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Introduction Continuum Discrete Conclusions & Outlook

* (Smeared) spectral densities play a pivotal role in particle physics
= Inclusive hadronic cross sections [M. T. Hansen, Meyer, and Robaina 2017; ...]
= Semileptonic decays [Gambino and Hashimoto 2020; ...]
= QGP transport properties [Jeon and Yaffe 1996; .. .]
= and more...
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= and more...

* Euclidean-time correlation functions are related to spectral densities

C(t) = /OOO dw p(w)e™ !t

via a Laplace Transform, difficult to invert knowing C(t) on t € R only
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* Euclidean-time correlation functions are related to spectral densities
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via a Laplace Transform, difficult to invert knowing C(t) on t € R only
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and modifications [M. Hansen, Lupo, and Tantalo 2019]
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* (Smeared) spectral densities play a pivotal role in particle physics
= Inclusive hadronic cross sections [M. T. Hansen, Meyer, and Robaina 2017; ...]
= Semileptonic decays [Gambino and Hashimoto 2020; ...]
= QGP transport properties [Jeon and Yaffe 1996; .. .]
= and more...

* Euclidean-time correlation functions are related to spectral densities

C(t) = /OOO dw p(w)e™ !t

via a Laplace Transform, difficult to invert knowing C(t) on t € R only
* Present status in lattice community: numerical inversion
= Backus-Gilbert [Backus and Gilbert 1968; M. T. Hansen, Meyer, and Robaina 2017]
and modifications [M. Hansen, Lupo, and Tantalo 2019]
= Chebyshev polynomials [Bailas, Hashimoto, and Ishikawa 2020]
= Bayesian methods [Del Debbio, Giani, and Wilson 2022]
= Machine-learning [Buzzicotti, De Santis, and Tantalo 2024]

Here: explicit analytic formulae to extract p(w) from C(t),
both in the continuum and on the lattice
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Introduction Continuum Discrete Conclusions & Outlook

Analytic continuum solution

o0

) = lim polw) = lim [ dtga(el)C(r

Vaga(t]0.5)

® Real and computable coefficients
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Analytic continuum solution

® Real and computable coefficients

® |east-square solution, minimizing

I 1p(@) = pa(@)® 2=% 0

20 25 30 35 40 45 50 55 6.0
w/M;
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Derivation of the continuum solution

C(t) = /0 ! () et

@ Continuum inverse problem: t € R™ (Inverse Laplace Transform, ILT)
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Derivation of the continuum solution

'H(ww)

/ dte “tC(t / dw' p(w / dte “'tewt

@ Continuum inverse problem: t € R™ (Inverse Laplace Transform, ILT)
® Integrated inverse problem — invert H
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Derivation of the continuum solution

'H(ww)

/ dte “tC(t / dw' p(w / dte “'tewt

@ Continuum inverse problem: t € R™ (Inverse Laplace Transform, ILT)
® Integrated inverse problem — invert H

® Diagonalize H with "Mellin basis" us(w) = W\_/;:s =u* (w), s€R

[McWhirter and Pike 1978; Epstein and Schotland 2008]

H(w,w')us(W') = s ts(w) = Asl?us(w)

w’
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Derivation of the continuum solution

'H(ww)

/ dte “tC(t / dw' p(w / dte “'tewt

@ Continuum inverse problem: t € R™ (Inverse Laplace Transform, ILT)
® Integrated inverse problem — invert H

© Diagonalize H with “Mellin basis” us(w) = 2 = u* (w), s € R

V2 -

[McWhirter and Pike 1978; Epstein and Schotland 2008]

H(w,w')us(W') = s ts(w) = Asl?us(w)

w’

O Invert the regularized operator H,, = H + oZ [Tikhonov 1963]
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Derivation of the continuum solution

'H(ww)

/ dte “tC(t / dw' p(w / dte “'tewt

@ Continuum inverse problem: t € R™ (Inverse Laplace Transform, ILT)
® Integrated inverse problem — invert H

© Diagonalize H with “Mellin basis” us(w) = 2 = u* (w), s € R

V2 -

[McWhirter and Pike 1978; Epstein and Schotland 2008]

H(w,w')us(W') = s ts(w) = Asl?us(w)

w’

O Invert the regularized operator H,, = H + oZ [Tikhonov 1963]

ug (w)AsuZ (1) —
go(tlw) = /ds |>\|2 , As r<2+ls>
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Smeared spectral densities

oo

o= [ dapllno) . o) = tim, [~ atea(tia)c(

b= lim, /0 " dt ga(tlR)C(1) , galtls) = /0 " o gt} le)

