβqβ q̄γγµ(1− γ5)(T a)γδbδ, ⟨T q

1 ⟩ = ⟨Bq|T q
1 |Bq⟩ = f 2BqM

2
Bqϵ

q
1,

T q
2 = b̄α(1− γ5)(T a)αβqβ q̄γ(1− γ5)(T a)γδbδ, ⟨T q

2 ⟩ = ⟨Bq|T q
2 |Bq⟩ =

M 2
Bq

(mb + mq)2
f 2BqM

2
Bqϵ

q
2.

ä For simplicity of computation, we transform to a colour-singlet operator basis:

Q1 = b̄αγµ(1− γ5)qα q̄βγµ(1− γ5)bβ

Q2 = b̄α(1− γ5)qα q̄β(1 + γ5)bβ)
τ1 = b̄αγµ(1− γ5)bα q̄βγµ(1− γ5)qβ

τ2 = b̄αγµ(1 + γ5)bα q̄βγµ(1− γ5)qβ


Q+

1

Q+
2

T+
1

T+
2

 =


1 0 0 0

0 1 0 0

− 1
2Nc

0 −1
2

0

0 − 1
2Nc

0 1
4



Q+

1

Q+
2

τ+1
τ+2


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Lattice Simulation A.4

ä We use RBC/UKQCD’s 2+1 flavour DWF + Iwasaki gauge action ensembles

L T a−1/GeV amsea
l amsea

s Mπ/MeV srcs × Nconf

C1 24 64 1.7848 0.005 0.040 340 32× 101

C2 24 64 1.7848 0.010 0.040 433 32× 101

M1 32 64 2.3833 0.004 0.030 302 32× 79

M2 32 64 2.3833 0.006 0.030 362 32× 89

M3 32 64 2.3833 0.008 0.030 411 32× 68

F1S 48 96 2.785 0.002144 0.02144 267 24× 98

[Allton et al. ’08]
[Aoki et al. ’10]
[Blum et al. ’14]
[Boyle et al. ’17]

[Shamir ’93] [Iwasaki, Yoshie ’84] [Iwasaki ’85]

ä For strange quarks tuned to physical value, amq ≪ 1 4 á Shamir DWF

ä For heavy b quarks, amq > 1 á large discretisation effects 7

å manageable for physical c quarks instead
å stout-smeared Möbius DWF [Morningstar, Peardon ’03] [Brower, Neff, Orginos ’12] [Cho et. al ’15]

https://arxiv.org/abs/0804.0473
https://arxiv.org/abs/1011.0892
https://arxiv.org/abs/1411.7017
https://arxiv.org/abs/1701.02644
https://arxiv.org/abs/hep-lat/9303005
https://inspirehep.net/literature/199288
https://inspirehep.net/literature/225018
https://arxiv.org/abs/hep-lat/0311018
https://arxiv.org/abs/1206.5214
https://arxiv.org/abs/1504.01630

