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What is your favorite lattice Dirac operator 



What is your favorite lattice Dirac operator
when you want to understand the index theorem?



What is your favorite la9ce Dirac operator 
when you want to understand the index theorem?

Overlap Dirac operator [Neuberger 1998] would be the 
most popular answer: realizes an “exact” chiral symmetry

through the Ginsparg-Wilson relaFon and reproduces the 
anomaly.

The index is well-defined:
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Overlap Dirac spectrum lies on a 
circle with radius 1/a 
Complex eigenmodes form ± pairs of

(therefore, no contribution to the trace).
The real 2/a (doubler poles) do not contribute.

The overlap Dirac operator index
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But            is defined with the Wilson Dirac operator.
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But            is defined with the Wilson Dirac operator.

What is this ???
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This quantity is known as the Atiyah-Patodi-Singer η invariant 
(of the massive Wilson Dirac operator).

η invariant of the massive Wilson Dirac operator
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[Atiyah, Patodi and Singer, 1975]
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In this talk, we try to show a deeper mathematical 
meaning of the right-hand side of the equality,
and try to convince you that the massive Wilson Dirac 
operator is an equally good or even better object than 
Dov to describe the gauge field topology 
in terms of K-theory [Atiyah-Hilzebruch 1959, Karoubi 1978…]

The Wilson Dirac operator and K-theory
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Main theorem
[Aoki, F, Furuta,Matsuo, Onogi, Yamaguchi, arXiv:2407.17708] 

For any                 group element  defined by

its lattice approximation at sufficiently
small lattice spacings,  

belongs to the same K1 group element 
= sufficient condition for having the same index.
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[Cf. Yamashita 2021, Kubota 2020]
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Eigenvalues of con1nuum massive Dirac operator                                

For   

For  
The eigenvalues are paired:

As                                              , we can write them
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Spectrum of
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Spectral flow = Atiyah-Singer index = η invariant
= # of zero-crossing eigenvalues from - to +

 = # of zero-crossing eigenvalues from + to -

           =: spectral flow of 

Equivalent to the eta invariant: whenever an eigenvalue 
crosses zero,
                               jumps by two.

<latexit sha1_base64="KW02skoib1LYEIc3sAmzN3EEM4I="></latexit>n+
<latexit sha1_base64="h64aapXiru0b91Y+vGAMb4iqmiY="></latexit>

n�
<latexit sha1_base64="H0yDG4rSBytwPnpSC4ts6qrr4EM="></latexit>n+ � n�

<latexit sha1_base64="/bRAc5/mE2Y+nChukySX3Jl53RE="></latexit>

H(m) m 2 [�M,M ]

<latexit sha1_base64="oF4MioKbRAgyZApMSAQIV+ZrUko="></latexit>

⌘(H(m))
<latexit sha1_base64="KCsPYKO8BopnMb4qMIYjqiKTt/c="></latexit>

1

2
⌘(H(M))� 1

2
⌘(H(�M)) = n+ � n�.

Pauli-Villars subtrac>on

<latexit sha1_base64="+ayeS926fT9KtKJmik8zpj027+Y="></latexit>

H(m) = �5(Dcont. + m)



Suspension isomorphism in K theory
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K0(pt) ' K1(I, @I)

With chirality operator Without chirality operator
point line=interval

Massless=
counting index 
by points

Massive=
counting 
index by lines

⇨  The two definiFons of the index agree.
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With chiral symmetry breaking regulariza4on (on a la7ce),  
coun4ng points (massless) is difficult but  coun4ng lines 
(massive) s4ll works.

Standard 
defini:on:
Where is 
m=0? 
What are zero 
modes?

Eta invariant:
If m= ± M points 
are gapped, we 
can s:ll count the 
crossing lines.
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Dirac operator in con1nuum theory
E : Complex vector bundle
Base manifold M: 2n-dimensional flat torus T2n 
Fiber F : vector space of rank r with a Hermi7an metric
Connec7on :  Parallel transport with gauge field
D : Dirac operator on sec7ons of E

Chirality (Z2 grading) operator: 
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Wilson Dirac operator on a laBce
We regularize T2n  is by a square lattice with lattice spacing              
(The fiber  is still continuous.)
We denote the bundle by          and
link variables : 

