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Introduction

Results previous talk: differential decay rate from lattice observables
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Introduction

Introduction

@ Semileptonic Inclusive Decay of the Ds © preliminary investigation [Gam-+22; GH20]

o theoretical details, applications in talk by

@ inclusive decay is an inverse problem )
y P Alessandro De Santis

@ ill-posed-problem, solved with HLT

method [HLT19] @ inclusive and exclusive do not agree in

B-decays
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Introduction

Experimental results
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[, from lattice QCD

We need the hadronic tensor which is the spectral density of the correlation function
oo
2 2\ —
My (t,q%) = /0 dqgo Hg (qo, a*)e ™"

that in practice is obtained by

ME (ta — t; q2) = lim Cfpyt(tsnb to, t1, tsre; q)
fg - 9 —

tsnkgi'oog C2pt ( tsnk — t2) C2pt ( t; — tsrc)

tSl‘C

> t=1t)— t; = a,2a, - Euclidean time

>t — tonk,s sre — t1 > 0 checked
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[, from lattice QCD

max

dr
3 fg Z| / ' dCIo( max qO)nZn
g

0

@ Zy, 21, 2> can be expresses as linear

combinations of H,‘-;V @ A: systematical error in HLT
e allowed ¢? range depends on flavour e B: statistical error in HLT
combination fg @ combined with A

@ 0 smearing parameter
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[, from lattice QCD

2

dl' : - > X max

2471'3# = lim > lal’ ”/ ~ dao(g6™ = G0)"0s (96" — q0)Zn
par a5

@ Zy,Z1,2Z> can be expresses as linear

combinations of H,’;Z,V @ A: systematical error in HLT
e allowed ¢? range depends on flavour e B: statistical error in HLT
combination fg @ combined with A

@ 0: smearing parameter
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Calculations

Configurations

ETMC-configurations
O(a) and clover improved
Ne=2+1+41

ten momenta per ensemble

name | L [fm] a[fm] M, [MeV]
B48 3.82  0.080 ~ 135
Bo64 510 0.080 ~ 135
B96 7.64  0.080 ~ 135
C80 546  0.068 ~ 135
D96 546  0.057 ~ 135
E112 | 548 0.049 ~ 135

three decay channels

two smearing kernels
0(10) values of o
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Systematics

Finite-Volume-Effects

Flat volume dependence, HLT result stable

%

fg =cs, Zy,0 =436 MeV, g% =0.558 [GeV]?

B48 (3.82 fm)

$ B64 (5.09 fm)

$ BI6 (7.64 fm)

=
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Finite-Volume-Effects

Quantify systematic effects of finite volume:

_ 2 3L HE fg=cs
) (U CI L X <U q-, 2) 1sb Sx o 2z Z X Zy
PL(Ua q ) = Lof-g 2 °
2 3L 58 g g R i oK
Astat(a q L) A stat | 05 7 “E g S : I ¥ g8 i %
& oo ° % 1
—05 ggg g ; 4 g X ] ;
¥ % & 8 % 8
' rop2E R f g Fogo i
Calculate systematic error: P
—20
0.0 0.1 0.2 0.3 0.4 0. 0.6 0. 0.8
q2
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Systematics

Order 1: continuum limit; smearing limit
fg=cs, Zy, *=0.314 [GeV]?, o = 436 [MeV],

0.31

6 0.30 N o
o - @ AlC-combination of
Sy - —& . .
e 1 g — linear and constant fit
~— 0.29 |
el o flat limit
E S

0.28 @ small effect

b 3/dof=4.71c-01
027 T \2/dof=3.65¢-01

1 1
0.000 0.001 0.002 0.003 0.004 0.005 0.006
a? [fm]?
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Systematics

Order 1: continuum limit; smearing limit
fg=cs, Zy, q* =0.31 [GeV]?

