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Motivations



Isospin breaking in lattice calculations

Subpercent precision predictions hadronic quantities in lattice QCD must include

• md ̸= mu , as O((md − mu)/ΛQCD) ∼ 1%

• QED effects, as O(αEM) ∼ 1%

• dynamical charm quark, ...

RC⋆ program: focus on the IB corrections (masses of mesons, HVP, leptonic decays)
(see arXiv:1509.01636, arXiv:1908.11673 arXiv:2209.13183v1)

Goal of this (preliminary) analysis: Cross-check and compare two approaches to
compute IB effects at fixed lattice spacing and volume:

1. Direct QCD+QED with dynamical U(1) and mu ̸= md

2. IsoQCD + RM123 (arXiv:1303.4896): perturbative expansion in δmud and αQED,
including all sea effects1

1This is the plan, all ingredients available. However, in this talk, no valence-disconnected or sea IB effect included.
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https://inspirehep.net/literature/1392021
https://inspirehep.net/literature/1751937
https://inspirehep.net/literature/2157207
https://arxiv.org/abs/1303.4896


Comparing two methods for calculating Isospin Breaking Effects

Target observable: HVP contribution to (g − 2)µ.

Setup: QCD and QCD+QED gauge ensembles with Wilson fermions, O(a) improved
action with coeff. cSU(3)

sw = 2.18859 and cU(1)
sw = 1, same volume and β, but different

κq and α

ensemble lattice β α κu κd = κs κc

A400a00b324 64 × 323 3.24 0 0.13440733 0.13440733 0.12784
A380a07b324 64 × 323 3.24 0.007299 0.13459164 0.13444333 0.12806355

δβ δα δmu δmd = δms δmc

δϵ⃗ = ϵA380 − ϵA400 0 0.007299 -0.00509422 -0.000996117 -0.00682735

(ensembles described in arXiv:2209.13183v1)

Steps:


Compute all relevant observables at “LO”
Compute derivatives: ∂G/∂mf , ∂G/∂e2, ∂ϕi/∂mf , ∂ϕi/∂e2 and derivatives to ZV

Combine δϵ⃗ ≡ (δβ, δα, δmu, δmd/s , δmc ) and derivatives to get IB effects to aHVP
µ
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https://inspirehep.net/literature/2157207


Ensembles’ setup



C-periodic (or C⋆) boundary conditions

• Local prescription for QED in a finite box w/ C-periodic BCs in spatial directions

Aµ(x + Li î) = −Aµ(x), Uµ(x + Li î) = U∗
µ(x)

ψ(x + Li î) = C−1ψ̄(x)T , ψ(x + Li î) = −ψT (x)C

• The lattice is doubled in the 1̂ direction: L1 = 2L, while Lk = L for k = 2, 3.

• C∗ BCs in other directions: ψ(x + Lk k̂) = ψ(x + L1
2 1̂) for k = 2, 3

• Effective periodicity of 2L → double sized Dirac operator w.r.t. PBCs

⊕ Only odd Matsubara modes →
charged-states propagation allowed

⊕ Suppressed FV effects for meson
masses and HVP w.r.t. to QEDL
arXiv:1509.01636 arXiv:2212.09565

⊖ Weak violation of flavor conservation
(disappears as V → ∞) physical lattice mirror lattice
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https://arxiv.org/pdf/1509.01636.pdf
https://arxiv.org/abs/2212.09565


Lines of constant physics

Observable Physical
value

Target
RC* value

Most sensitive
bare parameter

√
8t0 0.415 fm⋆ 0.415 fm g2

0
ϕ0 = 8t0(m2

K± − m2
π± ) 0.992 0 ms − md

ϕ1 = 8t0(m2
K± + m2

π± + m2
K0 ) 2.26 2.11 mu + md + ms

ϕ2 = 8t0(m2
K0 − m2

K± )/αR 2.36 2.36, 0 mu − md

ϕ3 =
√

8t0(mD±
s

+ mD0 + mD± ) 12.0 12.1 mc

αR 0.007297 (0, αphys) e2

⋆arXiv:1608.08900

Scheme described in arXiv:2209.13183v1

A400 [MeV] A380 [MeV]
MK± 398.5(4.7) 383.6(4.4)
Mπ± 398.5(4.7) 383.6(4.4)
MK0 398.5(4.7) 390.7(3.7)
M±

