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Overview



Overview

m Goal: study QCD using lattice models with finite dimensional local Hilbert space
m Our approach: qubit regularization®?:3:% of traditional lattice models

m This talk: reformulate the theory using Schwinger fermions; reproduce the physics (IR and
UVv) of 2d SU(N) QCD
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Introducing Schwinger fermions



Review of Schwinger boson representation of SU(2)

m o“T : o = 1,2 are boson creation operators that transform as an SU(2) doublet:
[a®,aP] = [a®T,aPT] =0, [a®,d’T] = 6°P.

m The generators of SU(2) are defined as J* := 3a*o8 0" — [J?, J?] = ie®beJc

m The number operator 7 := a'fa’ + a*fa? distinguishes different irreps of SU(2) (number
of boxes in the Young diagram [T ]---[]), and is related to the Casimir operator as
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m |0) satisfies a®|0) = 0 for & = 1,2 = the trivial representation of SU(2)

. 1 1 ,
ljm) = |§(n1 +na), 5(”1 —ng)) (a”)m (GZT)’L2|0>-
m Applications in LGT, e.g., loop-string-hadron formulation: SU(2) ®> and SU(3) ©7
5|. Raychowdhury and J. R. Stryker, 2020, Phys. Rev. D arXiv: 1912.06133 (hep-lat)

6sS.V. Kadam et al., 2023, Phys. Rev. D arXiv: 2212.04490 (hep-lat)
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Introducing Schwinger fermion representation of SU(V)

mc*:a=1,--.,N arefermion creation operators that transform in the fundamental
representation of SU(N):

{c*, P} ={cT, Py =0, {c, P} =598,
m The generators of SU(N) are defined as Q* := ¢*1T%,c" = [Q, Q"] = if**°Q*, where
[Ta,Tb] — ifabcTc

m The number operator k := ij:l c*fe distinguishes different irreps of SU(N) (number of
boxes in the Young diagram (LT --[C)7), and is related to the Casimir operator as

S = St -k

a

m |0) satisfies ¢*|0) = 0 for o = 1,2 = the trivial representation

|a1 .. .ak> — cakT .. 'Ca1T|O>.




Hamiltonian LGT, qubit regularization, and Schwinger fermion formulation



Hamiltonian LGT and qubit-regularization of the Hilbert space

Kogut-Susskind Hamiltonian

electric field magnetic field: fermion hopping

2
_ K a a T OLT aﬁﬁ
H= ?;(Li]2+R2 = 422WD+W +tz> Ug’el +hee.)
i (i

Qubit regularization: same Hamiltonian, but truncates the link Hilbert space:

Traditional Qubit regularization

Hilbert space L2(G) = @/\GSU(N) W Vy Hg:= @A.EQ Vi ® VY
(Peter-Weyl theorem) (Symmetry is preserved)

Irreps SU(N): Young diagrams with @ = {o, L], H, AR H, )
at most N — 1 rows




Reasons for Q-scheme (anti-symmetric)

Q = {o, [, B @ g O}

m Contains all NV-ality: string tensions at large distance are dictated by N-ality (screening)

m Smallest quadratic Casimir among each N-ality: minimize %(L“2 + R%)

m Anti-symmetric representations: formulation using Schwinger fermions



Schwinger fermion representation of the link variables

m Link algebra:
[L¢, L) = if**°L§dy;, [Rf, RY) =1f*"R{dy;, [LE, Rj] =0,
(L8, U = ~Ta, U6y, (RS UG = Ul Tgou,
m Fach link is made of two Schwinger fermions (*f, 7t : a0 =1,--- |N
{19191y = 68 {1%,1°} = {1*1,1°T} = 0,
{Ta,TﬁT} =58, {7’0‘,7’5} = {raT,rﬂT} =0,
{1,791y = 1ot P} = (1,08} = {11,071y = 0,
m Schwinger fermion representation of the link variables:
Lt =1"1T550°, R =r1T5? U™ = oL
kik,

m Peter-Weyl theorem, or conservation of electric flux = k; +k, = N.
m |k =Nk =0)= |k =0;k, = N).



Schwinger fermion representation of the KS Hamiltonian

Kogut-Susskind Hamiltonian

electric field magnetic field: fermion hopping
Y N+1 Ao 1 t atjay_ 1 Bt B
H =8 k)k — @Z(WDJFWD) - tZ(ci 1§)——=(r{1cf) + h.c.
<l ‘7> O <'LaJ> kll k?‘j

where

Advantages:

m manifestly gauge invariant on each site. Gauss law: conservation of quark number plus
Schwinger fermion number mod N.
m gauge invariant operators on each site are bosonic



Gauge invariant operators

T . af ra . pat ra
Cx,p T Cz fx,pa Fz,,uu T fz,y x,v*

F} . =F,,,and F,,, = F!