$  SIGMOID
0.36 F $ ERF

@ combination of two
kernels

@ good agreement
between kernels

@ smooth extrapolations
0.26 F for all contributions

@ even powers of o

1 1 1 1 1 1 1 1
0 250 500 750 1000 1250 1500 1750 _ 2000
o [MeV]
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Systematics

Order 1: continuum limit; smearing limit

fg=cs, Z1, ¢*> =0.31 [GeV]?
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Systematics

Order 1: continuum limit; smearing limit

fg=cs, Z», q* =0.31 [GeV]?
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@ combination of two
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@ good agreement
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@ smooth extrapolations
for all contributions

@ even powers of ¢
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Systematics

Order 2: smearing limit; continuum limit

0.45

2473 % [GeV ™3]
0.40

O sigwoid kernel

o[GeV]
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Systematics

Order 2: smearing limit; continuum limit
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Systematics

Comparing order of limits
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Systematics

Calculation total decay rates

g i O cs
O «od
— © O su o B64, stat. error
Tty A T | bound
% o Ln+ 21+ 2
1<) < | @ interpolation with
%‘%O b cubic splines
“& . . .
I @ piecewise Integration
< o different momenta
:, regions for different
=5 : ‘ ‘ ‘ L decay channels
0.0 0.2 0.4 0.6 0.8
¢*[GeV?]
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Summary and Outlook

Summary

CLEO-C (2010)
+ BESIII (2021)
A this work

vol >a— o H—————H

combined kernels
® this work

vol >0 —a

erf kernel ' Py
B this work

vol >0 —a ' -

sigmoid kernel

»

8 8.5 9 9.5
10T [GeV]
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Summary and Outlook

Summary

Summary
@ HLT method well suited

@ systematics under control

@ good agreement with experimental results

Christiane GroB (Uni Bonn, ETMC)

CLEO-C (2010)
BESIII (2021)
this work

vol - a— o
combined kernels
this work

vol -0 = a
erf kernel

this work

vol -0 —a
sigmoid kernel

> o

Inclusive Semileptonic Decay

3 8
10147 [GeV]

July 2024

95

17 /17



Summary and Outlook

Summary
CLEO-C (2010)
+ BESIIT (2021)
A this work
vol 5 a— o ———
O ut IO o k combined kernels
® this work —_——
vol >0 —a
v" Quark Mass Dependence el .
. . m this work
v Contribution from fg = su vol o= a
i sigmoid kernel
v' Leptonic Moments ik ! ik
. . 14 : .
v Disconnected Diagrams 10%T[GeV]
v Exclusive Contributions

I next step: B-decay @ @ @ @
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Summary and Outlook

Summary
Outlook CLEO-C (2010)
+ BESIII (2021)
v" Quark Mass Dependence b work —_—
. . combined kernels
v Contribution from fg = su o this work —_—a
) vol =0 = a
v" Leptonic Moments erf kernel .
® this work
. . vol -0 —a
v" Disconnected Diagrams moid kernel
v Exclusive Contributions 3 = 5 5
10147 [GeV)

I next step: B-decay

Thank you for your attention!
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Definition of Z,

|ZOEY2+Y3—2Y4 Zi=2Ys—2Y1—Ya) Z=Y;—2Y

Form factors decomposition of the hadronic tensor
3 2
mp  H* (p, px) = g mp_h1 + p!p" ha + (p — px)" (P — px)" h3

P (p — px) + (P — px)Hp" Ths — " P po(p — px)ghs

Y1 = —mp, Z AW HT = hy
ij

2
Yo = mp,H® = by + by + (1 - L") hs +2(1 - ﬂ)m
mp, mp, )
Ys=mp, > 4 dH = —hmp_+ |a’hs foq=
- Lq=
o G=aq/lq|
R 90
Y4 = —mp, Zq'HO' = (1 - T) lalhz + |alhs
i Ds

imp, ijk sk i
ﬁ=7ﬁZHqW=mw
ijk
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Contribution of different strange and charm quark mass

cd channel cs channel
S 7z R [ S Z <[>+ $
§ E’ o0 ‘b + + § o | o0 +
5 |21 g 7ot I
= + 2 = + 2
ER ‘i‘ e
St b
Z T Z
: ] =
& g
g 4
g o g o
00 072 04 0% 08 00 02 04 076 0%

¢*[GeV?] ¢*[GeV?]
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Total decay rate

0.7E H | i fgl—cs ::
0.6} fg=cd
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Total decay rate

i
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Contribution fg = su

o0
S o cs
O cd

— ©| O su
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Contribution fg = su
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Backup

Contribution fg = su

® cdo
® cdi
® cd2
® csO
® cs1
® cs2

cs cd su
93% 7% < 107°%
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systematics from Continuum Limit

2
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Order 1: Continuum Limit; Smearing Limit
fg=cs, Zy, ¢*=0.314 [GeV]?, 0 = 436 [MeV],

0.31

¥ \®/dof=4.71c-01
0-27 T \2/dof=3.65¢-01

1
0000 0001 0002 _ 0.003 _ 0.004 _ 0005
a? [fm]?

