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Motivations



Isospin breaking in lattice calculations

Subpercent precision predictions hadronic quantities in lattice QCD must include
= mg # mu, as O((mg — mu)/Nocp) ~ 1%
= QED effects, as O(agy) ~ 1%
= dynamical charm quark, ...

RC* program: focus on the IB corrections (masses of mesons, HVP, leptonic decays)
(see arXiv:1509.01636, arXiv:1908.11673 arXiv:2209.13183v1)

Goal of this (preliminary) analysis: Cross-check and compare two approaches to
compute IB effects at fixed lattice spacing and volume:

1. Direct QCD+QED with dynamical U(1) and m, # my

2. 1soQCD + RM123 (arxiv:1303.4896): perturbative expansion in ém,q and aqep.
including all sea effects!

1 This is the plan, all ingredients available. However, in this talk, no valence-disconnected or sea IB effect included.
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https://inspirehep.net/literature/1392021
https://inspirehep.net/literature/1751937
https://inspirehep.net/literature/2157207
https://arxiv.org/abs/1303.4896

Comparing two methods for calculating Isospin Breaking Effects

Target observable: HVP contribution to (g — 2),,.

Setup: QCD and QCD+QED gauge ensembles with Wilson fermions, O(a) improved

action with coeff. cf;V““) = 2.18859 and cSUW(l) =1, same volume and 3, but different
Kq and o
ensemble lattice B « Ku Kd = Ks Ke
A400a00b324 64 x 323 324 0 0.13440733 0.13440733 0.12784
A380a07b324 64 x 323 3.24  0.007299 0.13459164 0.13444333 0.12806355
[J¢] da dmy dmg = dms dmc
§& = A3BO _ (A400 0 0.007299 -0.00509422 -0.000996117 -0.00682735

(ensembles described in arXiv:2209.13183v1)

Compute all relevant observables at “LO”

Steps: { Compute derivatives: 9G/dmy, 8G/8e2, Oi/Omy, 8¢7,/8e2 and derivatives to Zy
HVP

"

Combine §& = (443, dcv, dmy, dmy /s, dmc) and derivatives to get IB effects to a
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https://inspirehep.net/literature/2157207

Ensembles’ setup



C-periodic (or C*) boundary conditions

= Local prescription for QED in a finite box w/ C-periodic BCs in spatial directions
Aulx + L) = =Au(x), Uplx+ L) = U3(x)

P(x+ LiT) = CMp(x)T,  P(x+ LiT) = —¢T(x)C
= The lattice is doubled in the 1 direction: L1 = 2L, while Ly = L for k = 2,3.
= C* BCs in other directions: ¥ (x + Lik) = (x + %i) for k =2,3

= Effective periodicity of 2L — double sized Dirac operator w.r.t. PBCs

@ Only odd Matsubara modes —
charged-states propagation allowed

@ Suppressed FV effects for meson
masses and HVP w.r.t. to QED,
arXiv:1509.01636 arXiv:2212.09565

& Weak violation of flavor conservation
(disappears as V — o)

physical lattice mirror lattice
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https://arxiv.org/pdf/1509.01636.pdf
https://arxiv.org/abs/2212.09565

Lines of constant physics

Observable Physical Target Most sensitive
value RC* value bare parameter
V8to 0.415 fm* 0.415 fm 8
Po = 81’0(mf(i - mfri) 0.992 0 ms — my
o1 :8to(mf<i erii +mf<0) 2.26 2.11 my + mg + ms
¢ = 81’0(m‘2(0 — mf(i)/aR 2.36 2.36, 0 my — my
¢3 = \/%(mDsi + mpo + mDi) 12.0 12.1 mec
ag 0.007297 (0, aPhys) &
* arXiv:1608.08900
Scheme described in arXiv:2209.13183v1
25
| A400 [Mev] | A380 [MeV] 0 Iy
M, + 398.5(4.7) 383.6(4.4) 2s &
M, + 398.5(4.7) 383.6(4.4) & Prysical point
Myo 398.5(4.7) 390.7(3.7) s22h
Mg | 10127(5.7) | 1926.4(7.8) 21} g LT
Mp+ 1912.7(5.7) | 1926.4(7.8) 20 % Increasing M,
Mpo | 10127(5.7) | 1921.1(7.6) 198 &