Ds
1912.7(5.7) 1926.4(7.8)

MD± 1912.7(5.7) 1926.4(7.8)
MD0 1912.7(5.7) 1921.1(7.6)
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https://arxiv.org/abs/1608.08900
https://inspirehep.net/literature/2157207


Computing mass parameters shifts δmf

Alternatively, mass shifts can be derived by matching IsoQCD+RM123 and
QCD+QED schemes

ϕA400a00b324+RM123
i = ϕA380a07b324

i , i = 0, 1, 2, 3

LHS evaluated by expanding ϕi in isospin-breaking parameters δmf , e2, δβ = 0, with
target values as in previous slide:

ϕ0
!= ϕ

(0)
0 = 0

ϕ1︸︷︷︸
2.11

!= ϕ
(0)
1︸︷︷︸

2.11

+ 16t(0)
0 m(0)

π±

ïÅ∑
f =d,s

δmf
∂mK0
∂mf

+ e2 ∂mK0
∂e

ã
+ 2
Å∑

f =u,d
δmf

∂m
π±

∂mf
+ e2 ∂m

π±
∂e

ãò
ϕ2︸︷︷︸
2.36

!= ϕ
(0)
2︸︷︷︸
0

+ 8t(0)
0

2m(0)
K0

α

ïÅ∑
f =d,s

δmf
∂mK0
∂mf

+ e2 ∂mK0
∂e

ã
−
Å∑

f =u,s
δmf

∂mK±
∂mf

+ e2 ∂mK±
∂e

ãò
ϕ3︸︷︷︸
12.1

!= ϕ
(0)
3︸︷︷︸

12.1

+
√

8t(0)
0

ïÅ∑
f =u,c

δmf
∂mD0
∂mf

+ e2 ∂mD0
∂e

ã
+ 2
Å∑

f =d,c
δmf

∂mD±
∂mf

+ e2 ∂mD±
∂e

ãò
⇒


δmu = −0.005100(59)stat (10)syst ,

δmd = δms = −0.00114(58)stat (10)syst ,

δmc = −0.00591(89)stat (4)syst .
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RM123: Feynman diagrams with our
action and vector currents



Diagrams for leading IB effects (connected valence only here)

Derivatives from O(a) improved Wilson action
SQCD+QED+SW = Sf (e,mf ) + SSW(e) + δSb

mass exchange tadpole self-energy

■ ∝
∑

x ψ̄(x)ψ(x) from δm of mass term (4 + m)ψ̄ψ in Sf ,
♦ ∝

∑
x,µ Tµ(x)A2

µ(x) from δ2
e of kinetic term T (x) in Sf ,

■ ∝
∑

x,µ V c
µ(x)Aµ(x) from δe of kinetic term T (x) in Sf , or

■ ∝ cU(1)
SW

∑
x,µ δeDSW(x) from SSW = SSW

∣∣
e=0 + e · δeSSW + O(e3).

With Gcℓ(t), if conserved current V c
µ(x) defined at the sink, no additional propagators

needed, but two additional diagrams appear:

■ ∝
∑

x,µ V c
µ(x)A2

µ(x)
♦ ∝

∑
x,µ Tµ(x)Aµ(x)

from δ2
e V c
µ

from δeV c
µ
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Diagrams for leading IB effects – complete list

From action From V c
µ at sink

Mass QED QED

∝
∑

x
ψ̄(x)ψ(x) ∝

∑
x,µ

V c
µ(x)Aµ(x) ∝

∑
x,µ

V c
µ(x)A2

µ(x)