1
0.006
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Order 1: Continuum Limit; Smearing Limit
fg=cs, Z1, q*=0.314 [GeV]?, o = 436 [MeV],

0.20
0.18
s 0.16
’0‘ 0.14 T
\_/
;%lﬂg 0.12 |
0.10
0.08 T x2/dof=2.34e-01
0.06 T \%/dof=3.22¢-01

1 1
0.000 0.001 0.002 0.003 0.004 0.005 0.006
2 [fm} 2

Christiane GroB (Uni Bonn, ETMC) Inclusive Semileptonic Decay July 2024 23/17



Order 1: Continuum Limit; Smearing Limit
fg=cs, Zy, ¢*=0.314 [GeV]?, 0 = 436 [MeV],

¥ x%/dof=5.96e-01
¥ x%/dof=8.00e-01

1 1
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Order 1: Continuum Limit; Smearing Limit

fg=cs, Zy, q* =0.31 [GeV]?
038 | | |
¢ SIGMOID
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0 250 500 750 1000 1250 1500 1750 2000
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Backup

Order 1: Continuum Limit; Smearing Limit
fg=cs, Z1, q*> =0.31 [GeV]?
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Order 1: Continuum Limit; Smearing Limit

fg=cs, Zy, q* =0.31 [GeV]?

0.25F $ SIGMOID
$ ERF
0.20F
b
“o 015
=13
N——
< | »010F
ke
L
0.05F
0.00 F
1 1 1 1 1 1 1 1 1
0 250 500 750 1000 1250 1500 1750 2000
o [MeV]

Christiane GroB (Uni Bonn, ETMC) Inclusive Semileptonic Decay July 2024 24 /17



Order 2: Smearing Limit; Continuum Limit
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Order 2: Smearing Limit; Continuum Limit
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Order 2: Smearing Limit; Continuum Limit
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Order 2: Smearing Limit; Continuum Limit

10

Nl
C,‘Tc:l
>
R | l
;‘;'wg

&

<t

N

0

<t ]

S

0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007

a?[fm?]
total error Zy g% = 0.56GeV?

Inclusive Semileptonic Decay July 2024 26 /17

Christiane GroB (Uni Bonn, ETMC)



Order 2: Smearing Limit; Continuum Limit
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Order 2: Smearing Limit; Continuum Limit
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Motivations

— VAETMC ] Exploratory study of the H +— X /v decay done in
— V-AOPE ] P. Gambino et al. (2022), but

3.0F

[Gev?]

25¢

1 > Unphysical ensemble

5
T > L+ 0o and a +— 0 limits missing

> Comparison only with OPE
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Motivations

25 — V-AETMC Exploratory study of the H +— X /v decay done in
— V-AOPE ] P. Gambino et al. (2022), but

S

> Unphysical ensemble
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S g0 B > Comparison only with OPE
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Theoretical background



Inclusive semi-leptonic D — X /v decay
[P. Gambino and S. Hashimoto (2020), S. Hashimoto (2017)]

> Incoming D, meson at rest, p> = m2DS
> Outgoing X hadron, px = (qo,q)

> J¥ () = ige)y* (1 —vs) f(x)

I'=Grp (|Vcd|2m + |Ves)*Tes + \vm|2rsu>
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Each contribution is given by

Pp,  dpe
Ijyy= | —ar——o—1L, V) HEY
fg /(QW)SQEV (27I')32E[ Iz (pﬁvp ) fag (p7pX)

with L, standard leptonic tensor and the fully non-perturbative hadronic tensor

(2m)*!

amp (Dl T5, (08" (P = px)J75(0) |Ds)

HEY (p,px) =

After a lengthy (but straightforward) derivation ...
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max

dF n 0 max n . . . v
2473 fg Z| 1>~ / ~ dgo(q0™ — 0)" Zn, Zn, = linear combinations of H; (g0,9%)