Vaga(tlk), w* = 0.5 = 50

0.02 1
— a=10""
— a=10"1
0.011 ® Relevant in quantum field theories
e Straightforward generalization e.g.
0.00 1 1 o
w(w) = s oo
—0.01 1 .
® Real and computable coefficients

10-! 100
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Subtracted spectral densities

C(t) = / dwwPpg(w)e™t, b >0
0

e.g. isovector vector current in QCD: b =2 — C(t) ~ t~3 in UV

pele) = i, [ " dt C(¢) ga(tlw, ) @)

Vatlg,(t|0.5,0), a =101

0.2 1 [e'e} * )\ * t
altlor ) = [ a5 L)

0.1 oo )\sAs)b +

00 Ao =T (3 4+ b+is)

—0.14 = Subtraction of UV divergences

—0.24 I ) = Dispersive relations

1071 10°
wt
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Derivation of the discrete solution

C,(t) = /O dw’ p(w') e 't

@ Discrete inverse problem: £ € N (Discrete ILT), C,(t) = C(t) + O(a?)
= Naive approach: discretize the continuum formula
= Here: exact solution at fixed a
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Derivation of the discrete solution

ﬁa(w,w')
az e “IC,(t) =/ dw' p(w Ze_“’ temwt
t=a

@ Discrete inverse problem: £ € N (Discrete ILT), C,(t) = C(t) + O(a?)
= Naive approach: discretize the continuum formula
= Here: exact solution at fixed a

® Summed inverse problem — invert
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Derivation of the discrete solution

ﬁa(w,w')
az e “IC,(t) =/ dw' p(w Ze‘“’ temwt
t=a

@ Discrete inverse problem: £ € N (Discrete ILT), C,(t) = C(t) + O(a?)
= Naive approach: discretize the continuum formula
= Here: exact solution at fixed a

® Summed inverse problem — invert
© Diagonalize H, with c.o.s. v5(w,a), s € R* [Bruno, Giusti, and MS 2024]

1 3
vs(w, a) = v2ma Ns ug (1 — e_a"’) e ™oF <§ + is, 5 +is; 2; e_a‘”>

Vs(w,a) 222 ug(w) + u_s(w) + O ((aw)?)
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Derivation of the discrete solution

ﬁa(w,w')
az e “IC,(t) =/ dw' p(w Ze‘“’ temwt
t=a

@ Discrete inverse problem: £ € N (Discrete ILT), C,(t) = C(t) + O(a?)
= Naive approach: discretize the continuum formula
= Here: exact solution at fixed a

® Summed inverse problem — invert
© Diagonalize H, with c.o.s. v5(w,a), s € R* [Bruno, Giusti, and MS 2024]

vs(w, a) = v2ma Ns ug (1 — e_a"’) e ™oF (% + is, g +is; 2; e_a‘”>
Vs(w,a) 225 uy(w) + u_s(w) + O ((aw)?)

O Invert the regularized operator H, o = H, + aZ [Tikhonov 1963]
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Analytic discrete solution

LS
i _ — s(w, a)|A\s|Vs(t, a)
) = lim, 33 B HIC0) , Bulti) = [ s MDA
a=10"°
150 ,*”'t‘
100 . _-': ““*
& i * e o
T 1 * * g ]
ToEFT ¢ *
B [ ]
—50 pre % * """ Gal(tlw)
*' ® aw=05
~100 yr :. *,". *  aw =025
150 k.. *_.*"'
0 1 2 3 4 5
wt
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Analytic discrete solution

() = lim 23" FantWICalt) © Baalti) = [ ds M0
w)= Im a Z w w) =
P LU tiaga,a a 9 gaa |)\s|2+a
a=10"°
150 > "&
150 *.VJ! * 't
100 ,V‘,
100 v .*
rx Yy -
50 y Y v y’;r %
50 A - =3 o .
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501 =50 Yy "V_ 2 S gu(tlw)
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wt
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Minimize discretization errors on p

® Vo > 0 our solution minimizes the distance (N = )

Jo~ dw |p(w) = a Y2, g0 (t)e " Cray 2 8ra(t)?