∝
∑

x,µ
Tµ(x)A2

µ(x) ∝ cU(1)
SW

∑
x,µ

δeDSW(x) ∝
∑

x,µ
Tµ(x)Aµ(x)

Note: In our case (qd = qs and md = ms ), the “isovector” current ψ̄dγµψd − ψ̄sγµψs does not require valence-
disconnected diagrams .
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RM123 on HVP



IB corrections to the HVP

Using the local-local implementation for the correlator GR,ll (t) = ZV G ll (t)ZT
V

aHVP
µ =

(α
π

)2 ∑
f1,f2

∫ ∞

0
dt GR,ll

f1f2
(t)K(t; mµ) , Gf1f2 (t) = 1

3

∑
x⃗,k

⟨V f1
k (x)V f2

k (0)⟩

in TMR arXiv:1107.4388v2 with K(t; mµ) def as K̃ in arXiv:1705.01775.

aHVP
µ receives two types of IB corrections:

1. Corrections to correlators

δ(G)aHVP
µ =

(
α
π

)2
∫

dt Z (0)
V δG ll (t)Z (0)T

V K(t; mµ)

G ll (t) = G ll (t)(0) + δG ll (t) = G ll (t)(0) +
∑

f
δmf

∂Gll (t)
∂mf

∣∣∣∣
(0)

+ e2
2

∂2Gll (t)
∂e2

∣∣∣∣
(0)

2. Corrections to renormalization constants

δ(Z)aHVP
µ =

(
α
π

)2
∫

dt
ï
Z (0)

V G ll (t)(0)δZT
V + δZV G ll (t)(0)Z (0)T

V

ò
K(t; mµ)

ZV = Z (0)
V + δZV = Z (0)

V +
∑

f
δmf

∂ZV
∂mf

∣∣∣∣
(0)

+ 1
2 e2 ∂2ZV

∂e2

∣∣∣∣
(0)

Alternatively, we also use conserved-local correlator GR,cl (t) = G ll (t)ZT
V .
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https://inspirehep.net/literature/919588
https://arxiv.org/pdf/1705.01775


Renormalization constants ZV : LO

Renormalization conditions defined in adjoint basis of SU(4) generators λ3, λ8, λ15
plus the identity λ0 = 1 (see arXiv:hep-lat/0511014v3

V em
µ =

∑
f =u,d,s,c

Qf ψ̄f γµψf → Ṽ em
µ =

1
3

V 0
µ + V 3

µ +
1

√
3

V 8
µ −

1
√

6
V 15
µ

with adjoint currents V 0,3,8
µ = 1

2 tr(λ0,3,8V), V 15
µ = tr(λ15V) and [V]f1f2 = ψ̄f1γµψf2 .î

Z̃V
ó

ab
≡ lim

x0→∞
G̃cl

ad · (G̃ ll )−1
db , with a, b = 0, 3, 8, 15

Z̃A400
V =

Ö0.6587(4) 0.0000(0) 0.0000(0) 0.0221(2)
0.0000(0) 0.6772(5) 0.0000(0) 0.0000(0)
0.0000(0) 0.0000(0) 0.6772(5) 0.0000(0)
0.0441(5) 0.0000(0) 0.0000(0) 0.6231(10)

è
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https://arxiv.org/pdf/hep-lat/0511014


Renormalization constants ZV : IBE

Expand Z̃V = limx0→∞ G̃cl (x0)(G̃ ll (x0))−1 at first order in δmf and e2

δZ̃V =
∑

f

δmf
∂Z̃V
∂mf

+ e2 ∂Z̃V
∂e2 , w/

∂Z̃V
∂εi

= lim
x0→∞

[
∂G̃cl

∂εi
(x0) − G̃cl (x0) (G̃ ll (x0))−1 ∂G̃ ll

∂εi
(x0)