4/16



dF n max max n . H . v
7 fg Z lal 3 / ~ dgo(q0™ — 0)" Zn, Zy, = linear combinations of H}‘g (qo,qz)

To treat numerically the integral we introduce a regularized version of the 6-function

dF > max max
24m 3£ = hm Z laf*” "/ dgo(90™™ — 90)" 00 (6™ — o) Zn
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max

dF n 0 max n . H . v
2473 fg Z| 1>~ / ~ dgo(q0™ — 0)" Zn, Zn, = linear combinations of H; (g0,9%)

To treat numerically the integral we introduce a regularized version of the 6-function

dF n o max n max
247 qu - hmZ\QP / dgo(q0™ = q0)" 0o (00" — q0) Zn

Lor i 0815 (a5 — )
i — 0 =50 MeV
08k | —— 0 =100 MeV 1
! —— 0 =200 MeV QSIG( ) =
| —— 0 =300 MeV 1+efx/a
061 ] —— =400 MeV
llm 0o (x) = 0(x)
04r : ERF _ 1+ erf(a:/a)
1 90‘ (.’E) - 2
1
02r 1
1
i
00f ol ‘ ‘
0.0 0.5 1.0 15 2.0
qo [GeV]
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The final hadron phase-space

qo € {, /mfcg +q%,mp, — qu mf:g lightest mass in the spectrum

0.8
o 061
3 ———
~, 04 — (Iﬁnax(qz)
~
=)
0.2F
0.0 . .
= (@™~ 2) 0o (a0)
== (@™~ )" ¥ (20)
w (a5™ ~ 90)* 0o (a0)
— 3+ Q?
0.0 0.5 1.0 15 2.0 2.5 3.0
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The final hadron phase-space

qo € {, /m?cg +q%,mp, — qu mfcg lightest mass in the spectrum
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Asymptotic expansion for small o: fit Ansatz for o +— 0 extrapolation
[A. Evangelista et. al (2023)]

Apy = /O  dgor” [00(2) — 0)] plao)

max

T =qo —(qo

max

> If p(qo) is regular at g
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Apy = /O  dgor” [00(2) — 0)] plao)

max

T =qo —(qo

max

> If p(qo) is regular at g
> n=0,1Aps = O(c%)+ even powers (Zo,1)
>n=2 Aps=0(c*)+ even powers (Z2)
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Asymptotic expansion for small o: fit Ansatz for o +— 0 extrapolation

[A. Evangelista et. al (2023)]

Apy = /O  dgor” [00(2) — 0)] plao)

max

T =qo —(qo

max

> If p(qo) is regular at g
> n=0,1Aps = O(c%)+ even powers (Zo,1)
>n=2 Aps=0(c*)+ even powers (Z2)

> If p(go) = Z - 6(go — go"*™) + - -~

bn=0 Ap,=32Z17

>n>0 Aps,=0
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Asymptotic expansion for small o: fit Ansatz for o +— 0 extrapolation

[A. Evangelista et. al (2023)]

Apy = /O  dgor” [00(2) — 0)] plao)

max

T =qo —(qo

max

> If p(qo) is regular at g

> n=0,1Ap, = O(c?)+ even powers

>n=2 Aps=0(c*)+ even powers

> If p(go) = Z - 6(go — go"*™) + - -~
bn=0 Ap,=32Z17
>n>0 Aps,=0

08 F
0.6
— @™ (d®)
04 —_— qgm(qz)
02F
0.0
= (@™ = 0)" (%)
== (@ = a0) 0o (a0)
(@8 = 20)* 0o (0)
—_— i, ?

0.0 0.5 L0 15 2.0 2.5 3.0

I Decay rate is not vanishing at q2 ..

