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-Starting at O(a”,) in the SM
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* Building upon previous works

Phys.Rev.D 105 (2022) 11, 114507 RM123 —’
Phys.Rev.D 105 (2022) 5, 054518 Xu Feng et al.

- Performed on a single gauge ensemble
- Heavy pions (Continuation problem)

Phys.Rev.D 99 (2019) 9, 094508 —» The method

oTesting the HILT method for Phys.Rev.Lett. 130 (2023) 24, 241901 —» R-ratio
hadronic amplitudes Phys.Rev.D 108 (2023) 7, 074513 — |nclusive 7 decay

Phys.Rev.D 108 (2023) 7, 074510 —» EW Amplitudes
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Hadronic amplltudes

e X

Electroquenched
approx.

*In the Kaon rest-frame and with k = (E},, K), we have

Perturbative contr. What we consider

H!" = jd4x ™0 T, ()0 | K(0)) = Hiy' + Hi

Hgl’; needs 4 Form Factors:

H"" needs just f,
pt & GOAL —> Fv, FA’ Hl’H2
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Time orderings

0
H"(k,0) = l dt e"(0|J¥(0)J% (1, K) | K(0)) st TO

+J dt e™{0]J* (t,K)J(0)| K(0)) il 10
0

* Performing a naive Wick rotation to Euclidean times
t — — it Jdr (- )0 — —ildt e™!( -+ - )(—ir)

*|nserting a complete set of states between the currents Z [n)(n|

n
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Analytic continuation
0
1st TO: —i ), <0Uv'3(0)‘”\S\=1(—k)><nxsw=1(—k)\Jﬁm(O,k)\K(OWJ dr " &

ng)=1
. Lighter state contributing: n(g‘:l = K(—Kk) /

Convergence if E + L, ——mg>0

nis|=1

Enjs1 )
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Analytic continuation

15t TO: —i D, (O1750) | mg—y (= K))(mygy—y (= K) | T4, (0, k)\K(o»JO dt ¢ s
.Lighter statelSlc;ntrlbutlng n‘ S=1 = = K(—Kk)

-Convergenceif £ +L, ——mg> 0

ond TO: —i ), (0174,(0.k) | ng_o(K)){ns_ o<k>u”<0>u<<0>>rdr e~ 5™
Lighter state rgf)ntrlbutlng S 0= = nn(K) ontir;)uation problem

tarting at

k* > 4m?

coupling with the light e.m. current [y*]

-Convergence if £, —E >0
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Euclidean lattice correlators

*\We evaluate 3-pts correlation functions on a Euclidean lattice

Chl (1. K) o< T(JL, (1. K)(1,)P(0)) 1

eInterpolating operator IA’(O)

« Weak current at a fixed time 7,

*Employing exactly conserved e.m.

current
Nucl.Phys.B Proc.Suppl. 17 (1990) 361-364

*Optimized Gaussian smearing Lattice 2023

R. Di Palma, G. Gagliardi, F. Sanfilippo

*Light and strange contributions separately s/l
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Lattice setup

Ensemble | a[fm] L[fm| T[fm] t,[fm] Neonts N N?

SI'CS SICS
(\éed vTWiste

o, B64 | 0.079 5.09 102 2.0, 2.5 200 24 12

<) C80 | 0.068 545 109 2.2 160 24 12
Z/ B96 | 0.079 7.63 153 2.2 :
B48 | 0079 38 7.6 2.2 Ongoing

- Nf = 2+ 1 + 1 Wilson-Clover twisted-mass ETMC gauge ensembles

* Physical pions
* Study of the ground-state dominance performed only for the B64

 Photon momentum covering all the values available: x = 0 used
}/ "
k =(0,0,k) x=2[k|/mg:0.1,03, 05,07, 09 reduceinencise
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Two strategies