T, puv Topp

These operators satisfies

k.., by definition.

[Cuv Ol] = F;w - ’ﬁ‘(s;uw
[FHW Fpa] = Fua‘sup - va(sw
[Fruv, Cp] = Clubdup,

[Fumc;] = _Czwupa

which is the algebra of U(2d +ny). (= F@®nandp =C
form a Cartan decomposition.)




Since the Hamiltonian can be written solely in terms of gauge invariant operators C,, and Fj,,,
that form U(2d + Ny) algebra, where is the information of the original gauge group SU(N)?




Since the Hamiltonian can be written solely in terms of gauge invariant operators C,, and Fj,,,
that form U(2d + Ny) algebra, where is the information of the original gauge group SU(N)?

m Answer: It is hidden in the representation!

N+1 N+1
(ChHN*Tt =0, (FI)NT =0 when u#wv.
A trivial example:
CM = |/“L><O|’ C[TL = |O><M\7 F;Ll/ = |/J/><V|,

Form a representation of the U(2d + 1) algebra in the case of N = 1.




Numerical results for SU(2) QCD,



Continuum theory and lattice theory

Full continuum theory

B

1 o a a ja 70
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Full lattice theory

generalized Hubbard coupling

2
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Phase Diagram (2312:17734)

~
Phase Diagram * 0@ 00
. 9| —
numerical results 9 lewaw =1
a4t

Gapless Gapped

Gapless ; Gapped

P

. Flow diagram
Phase diagram




IR central charge (2312:17734)
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IR central charge via entanglement entropy:

Central charge extrapolation
CIR L . iv4
S=—log (— sin —) + const.
3 Ta L
cir(00) ranges from 0.9988(7) to 0.9998(9).

between two subsystems with size £ and L — /.




Conclusions



Conclusions

m Formulated SU(NV) lattice gauge theories using Schwinger fermions.

m Remarkably, the resulting theory can be expressed purely in terms of gauge-invariant
operators, which form a U(2d + Ny) algebra.

m This formulation applies to any SU(NV) gauge group in any spacetime dimension.

m Reproduced the IR phases of 2d QCD using finite-dimensional local Hilbert space

m References:

> 2112.02090: general idea of qubit regularization for SU(IV) gauge theories.
» 231217734: phase analysis in the continuum and numerical check on the lattice.
> 2408.xxxxx: formulation of the theory using Schwinger fermions.
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B The continuum theory of 2d QCD and its bosonization



The continuum theory of 2d QCD

SU(N) Yang-Mills theory coupled to single-flavor massless Dirac fermions

1 _
tr F2 4 “iPy®

L: =
0 292

Symmetries:

m §% = 0: free fermion, O(2N)r x O(2N)g chiral symmetry. (y® = %(52‘1*1 —ig29))

m 3% > 0: Gauge symmetry SU(N), SU(2), x SU(2)r (N =2); U(1);, x U(1)g (N > 3).
Bosonization:

m g2 =0: U(N); or SO(2N); WZW model.  Central charge: ¢ = N.
m G2 > 0: SO(2N);/SU(N); or U(N),/SU(N); = U(1)y coset WZW model.
Central charge: ¢ = ¢(SO(2N)1) — ¢(SU(N)1) =N - (N —-1)=1.
> N =2:S0(4) = SU(2)s x SU(2)., coset is SU(2); WZW model in the charge sector.



Symmetries from the lattice

m Continuum symmetries forbid any relevant or marginal couplings.

m When regularizing the theory on the lattice using staggered fermions,
U(1)r x U(1)r — U(1) x ZX (SU(2)1, x SU(2)g — SU(2) x ZX for N = 2).
Zj forbids mass terms, but allows coupling between currents: Jf p := $¢7 T R

Full continuum theory

1
2g2

L= tr F> + iy + > A Jf TG

m N > 3: two independent couplings: A\g (Thirring coupling) and Az
m N = 2: one independent coupling: Ag = Az = A,



m N >3

Do _ N-1,
dlnp or ¢
d)z 1
dlng N Aoz,
mN=2
) 1,

dlnp T o

Mixed anomaly between U(1) and Z3

= the gapped phase should spontaneously
break Z%, the translation-by-one-site
symmetry on the lattice.