0 0.2 04

0.6 0.8 1.0

¢o
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https://arxiv.org/abs/1608.08900
https://inspirehep.net/literature/2157207

Computing mass parameters shifts dmy

Alternatively, mass shifts can be derived by matching IsoQCD+RM123 and
QCD+QED schemes

A400a00b324+RM123 __ , A380a07b324 PR
% = ¢f , i=0,1,2,3

LHS evaluated by expanding ¢; in isospin-breaking parameters dmy, 2,53 = 0, with
target values as in previous slide:

b=y =0

L0 (0),_(0) om0 5 Om, o ) ( o om 4 2 Om 4 )}
\¢1/ - gl,er 16t0 m”i Kzf:d,s me omg¢ Te e +2 Zf:u,d omy Omg +e e
2.11 2.11

0

L0 (0) 2m£<()) om0 > 9my o - om, 4 2 Omy g
32/:32/+8t0 - Zf:d’s(smr‘ o + & | — Zf:u,s"mf e —
2.36 0

L0 (0) < 9mpo 2 Ompo om 1 L om 4
2t 8y Kzf:u‘cm o 2200 ) o (Y, omeZpeE 1 27
12.1 12.1

sm, = —0.005100(59)stat (10)syst »
= < dmg = dms = —0.00114(58)star (10)syst »
Sme = —0.00591(89)stat (4) syst -

5/15



RM123: Feynman diagrams with our
action and vector currents



Diagrams for leading IB effects (connected valence only here)

Derivatives from O(a) improved Wilson action
SQEDHQREDHSW — G (e my) + Ssw(e) + 6Sb

mass exchange tadpole self-energy
B x Z P(x)h(x) from & of mass term (4 + m)iep in Sr,
¢ Z“ TM x)A2 7 (x) from 62 of kinetic term T(x) in Sf,
B ZX " VE(x)Au(x) from de of kinetic term T(x) in Sf, or
B Csv(v) ZX,H deDswy (x) from Sew = SSW}e:O + e 0eSsy + O(e3).

With Gce(t), if conserved current Vﬁ(x) defined at the sink, no additional propagators
needed, but two additional diagrams appear:

Z u ; “ [ I Z (X)A x) from 62V/¢
¢ x Zx B TM Au(x) from de VS
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Diagrams for leading IB effects — complete list

From action From V;j at sink

Mass QED QED

| s | | e o>
e £

S OO O
< > > < >

O | OO | T | @2 | O

<S> >

-0 20
S | o S | o | o
By d)e(x) oY Vi()AL(x) o oD VEOALR)
¢ x )l TlIALR) o cgy’ D, BeDsw(x) o oy Tul9A)

Note: In our case (g4 = gs and my = my), the “isovector” current de'y“wd - 'L[JSWN 1)s does not require valence-
disconnected diagrams .
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RM123 on HVP




IB corrections to the HVP

Using the local-local implementation for the correlator GR:(t) = z,G"(t)Z]]

HVP _ R // ) 1 f f
2! Z/ dt GEN(OK(EmL),  Gap(t) =1 ) (VA()VE(0)
f.fo X,k
in TMR arXiv:1107.4388v2 with K(t; my,) def as K in arXiv:1705.01775.

aﬁvp receives two types of IB corrections:

1. Corrections to correlators
T
Sqyall” = (2) [dt 256" ()20 K(t;m,,)
é 82G”(t)
2 M

0)

G"(t) = 6"(1)9 + 56"(t) = G"(£) + Y oms 25
2. Corrections to renormalization constants

.
Spyall® = (2)* [t {z“’)c”( )Osz] +52,6"(£)Oz ] K(t; my)