? Experimental prescription may differ
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I'y4 from lattice QCD

We need the hadronic tensor which is the spectral density of the correlation function

ME (1 q2) = / dgo H™ (qo, q?)e ™"
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I'y4 from lattice QCD

We need the hadronic tensor which is the spectral density of the correlation function
ML (t,q®) :/O dqo HYY (g0, q”)e™ ™"

that in practice is obtained by

CHV tsn ’t 7t ’tsrc;
M}LV(tQ _ tl,q2) —  lim 4pt( kyt2,11 Q)
9 bank 00 Copt(tsnk — t2)Copt(t1 — tsrc)

tsrc>

> t =ty —t1 = a,2a,--- Euclidean time

> ta2 — tsnk, tsre —t1 >0 checked
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Going from
~ 2 t
Mj, (t,Q)=/0 dgoHYy (qo,q”)e” ™

to

(oo}
/ dgo(g6™ — 0)" 0 (a5 — qo) H ¥ (90, a”)
q,

min
o

implies solving a numerically ill-conditioned (but mathematically well-posed) inverse Laplace
transform

> t =a,2a,3a,--- < oo, scarce information

> signal-to-noise ratio of Mﬁ;(t,q) deteriorates exponentially
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One way out: HLT (R. Kellermann's talk for another approach)
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One way out: HLT (R. Kellermann's talk for another approach)

Extraction of spectral densities from lattice correlators

Martin Hansen,1 Alessandro Lupo,2 and Nazario Tantalo®
'INFN Roma Tor Vergata, Via della Ricerca Scientifica 1, 1-00133 Rome, Italy
2University of Rome Tor Vergata, Via della Ricerca Scientifica 1, 1-00133 Rome, Italy
University of Rome Tor Vergata and INFN Roma Tor Vergata,
Via della Ricerca Scientifica 1, 1-00133 Rome, Italy

Many applications by now

R-ratio Spectroscopy at non-zero temperature
Phys.Rev.Lett. 130 (2023) 24, 241901 A. Smecca’s talk Meson spectroscopy
F. Margari's poster, D. Stewart’s talk

Ed. Bennet et al. (2024)

Hadronic 7 decay N. Forzano's talk

A. Evangelista et al. (2023), Phys.Rev.Lett. 132 (2024) . R . X

G. Gagliardi's talk Exclusive scattering amplitudes from lattice QCD
A. Patella & N. Tantalo (2024)

Heavy H — X /v inclusive decay A. Patella’s talk

P. Gambino et al. (2022) M cherel
any others!
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In general we want to extract p, = [ dw Ky (w)p(w) from C(t) = [ dwe™ " p(w)

> A linear estimator for the solution can be written by
approximating the target smearing (Schwartz) kernel

> The estimator is model independent and unbiased in
the limits T" — oo and vanishing statistical errors

T
po=»_g:C(ar)
T=1

T
sz&)rox _ Z gr (T)efaum'
T=1

. approx __
Jim KR =K,
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—wt

In general we want to extract po = [ dw Ky (w)p(w) from C(t) = [7° dwe " p(w)

T
po =Y g-Clar)
T=1

> A linear estimator for the solution can be written by
approximating the target smearing (Schwartz) kernel

T
K;%E)rox _ Z gr (T)efaum'
T=1

> The estimator is model independent and unbiased in lim KPP = K,
. . . . . . g,
the limits T" — oo and vanishing statistical errors Trroo

For T' < oo one needs to estimate the residual systematic uncertainty due to the kernel approximation
in addition to statistical error

10/16



> The coefficients g are calculated by minimizing

Alg]

Wihgl = (1- ) 3

+ \Blg]

> Suppression of the statistical error

Blgl=g" - CCA)V[C(t)} g= ((5/))2

> Accuracy of the approximated kernel

A[g] :/ dw Zgr —awT Ktarget
Eq

T=1

Eo~0.9-

mm
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Stability analysis to tune A



:¥{%M§§§§§mnﬂmmm IR

fg =cs, Zy,0 =118 MeV, g2 =0.140 [GeV]?

=) Ty ———

1

1

1 . . i A A

10% 10% 104 10° 106 107 108

Alg]
0+ A A0IB] A—1
— target — target A — target
approx. ) approx. ) approx.
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10
qo [GeV] qo [GeV] qo [GeV]
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02p 1 1 1

2 i

h P O
=l 0.1 | » e e 4 = R
~— 1

w00 :

=t : : fg =cs, Zy,0 =118 MeV, g2 =0.140 [GeV]?

701 -
1 1 . . I A .
10° 10° 10 10° 106 107 108
Alg]
0+ A AVEY] A—1
pull variable to assess systematic over statical error
Algl 3
: —=— =10 lateaux . — Dex
Px A[0] B[g] p pHLT _ %
A[g] ) V 5p* + 5/)**
——— =10 systematic
A[O}B[g] Asyst _ |p* . p**‘ orf PHLT
V)

*(Z1 and Zs in backup)

13/16



O(3000) stability analysis in one plot

Distribution of the pull variable PHLT across all the stability analysis

q* [GeV]?