]
· (G̃ ll (x0))−1

∂Z̃V
∂e2 : requires 7 diagrams for G ll + 10 diagrams for Gcl

∂Z̃V
∂mf

: each ∂mf requires for G ll and Gcl and all f

δZ̃V =

á
−0.00002(19) 0.000260(95) 0.00027(11) 0.000147(76)
0.000230(93) −0.00008(16) 0.00027(11) 0.000094(38)
0.000133(54) 0.00027(11) −0.00005(19) 0.000054(22)
0.00030(15) 0.00038(15) 0.000217(87) −0.000259(62)

ë

δZ̃

Z̃
=

á
−0.00003(29) − − 0.0067(34)

− −0.00012(24) − −
− − −0.00007(28) −

0.0068(34) − − −0.00042(10)

ë
just two of many plots
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Results for aHVP
µ from LO connected correlators

●

▲

0.0 0.5 1.0 1.5 2.0 2.5

●

▲

◆

0.0 0.5 1.0 1.5 2.0 2.5

• Disconnected contributions currently ignored

• Tails are fitted to a single exponential at tcut ∈ (1.2, 1.3) fm

• Local- correlators renormalized as GR,cl = Gcl · ZT
V and GR,ll = ZV · G ll · ZT

V

LO aHVP
µ on A400a00b324

type au
µ × 1010 ad/s

µ × 1010 ac
µ × 1010

ll 188.40(189) 47.11(47) 7.59(4)
cl 186.30(195) 46.58(49) 5.99(3)

type amu,d,s
V amc

V
ll 0.2896(35) 0.8548(3)
cl 0.2908(40) 0.8546(3)

LO aHVP
µ on A380a07b324

type au
µ × 1010 ad/s

µ × 1010 ac
µ × 1010

ll 194.0(2.3) 47.2(6) 7.55(4)(4)
cl 192.2(2.2) 46.8(6) 5.95(4)(3)

type amu
V amd,s

V amc
V

ll 0.2795(27) 0.2807(4) 0.8496(4)(3)
cl 0.2791(31) 0.281(4) 0.8496(4)(3)
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Corrections from correlator derivatives

δG(x0) =
∑

f

∂G(x0)
∂mf

δmf +
∂G(x0)
∂e2 e2

• Same derivatives already needed for ZV , now for all x0

• Tails’ corrections A = A(0) + δA and meff = m(0)
eff + δm from 2-params linear fit:

G(1)(x0) − G(0)(x0)
G(0)(x0)

= δA/A(0) − δm x0

• Procedure repeated for different fit ranges (light quarks) for systematic effects

0 5 10 15 20 25 30
x0 [l.u.]

6

5

4

3

2

1

0

(
/

)2 K
(x

0)
(

G
/

)(x
0)

1e 8 Mass der.

0 5 10 15 20 25 30
x0 [l.u.]

3.0

2.5

2.0

1.5

1.0

0.5

0.0

1e 9 e2 der.

0 20 40 60 80 100
x0[l. u. ]

4

3

2

1

0

(
/

)2 K
(x

0)
(

G
/

)(x
0)

1e 8 Mass der.

data uu, j=1
cut = 15, extr = 0 
cut = 15, extr = 1 
cut = 15, extr = 2 
cut = 15, extr = 3 
cut = 15, extr = 4 
cut = 15, extr = 5 
cut = 17, extr = 0 
cut = 17, extr = 1 
cut = 17, extr = 2 
cut = 17, extr = 3 
cut = 17, extr = 4 
cut = 17, extr = 5 

0 20 40 60 80 100
x0[l. u. ]

4.0

3.5

3.0

2.5

2.0

1.5

1.0

0.5

0.0

1e 9 e2 der.

data uu, j=1
cut = 15, extr = 0 
cut = 15, extr = 1 
cut = 15, extr = 2 
cut = 15, extr = 3 
cut = 15, extr = 4 
cut = 15, extr = 5 
cut = 17, extr = 0 
cut = 17, extr = 1 
cut = 17, extr = 2 
cut = 17, extr = 3 
cut = 17, extr = 4 
cut = 17, extr = 5 
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Corrections to δau,s,d,c
µ from ZV and G(t): summary of results (1)