2027y
962

2y =20 +52y =20 + Y smi 5| +1e
©

0)
Alternatively, we also use conserved-local correlator GR:</(t) = G'(t)Z].
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https://inspirehep.net/literature/919588
https://arxiv.org/pdf/1705.01775

Renormalization constants Zy : LO

Renormalization conditions defined in adjoint basis of SU(4) generators A3, Ag, 15
plus the identity Ag = 1 (see arXiv:hep-lat/0511014v3

- ~ 1 1 1
VT = Z Qribsvutbr  — v;m:§v3+vj+%v3—%v;5

f=u,d,s,c

with adjoint currents V3% = Jtr(Xo38V), V5 = tr(\isV) and [Vlgs, = dgvuts.

(2] , = tim &g (G"),, with ab=0,38,15

Xg—+00

0.6587(4)  0.0000(0) 0.0000(0)  0.0221(2)

zad00 _ [ 0.0000(0) 0.6772(5) 0.0000(0)  0.0000(0)

v 0.0000(0)  0.0000(0) 0.6772(5)  0.0000(0)
0.0441(5)  0.0000(0) 0.0000(0) 0.6231(10)

[ - RE— o - - |®

el ]

V,__..«,.,,H”
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https://arxiv.org/pdf/hep-lat/0511014

Renormalization constants Zy : IBE

Expand Zy = limyy—o0 G(x0)(G"(x0)) " at first order in §my and €2

5 azy 02y
02y = Ef Jmfa—mf + e 9 w/
82 oG¢! . - Gl .
Y= lim (x0) = G%(x0) (6" (x0)) "t 5= (x0) | - (G"(x0)) "
88,‘ Xg— 00 Ei 851’

2 . . .
%e‘zf : requires 7 diagrams for G + 10 diagrams for G
2 .
g—"x : each Om, requires <> for G" and G¢ and all f
—0.00002(19)  0.000260(95) 0.00027(11) 0.000147(76)
sz _ [ 0-000230(93)  —0.00008(16)  0.00027(11) 0.000094(38)
V7| 0.000133(54) 0.00027(11)  —0.00005(19)  0.000054(22)
0.00030(15) 0.00038(15) 0.000217(87)  —0.000259(62)
. —0.00003(29) - - 0.0067(34)
8z — —0.00012(24) — —
e - - —0.00007(28) -
0.0068(34) - - —0.00042(10)

just two of many plots
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Results for aﬂvp from LO connected

Is0 QCD [, ~ 400 MeV]

clw - Rit.my)

t[fm]

G}
IS o ud,s
R o
= ac
o
A
o
o -
° nn
- =
° L]
PN
8 %,
0 05 10 5 20 25

correlators

QCD+QED [m;, ~ 380 MeV]

= Disconnected contributions currently ignored

= Tails are fitted to a single exponential at teye € (1.2,1.3) fm

= Local- correlators renormalized as GR:¢/ = G¢' . Z\-,r and GR/! = 7, . G Z,

LO a}!VP on A400a00b324

type | a4 x 1010 | a7° x 1010 a5 x 1010
I | 188.40(189) | 47.11(47) | 7.59(4)
o | 186.30(195) | 46.58(49) | 5.99(3)

type am'\’/‘d’s am¢,

0 0.2896(35) 0.8543(3)
d 0.2008(40) 0.8546(3)

LO af!VP on A380a07b324

o5y o
- Eﬂa ad.s
3 - 8 .c
3z ° %
& N N
P ° :}
S %
<l g
%0
RN
0 05 10 15 20 25
t[fm]

T

type | af x 1010 2075 x 1010 a5, x 1010
Il 194.0(2.3) 47.2(6) 7.55(4)(4)
d | 1022(22) | 46.8(6) 5.95(4)(3)
type amy, am“’/‘s am§,
Il | 0.2795(27) | 0.2807(4) | 0.8496(4)(3)
o | 02791(31) | 0.281(4) | 0.8496(4)(3)
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Corrections from correlator derivatives