0

¥ ¥

Rotation

Naive Wick iH" (k,0) = Z eEthv/é” (t,K) + Z et Cv"f "1, K)
0

— OO0

¢|| [0 .
{ x, = 0.5, light 0.006 Al I Xy = 8; “Sht
_ x, = 0.5, strange
{ x,=0.5, strange = O] Y °
o o002k i HHHI l
= Tl i <,
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-Standard analysis for 1st TO and 2nd TO for k* < 4m§
.We rely on the so-called HLT method for the light contribution in the region k> > 4m§

* Finite-volume effects due to the temporal truncation of the integrals
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Standard approach

0.045+

0.044

0.043

> L
W 0.042

0.041

0.040

0.039

0.038

Summing the Correlator: Z C/’”’ (t k)eEy(f—fw)

I=t,—I,

Phys.Rev.D 105 (2022) 5, 054518 Xu Feng et al.

*One particle state dominance:

V: K*(K), A: KK), K,(K)
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Standard approach

— 0
1st TO:

0.045+
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> L
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Al
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tW
Summing the Correlator: Z Cv"f

t=t,—,

1%
/8,

(1, k)e

1 %, 209 x.=04 | c80 tifm=22  Phys.Rev.D105 (2022) 5, 054518 Xu Feng et al.
. =U.9, X,k = 0. twliml=2. . . v —FE ¢
Z;Zﬂ V | Sea =2 »One particle state dominance: €z, — 1, K)e 7
’ , twlfm] = 2. . 2 .
0.038¢ ! al s an J V . K (k), A . K(k), Kl(k) E -+ EOO _ mk
ts/a y W
/
t t + t 0.10
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t,+t! ) 1
. j22% —1, = [ 1]
.Summlng the Correlator: Z CW,E(t’ k)e y oo bbbt HlfMMI% 11,‘;”01#ﬁjli)‘i"i:"ip"q,"o
— oo AR
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ot > 1, + 1 foﬁE(t, k) =0 o
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Form factors: I'y,and [,
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Form factors: /1, and H,
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Spectral representation of H/~

*The correlator can be written in terms of its spectral density p/"(E’)

CH(t, k) = J e FIpI(EK)  pM(EK) = (0| J* (0)2n)*83(p — K)6(H — E"JX(0) | K)

. L . . . ..
Trading time with energy enys.rev.0 108 (2023) 7, 074510 ie prescription

00 e nl Relevant for E* < E
. | dE’ ptP(E', K) 7
H!'"(k,0) = Jdt elEVth/ﬁ”(t, k) — llmj ,W— since it acts as a regulator
e=0 J r+ 2r B — E}, — L€ and provides an
Imaginary part

* We can use any kernel that does the job

. 0 dE/
H!'*(k,0) = lim J pl (B K)K(E" — E,; £)
c—() s 27
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The HLT method

* The determination of the spectral density from Lattice is an ill-posed problem.
Evaluating convolution of p/*(E’, K) with a Kernel at € # 0 is well-posed

T/2 Geophys.dJ.Int. 16 (1968) 2, 169-205 G. Backus & F. Gilbert
K(E'— E;e) = ) g(E,e)e™
(=t 172
- HY ~ Uy
Complex coefficients to determine LH,"(k,0) = Z 8k, G)CW, E(f, K)
8(E.€) = &'(E. €) + ig/(E, ) =t +1

*The HLT method finds the best choice for g (£, ¢) by minimizing
More on the subject A. De Santis’ talk

Wig] = Algl]/A[0] + 1B|[g] .

Trade-off Kernel reconstruction Statistical G. Gagliardi’s talk
error error

Lattice, 30/07/2024 R. Di Palma: K — luy® - 15




ry, from HLT

°2nd TO, photon emission
from the light quark. B64 <
gauge ensemble B
*Real part connects to the
standard analysis
as £ decreases
(from the bottom up) =
E
* Reconstructing the

Imaginary part
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A quick look at the real photon
K — ll/ﬂ/



Real photon emission .