Corrections from renormalization constants ×1010

loc-loc
δZv aHVP,uu

µ = −510(33) δmu − 22(3) e2

δZv aHVP,dd/ss
µ = 0.016(23) δmu − 128(8) δmd/s − 1.4(2) e2

δZv aHVP,cc
µ = 0.003(4) δmu − 6.37(2) δmc − 0.578(2) e2

cons-loc
δZv aHVP,uu

µ = −252(16) δmu − 11(2) e2

δZv aHVP,dd/ss
µ = 0.008(11) δmu − 63(4) δmd/s − 0.68(11) e2

δZv aHVP,cc
µ = 0.0012(16) δmu − 2.516(9) δmc − 0.2282(8) e2

Corrections from correlator ×1010

loc-loc
δG aHVP,uu

µ = −4364(266) δmu − 216(14) e2

δG aHVP,dd/ss
µ = −1091(67) δmd/s − 13.5(9) e2

δG aHVP,cc
µ = −59.2(3) δmc − 3.119(13) e2

cons-loc
δG aHVP,uu

µ = −4591(288) δmu − 227(15) e2

δG aHVP,dd/ss
µ = −1148(72) δmd/s − 14.2(1.0) e2

δG aHVP,cc
µ = −57.2(2) δmc − 3.295(14) e2

IB effects to A400a00b324 from valence, connected diagrams.
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Corrections to δau,s,d,c
µ from ZV and G(t): summary of results (2)

Corrections from renormalization constants ×1010

loc-loc
δZv aHVP,uu

µ = 2.60(17) − 2.02(28) = 0.56(27)

δZv aHVP,dd/ss
µ = 0.127(8) − 0.128(18) = 0.019(18)

δZv aHVP,cc
µ = 0.04347(14) − 0.05300(18) = -0.015(6)

cons-loc
δZv aHVP,uu

µ = 1.28(8) − 1.01(18) = 0.28(14)

δZv aHVP,dd/ss
µ = 0.063(4) − 0.062(10) = 0.0094(91)

δZv aHVP,cc
µ = 0.01717(16) − 0.02093(7) = 0.094(91)

Corrections from correlator ×1010

loc-loc
δG aHVP,uu

µ = 22.2(1.4) − 19.8(1.3) = 2.35(26)

δG aHVP,dd/ss
µ = 1.09(7) − 1.24(8) = 0.01(6)

δG aHVP,cc
µ = 0.4042(20) − 0.2860(12) = 0.064(52)

cons-loc
δG aHVP,uu

µ = 23.4(1.5) − 20.8(1.4) = 2.49(27)

δG aHVP,dd/ss
µ = 1.14(7) − 1.30(9) = 0.01(7)

δG aHVP,cc
µ = 0.3905(14) − 0.3022(13) = 0.04(5)

by using the theoretical mass shifts of slide 2
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Outlook



Outlook

• Goal of this ongoing work: compare two methods for computing IB effects.

• At the moment, the analysis includes all valence-connected terms,

• However, the plan is to obtain a full comparison by including all diagrams.

• Sea IB effects computed by A. Cotellucci (see talk), to be included in analysis.
• Done/Computed:

• Mass derivatives of mesons in ϕi : π±, π0,K±,K 0,D±,D0,D±
s .

• Bare parameters’ shift to match IsoQCD+RM123 to QED+QCD computed.
• Renormalization constants of local vector currents.
• Derivatives of ZV and G(t).

• Next step: perform analysis using “isovector” current

d̄γµd − s̄γµs

physically well defined, does not include any disconnected diagram.

• Ensembles with smaller pion masses, larger volumes, smaller a are being
generated.

• Next update Muon g-2 Theory Initiative workshop at KEK.

Thank you for listening!
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https://conference.ippp.dur.ac.uk/event/1265/contributions/7448/
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