_ 9G(x0) 0G(x0) »
5G(x0)—ZTW5mf+ ol
f

= Same derivatives already needed for Z\/, now for all xy

= Tails' corrections A = A + §A and megs = mi?f) + dm from 2-params linear fit:

G(l)(xo) _ G(O)(Xo)

— (0) _
6O (x0) 0A/A dmxg

= Procedure repeated for different fit ranges (light quarks) for systematic effects

o
o
J
e
—
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Corrections to 6al’i’s’d"’ from Zy and G(t): summary of results (1)

Corrections from renormalization constants x 100

bz,alYPm = —510(33) 6m, — 22(3) €
loc-loc | 5z,a"" %/ = 0.016(23) my — 128(8) Smy s — 1.4(2) €2
5z alVPe = 0.003(4) my — 6.37(2) §mc — 0.578(2) €2
v
b6z,a0 /P = —252(16) 6m, — 11(2) €
cons-loc | 67, a9/ = 0.008(11) Smy — 63(4) 6my s — 0.68(11) €2

bz,a"7 = 0.0012(16) 6my — 2.516(9) mc — 0.2282(8) €2

v

Corrections from correlator x 1010

SgalVP = _4364(266) 5m, — 216(14) €2

loc-loc SgapVFdd/ss —1091(67) §my s — 13.5(9) €2
SgalVPee = —50.2(3)m. — 3.119(13) €?
SgallVPuw = _4501(288) 5m, — 227(15) €2

cons-loc | GgalVPMe = _1148(72) 6my s — 14.2(1.0) €2

bgau —57.2(2) §m. — 3.295(14) e2

IB effects to A400a00b324 from valence, connected diagrams.
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Corrections to 6al’i’s’d"’ from Zy and G(t): summary of

results (2)

Corrections from renormalization constants x 1010

Sz,anPm = 2.60(17) — 2.02(28) = 0.56(27)
loc-loc | 4z, aP%/= —  0.127(8) — 0.128(18) = 0.019(18)
6z,a0"" = 0.04347(14) — 0.05300(18) = -0.015(6)
8z,an P = 1.28(8) — 1.01(18) = 0.28(14)
cons-loc | 6z,alV" %/ = 0.063(4) — 0.062(10) = 0.0094(91)
6z,alYP€ = 0.01717(16) — 0.02093(7) =  0.094(91)
Corrections from correlator x 1010
SgaVP = 222(1.4) —19.8(1.3) = 235(26)
loc-loc SgalVPadls 1.09(7) — 1.24(8) 0.01(6)
scaVP e = 0.4042(20) — 0.2860(12) 0.064(52)
scaVP = 23.4(1.5) — 20.8(1.4) = 2.49(27)
cons-loc | §galVP =~ 114(7) - 1.30(9) = 0.01(7)
scal"™ = 0.3905(14) — 0.3022(13) = 0.04(5)

by using the theoretical mass shifts of slide 2
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Outlook




Outlook

Goal of this ongoing work: compare two methods for computing IB effects.

At the moment, the analysis includes all valence-connected terms,

However, the plan is to obtain a full comparison by including all diagrams.

Sea IB effects computed by A. Cotellucci (see talk), to be included in analysis.
Done/Computed:

= Mass derivatives of mesons in ¢;: wi, 70, Ki7 KO, Di7 D°, Dsi.

= Bare parameters’ shift to match IsoQCD+RM123 to QED+QCD computed.

= Renormalization constants of local vector currents.
= Derivatives of Zy and G(t).

Next step: perform analysis using “isovector” current
dy.d —3yus

physically well defined, does not include any disconnected diagram.

Ensembles with smaller pion masses, larger volumes, smaller a are being
generated.

Next update Muon g-2 Theory Initiative workshop at KEK.

Thank you for listening!
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https://conference.ippp.dur.ac.uk/event/1265/contributions/7448/
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