[T
»Starting at O(a,,,) in the SM and removes the @ '<

helicity suppression affecting pure leptonic decays h

e Standard approach: No analytic continuation problem, k=0

+Just two form factors relevant for HJ : Fy, and F,

Phys.Rev.D 103 (2021) 1, 014502

- Heavy pions
- Continuum and chiral limit

* Full computation available =————p
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Form factors

Phys.Rev.D 103 (2021) 1, 014502
C80, t,[fm]=2.2

B64, t,[fm]=2

B64, Comb.

B64, t,[fm] =2.5

e | 11 ]

e Compatible with the on] N |
orevious results (purple oz REE |
pOintS) 0.100f % + @~> | + % + *

o o= o o o

0.095
0.090 0.2 0.4 0.6 0.8 1.0
Xy
~0.010
}  Phys.Rev.D 103 (2021) 1, 014502
—0.015- ¢ 80, t,[fm]=2.2
b B64, t,[fm] =2
: —0-0207 4 g64, comb.
*Uncertainty reduced by a 00257 864, tlfm) =23
L’ —0.030F

RN

factor of 2 (systematics yet "~ .. || ] | y | o
to be included)

—0.045F

— | | I I :
0.050 - o oL o, n
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Summary

« Computed the four form factors describing the SD part of K — [vjy*
with physical pions

*Using the HLT method as a powerful tool to overcome the analytic
continuation problem

« Update of K — [vjy results with physical pions

To-do list

* Finishing all the gauge ensembles and estimating the systematics

* Computation of the decay rates

* Performing the € — 0 extrapolation
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Thank you!



Backup



Kaon rest frame

g=P—k
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Hadronic amplitude

Point-like contribution

HEY = HY + HY / Needs the Kaon decay constant
, . (2p—k)H(p— k)"
Hgt :fP _g“ ((I;_k))z(z_) mzp) - :
H, [(k-p— k2)k* — k2 (p— k)" , F iy y
. (k29uv - k“ku) | mi [( ! (p—)k)2 _m(zf ) ] (p—Fk)" m/;» [(k -p—k*)g" — (p— k)"k ]
eﬂuaﬁkapg .

Structure-dependent contribution
1 Vector FF: Fy,

3 Axial FFs: F,, H,, H,
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Removing the point-like contribution

- E,(2mp — E.) E? E. k> E,(mp — E.)
H33 s 2 — H33 s 2\ H33 Y v/ —H Y | H Yz F Y Y
A(k 7k ) A(k 7k ) A(O’O) QmPEfy_kﬁ 1mp zszEy—kz A mp
. k> mpE., — k?
Hi' (k. k*) = Hy (k,,k*) — H;(0,0) = —H; FA( i ) .
mp mp
3,0] 2\ — 7730 2\ 7703 2 mp — L, \ - Bk, k.(mp —E'y) , k.mp
H, " (k. k%) = Hy (kz, k%) HA(kz’k)(2mp—E7)_ H12mp—E7 H, omp — B 'FAZmp—E,y'
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Form factors
Vector Fy=iHy'lk, Gtk =itk -CH0

Axial

Cipt.K) = C(t. k) — Cou1,0)  Cit. k) = Co(t, k) — Cu(1, 0)

Eyk. kz(mp—FE,) k,mp e

30 03
FA 2mp—E7 2mp—E,y Zmp—E,y HA . HA
7o E?+k? E. k> E2—2E,mp+k’ ~11 . £33
1] — , mp2 2E-mp—k? gnp , HA + HA
H k™ —E) Ek; ES—k ~33 gl _ PR3 eI L
2 m p 2E7mp—k2 mp HA HA (HA HA )(kz - O)

0
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The HLT method
Kernel reconstruction

2
00 172
Alg] = J dE’ Z g (E, e)e P — K(E'— E, ¢)
E™ t=t +1

Statistical error
172

Blglx ), g&,(E €)g,(E e)Cov(t, 1)

tl,t2=tw+1
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Comparison at a fixed virtuality
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