= Discretization errors on p are minimized as o — 0, even at fixed a > 0!
= Naive discretization of continuum has large discretization errors on p

ple) = 1- 42 (w0 — 20, My =01 =2 — B q 10710

Pa(w)
0.6 *  pualw)
0.5+
0.4+

0.3

0.2+
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Minimize discretization errors on p

® Vo > 0 our solution minimizes the distance (N = 00)

fo (w)_QZt agaa(t)eiwt +O‘Zt agaa( )

= Discretization errors on p are minimized as o — 0, even at fixed a > 0!
= Naive discretization of continuum has large discretization errors on p

® Backus-Gilbert-like methods minimize the same functional at fixed N < oo
= As N — oo, numerical solution approaches our coefficients

ple) = 148 o 20, M =01 = e e o w0

“;) - 1‘, aw = 0.5, tyax = Na, a = 10710

— ~l) — t/a=10
0.64 *  Paalw) _
sal ol t/a=6
0.5 — t/a=20

0.1+

100 500
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Continuum case

p(w) = lim, [ dt ga(tho) C(t)

Symanzik and Liischer FV analysis

4

Analytic study of errors:
statistical, & > 0, tnax < 00

= Quantifiable error estimates/bounds

4

Continuum case

2.0 2.5 3.0 35 10 15 5.0 5.5 6.0
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Continuum case Discrete case

p(w) = lim [5° dt ga(tlo)C(2) p(w) = lim 2552, Boa(tho) Calt)

Symanzik and Liischer FV analysis = Exact discrete solution as o — 0
Y a, better than naive discretization

4

Analytic study of errors:
statistical, > 0, tpax < 00 = Only discretization errors due to C,

4

= Quantifiable error estimates/bounds = Clear continuum limit scaling

Continuum case Discrete case

— a=10"
— a=10"

Pa(w)
* paaw)

2.0 2.5 3.0 35 10 15 5.0 5.5 6.0 2.0 25 30 35 40 45 50 5.5 6.0
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An outlook: computation of integrals in time (12

I = [y° dt C(t)K(t)
® C(t) sampled at t € {a,2a, ..., tymax = Na} — C.(t)
* K(t) analytically known e.g. gu(tlw), ga(t|x), TMR for allVF-LO, .
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An outlook: computation of integrals in time (12

I = [7dt C(t)K(t) = [;° dw p(w)r(w)
® C(t) sampled at t € {a,2a, ..., tymax = Na} — C.(t)
* K(t) analytically known e.g. gu(tlw), ga(t|x), TMR for allVF-LO, .

@ Discrete sums (trapezoidal rule):

@ Interpret [ as p,., r(w) = [;° dte “K(t):

N

k=2 Calma)g,o(nalh). Eualtln) = [ Bualtw)ele)

n=1 w

= minimize discretization errors, but o > 0 systematic errors
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An outlook: computation of integrals in time (22

M2 r2 2 .
plw) =1 -43F [m + (3#) ] s K(t) =, {M, M, ,T,} physical

Relative errors on I, t,,..= 9.80 fm

—— I, (Trapezoidal)

[/ 1—=1|

(0‘0'4)? (0. 1'0)2 (0. i4)?
a? [’
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Conclusions & Outlook

Discrete

Continuum case

Discrete case

plw) = lim [ dt ga(tlw)C(t)

p(w) = lim 2352, Zaaltlw)Calt)

4

Symanzik and Lischer FV analysis

Analytic study of errors:
statistical, & > 0, tpax < 00

Y

Quantifiable error estimates/bounds

Continuum case

08

— pw)

— a=10"%

ank yo

0.0

2.0 25 3.0 35

40 45 50 55 6.0

w/M;

= Application to computation of [ dt C(t)K(t)

Matteo Saccardi

= Exact discrete solution as o — 0
Y a, better than naive discretization

= Only discretization errors due to C,
= Clear continuum limit scaling

Discrete case

—— a=10"%

— a=10"

Palw)
* pualw)

attenti

2.0 25 30 35 10 45 5.0 55 6.0

w/M
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Continuum basis

[Bruno, Giusti, and MS 2024 and in prep]

X_E‘HS eislogx

ul) =" = s

=u*(x), s€eR,xeR"

Orthogonality: [ dx u}(x)us (x) y=loex [ =) = §(s — §')

oo 27

Completeness: [~ ds u}(x)us(y) = V%é(logx —logy)=4d(x—y)

Diagonalize simultaneously # and A with eigenvalues |\¢|?> =

s
cosh s

H(UJ,UJ/) = ft ei(ijw/)t =1 A(t; t/) - fw ei(t*H/)“’ = _1_

wHw’ ?