C80 requires more statistics
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Results ad fixed ensemble and o

B64, fg = cs, 0 =198 MeV

S A I 3
w ¢ 2 i 3
Z. 3
~Nb 0.4 E 2 %
% =

= p i

Vi1

£
LS S fodoa.al

—0.1 i i
00 0l 02 03 04 05 06 07 08

q* [GeV]?
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Results ad fixed ensemble and o

B64, fg = cs, 0 =198 MeV B64, fg = cd, 0 =198 MeV
0.6 E ZU i 0.6 E Z[]
0.5 { Zy E (] 05F { Zy
o 7 3 © g
04 E ? S 04f E 2
SE : e
o { { T oest
k [ % K
S =
a0z é a0z
=g by =
N ES fodoa.al volee.8. 8. 8. 8. 8. . 8. .. .2.2
—0.1 i —01f
O‘U U.‘l (!12 0‘3 0.4 (!13 O‘G 0.7 (!18 U‘.(! 0.1 0.2 (!‘.3 U‘-’l 0‘5 0.6 0.7 0.8
q* [GeV]? q* [GeV]?

T'ca is Cabibbo suppressed
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Conclusions

> The HLT method offers a solid way-out to the challenging computation of inclusive decay rates,
but that is not enough to do physics ...
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Conclusions

> The HLT method offers a solid way-out to the challenging computation of inclusive decay rates,
but that is not enough to do physics ...

Netx-to-do list

Finite Size Effects
Continuum Limit o . .
. Christiane Grof}'s talk right after me
o +— 0 extrapolation

Integration over q?

v VvV Vv VvV V

Comparison with experiments

Thank you for the attention and don’t run away!!!
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Backup



Definition of Z,

ZoEY2+Y3—2§/4 Z1EQ(Y3—2Y1—Y4) ZgEYg—QYl‘
Form factors decomposition of the hadronic tensor
mp, H" (p,pa) = ¢"'mb_h1 + p'p’ha + (p — px)"(p — px)"hs
+p"(p — px)” + (p — px)"P"Tha — " pa(p — px)phs
= —Mp, Zn ]H” *hl
2
Vs =mp, H = h1 + hs + (1 -5 ) hs +2(1 -5 >h4
mp, mp, 2
S no =
Ys=mp, Y ¢'¢H = —hamp, + |q*hs A
> n-q=0
=q/|q

Yy = —mp, Z G H” ( nj; )\(ﬂha + lalha

74"’nD L]kAk ij
Vo= ¢ = |alhs
ijk
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Production line

This is repeated for: ETMC ensembles all close to physical point

> 2 channels, third coming ID Lz X T a[fm] L [fm]
2o 2 and 2o B6a | 01 %125 007951 509
> 2 smearing kernels B96 | 96° x192 007951  7.63
>
>
>

O(10) vales of & C80 | 80° x160 0.06816 5.45
10 values of g2 D9 | 96°x92 0.05688  5.46
E112 | 112° x 224 0.04891  5.47

for each ensemble



Final results

Spline interpolation + trapezoid integration
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o — 0 extrapolation

> Zo: o2 + even powers
> Z1: 02+ even powers

> Zy: o' 4 even powers

Fo=cs, Zy, o =0.56 [GeV]?
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Continuum extrapolation
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Lepton moments

Everything presented in this talk applies straightforwardly to the Lepton moments

My dr
M g / qu/ LB G e,
0

The first lepton moment reads

967 mp Ay, _ lim 23: q " /OO dqo(g8™ = 40)"0 (46" — q0) 2"
* dq? o o "

with

ZM = Yo 4+ Y3 — 24

ZM = —4Yi + Ys + 3Ys — 4Y, + 2V
Z) = —6Y1 +3Ys —2Y1 + Vs
Z{ = 21 + V3



Exclusive ground-state contribution to I'f,

daryy mDS

= gl @)

f2(q?) can be computed by fitting the leading exponential contribution to the correlation functions



	Introduction
	Calculations
	Systematics
	Summary and Outlook
	Backup
	References