Gapless

(~2 ¢
9 lewaw =1

RG flow for N =2



Strong coupling analysis of phases and confinement



Phases in the strong coupling limit

generalized Hubbard coupling

2

g a a a @

H—2<§H>j(L”2+R2 +t<§>j usfel +he) +U§:nz —ny)
2,7 2,

g*/t> 1
1,y N+1
§(Li]2 + Ri7) k) = Wk(N —k)|k),
gauge links prefer k = 0 (trivial rep)
__— Baryons
Il T T (N =2)

Similar analysis for —=U/t > 1.



Strong coupling expansion - spin-chain phase

__— Baryons

1) 1) o (N=2)

When g2/t > 1 or —U/t >> 1, treat hopping terms as a perturbation:
XXZ spinchain: Heg = > J1(X;X; +Y;Y;) + J.(Z:Z; - 1)
(4,4)
where

N N s . N t2
2N — 1) (ELg2 4 20)N-1" 77 (N —1) AElg2 42U

m When N =2, |J,| = |J.| (gapless) = SU(2) symmetry «+ SU(2); WZW model.
m When N > 2, |J| < |J.| (gapped, Néel) = U(1) symmetry <> U(1) 5y WZW model.



Strong coupling expansion - dimer phase

when U/t > 1, each site is forced to have one fermion
(N =2)

Spin-chain pha

Dimer phase

(degenerate,
't Hooft anomaly
U

gapped, dimerized, doubly degenerate, expected from 't
Hooft anomaly matching



Lattice model in the continuum RG flow




Confinement in the strong coupling limit

Put two test quarks and pull them apart, see how the energy changes:

—U/t > 1: Raise links in-between to higher irreps,

confined
92
R
i i N+1 Deconfined
String tension: T, = gQik(N — k). econfine
2N
7U/t > lor gZ/t > 1L Confined
U
: - N+1 N
String tension: Ty = QQW/C(LEJ — k). Confinement diagram for N = 2,3

= Deconfined for N = 2,3



Confining phase

20F 7.

[ L S : gz

p | .« 5

151 (v . . 4

JA . A « 3

10} S s 2

T ¢ . - - 1

VS — .0
S5p A = ? . -0.14
o . - —05
] S S S S S
Y 5 S S S N SN SUN S S——
0 2 4 6 8 10 12 14 16

r

Energy as a function of the distance r between the test quarksat N =2, k =1 and L = 20 for U = —10.



String tensions at large U

m Strong coupling result: T = 0.75¢°

| I m Surprisingly, when g2 = 0,7 > 0. (In
String tensions at U=4 g g traditional theory, when g2 = 0 the gauge
I Numerical resuits
Linear fit 06k field can be absorbed)
o4l m In the qubit regularization, electric field
i term is generated by the hopping term in
2 the RG sense:
—i.O —6.8 —6.6 —52 —6.2’“'%0 012 0‘.4 O.‘6 018 1‘.0
ol ¢ H;; = c?TUi‘;Bcf +C§T(UZ’6)TC?
1 -0.4f
1 1 : traditional
3 log(tr; e i) {O( Le2 4 o2 . qubit
T = 0.685(8)g? + 0.239(5) oc Lij + A e



B Numerical results for the critical physics



Marginal operator, level crossing and critical point

m SU(2); WZW has SU(2),, x SU(2)r symmetry

Lowest 5 states: (sz,sgr) = (0,0) and (%,3) 50| Level crossing at g2 =0
1 . H H —— k=0, 51,t=0
m On the lattice: chiral symmetry is broken g5l k=m se=0
AeJr - Jr Is allowed, can be tuned by U — k=m, s=1
2.0}
broken 5
SU(?)L X SU(Q)R - SU(Z)diag E 1.5
11
(SLvsR) = (5) 5) — Stot = 170 Loy
1 9 9 9 0.5
(Jo-Jr) = S{(JL +JR)" = Ji = JR) ool
1 ' -3 -2 _1 0 1 2 3
= §(Smt(stot +1)—sp(sp +1) — sr(sr +1)) U
e Is marginal, B-function: DMRG: ITensor?
A, 1 ) M. Fishman et al., 2022, SciPost Phys. Codebases

dlnp T Tople



Critical point extrapolation in L

_ le—1
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= i 3
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U.(00) = —0.08769(3)



UV central charge
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UV central charge via entanglement entropy
cuv
S =——log ¢ + const.
6 a

¢ s correlation length cuv = 1.737(6), 1.693(4), 1.66(1), 1.66(1)
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