ILT can be written as

t+t/

C(t) = [, pw)et L255 [ ct)et = [, H(w,w)p(e)

p = limas0 pa = limaso [, da(w,w’)p(w’)

Sa(w,w') = [7_ ds* L@ Pus(e) a0 S(w — ')

[As[Z+a



Discrete basis

[Bruno, Giusti, and MS 2024 and in prep]

1 3
Vs(w, a) = V2ra || [Ns| us (1 — e ) e 2 Fy (2 + s, 5 +is; 2; e“’”)

1 H *

3+is) A

_ wt N — (2 S
s(w,a) = a E e s(t,a), V2m F(—2is)hs ,5 €

R+

Ns)* .
.| ) restoring

e Continuum limit: vs(w, a) 229, Vva (us(aw)‘%—s‘ + u:(aw)(
continuum orthogonality and completeness relations
® 7, and A, are diagonalized by v, and ¥, with eigenvalues |\s|?

e (wtw)t — ae—wte’) Z (i‘ t)
T 1—e—alwtw’) - l’+t'

Hao(w,w') = ay 2.
fw’ ﬂQ(W’ w/)e_WIt = aZ?’O:a e_wt/Aa(t/7 t)

® Discrete ILT can be written as _
p = |im¢Ho Pae = iMoo [, 0aa(w,w)p(w)

fo vs w, al))|\)\‘2|i\§(w ,a) a—0 (5(&) . w,)va




Smearing at a > 0

[Bruno, Giusti, and MS 2024 and in prep]

pole) = [ 8afer 1) Paa®) = [ Tl )ole)
w’ w’
N [T us@)AsPus(w) < n_ /°° vs(w, a)|AsPvs(w’, a)
6a(w,w)—/_oo ds W +a 0aa(w,w') = | ds Nt a
a=10"", a=1
25 I - Ea.a(wv”
20 — da(w’1)




Subtracted spectral densities

o0
Subtraction of UV divergences = C(t) = / dww’ps(w)e ™, b >0
0

[T e u ()
pefe) = fim, [ de gt YC() altls ) = [ o e

a— .
Aoy =T (L +b+is) >

Vatbg,(t0.5,0), a = 1071

0.2 4

0.14

0.0 1

—0.14

—0.21




Least-square solutions (coefficients)

[Bruno, Giusti, and MS 2024 and in prep]

® The coefficients g, (t|w) can be defined from minimizing

% { / | [(s(w — W) - / e-w’fga(tw)r +a / ga(tw)} =0

ga(tlw) :/ e A6, ), Aw = A+aT
t/

® The coefficients g, ,(t|w) can be defined from minimizing

) , N
5 {/w [5(w—w )—aY e tg, (tlw)

t=a

2 oo
+aa2ga,a(tlw)} =0

t=a

Eoatlw) =a e VA (t.t), Ayo=A,+al

t'=a



Least-square solutions (spectral density)

[Bruno, Giusti, and MS 2024 and in prep]

® pa(w) = [, e gl (t) a0, p(w) can be defined from minimizing

%{H e w“tfwftg; (9} =0
8. (t) = ft/ )C(t) = palw) = [, e “FAZ (¢, ) C(H)
= pa(w ftga tlw)C(t) , &a tlw [ et AZY(E 1)

® Daalw)=ad 2, e g, a—%> p(w) ¥V a can be defined from minimizing

L o) - oSz, e g 0] +aa S g7} ~0

Bha(t) = a0, AL (6 1) Co(t) = D0 (w) = 22 5%, e T A, o (1, ) Co()
— o0 — el — [e'e) —w r——1
= Paa(w) = a3 2,80 a(tlw)Ca(t) | B,altlw) =ad o e " A, (', 1)



Errors: finite t,.«

[Bruno, Giusti, and MS 2024 and in prep]

® Systematic error due to t € (0, tmax)

o ut(w)As

pol) = Prsp) = [ s

o APt a

/Oo dt u? (£)C (1)

max

® If 3 mass gap, C(t) = ce ™Mt at t > tyax

/too dtul(t)C(t) = cus(M)T (; — s, thax>

max

1 1
r (2 —is,M tmax> = V2me Mtmax ul (M tmax) [1 + O ( )}

M tmax

® Bounded systematic error as « > 0, exponentially suppressed in M t;,.x

o0 * 1
Pa(W) = Patmee (W) = € / ds U (@Asus (M) r ( —is,M tmax)

. MPra 2



Errors: a >0

[Bruno, Giusti, and MS 2024 and in prep]

® Error on p(w) can be estimated from a separate reconstruction (3 > 0)
[Bruno, Giusti, and MS, IL NUOVO CIMENTO 47 C (2024) 197]

MW)zMW)=Awd%§&Wﬂqﬂ

" e uf (W) sz (t)
8a5(tlw) = a/_(>o ds (IAs[2+8)(IAs]? + )

® A similar double reconstruction works also for p,. In this case, we can
interpret k as being smeared with p to estimate a computable bound

2
ok — pn,a|2 =

[ o)) — kol

<o [ [ or] [ stomte) [ as Ele)eele)

and | p(w)? can be modeled/estimated from another inverse problem
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