<latexit sha1_base64="Brn9X6P8snbqv1OA4zQrtVfenrU="></latexit>

a

<latexit sha1_base64="BfvW4/3bRzzRit4VYvEgtw7c8CM="></latexit>

Ea
<latexit sha1_base64="2FuJlpcE6qoBa+rcVX+0sfb7Cko="></latexit>

Uk(x) = P exp


i

Z a

0
Ak(x

0)dl

�
,

Wilson term

<latexit sha1_base64="/4fkIkHbKH1xuK8VOzadfGNq6QA="></latexit>

DW =
X

i

"
�ir

f
i +rb

i

2
�a

2
rf

i r
b
i

#

<latexit sha1_base64="ib9d5VZHa24t3AVvnG8hA0pJyYI="></latexit>

arf
i  (x) = Ui(x) (x+ ei)�  (x)

<latexit sha1_base64="KI45EOKX0fJvSz5tATYCXiIRfCY="></latexit>

arb
i (x) =  (x)� U†

i (x� ei) (x� ei)

Note: In our paper, we 
consider ”generalized 
link variables” to 
determine the gauge 
fields both in 
continuum and on a 
lattice simultaneously. 
But the standard Wilson 
line works, too. 



Defini6on of                      group
<latexit sha1_base64="kyhTmyOHrY2UPFBNQVvV+/rjoSg="></latexit>

K1(I, @I)
Let us consider a Hilbert bundle with 
  Base space         =  range of mass [-M, M]  
   boundary          = ±M  points 
  Fiber  space            =  Hilbert space to which D acts
              : one-parameter family labeled by m.

We assume that           has no zero mode.
The group element is given by equivalence classes of the pairs:
               having the same spectral flow.
Note: K1 group does NOT require any chirality operator.
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Defini6on of                      group
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Group opera7on:

Iden7ty element:

We  compare    and          
taking their difference, and confirm if the lacce-con7nuum combined 
Dirac operator

has Spectral flow =0  where                      are “mixing mass term” with 
some “nice” mathema7cal proper7es (see our paper for the details).
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m

±D2
m

�
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Main theorem
Consider a continuum-lattice combined Dirac operator

on the path P :                     
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Main theorem
There exists  a finite lacce spacing        such that for any   

    
               
is inver7ble (having no zero mode) on the staple-shaped path P  
[which is a sufficient condi7on for Spec.flow=0]
⇨                  have the same spec.flow

⇨  
<latexit sha1_base64="EpwO8eKCtj59htVEnj/O+j+LuzQ="></latexit>

1

2
⌘(�(D �M))PV reg. =

1

2
⌘(�(DW �M))

The con7nuum and lacce indices agree.
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a < a0
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Proof (by contradic6on)
Assume 

has  zero mode(s) at arbitrarily small lacce spacing.
⇨  For a decreasing series of

 

is kept.

<latexit sha1_base64="HnGzyrF3iuWpSJm3e0Ycb0zLssc="></latexit>
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Con6nuum limit

Multiplying                                  and taking the continuum limit 

is obtained.

requires 

<latexit sha1_base64="d0Z0O5omjt832fiUbzW8IwnhMmY="></latexit>✓
1

faj

◆

are 
            weakly convergent
=   
            strongly convergent
(Rellich’s theorem)

<latexit sha1_base64="NKT/NCwNjs2ey3gbIPd57QX+eZ4="></latexit>

L2
1
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L2
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u1, v1
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m1 = t1 = 0.

Contradiction with                                along the path P.
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What not shown in this talk

Because of  7me limita7on, we cannot explain the following details. 

• The map                       between lacce and con7nuum Hilbert spaces
• Convergence of 
• Convergence of  
• Ellip7c es7mate for the Wilson Dirac operator
• Relich theorem

Please see our paper [S. Aoki, HF, M. Furuta, S. Matsuo, T. Onogi, S. Yamaguchi, arXiv:2407.17708 ] or 
invite us to your (online) seminar.
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⇤
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afa ! 1.
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f⇤
aDW fa ! Dcont.

https://arxiv.org/abs/2407.17708
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We revisit the la@ce index theorem with a K-theoreFc treatment of  Wilson Dirac op.

2. Massless Dirac (K0  group)  vs. massive Dirac (K1 group)
CounFng lines (K1) is easier than counFng points (K0). 

3. Main theorem
The  proof is given by la@ce-conFnuum combined Dirac operator, which is gapped.

4. Comparison with the overlap Dirac index

5. Summary
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By K theory for 
sufficiently small 
lattice spacings

Wilson Dirac operator is equally good as Dov to 
describe the index.

<latexit sha1_base64="VPpEu9Aj2fr+6PMAv9HQNImsKuc="></latexit>

IndDov = �1

2
⌘(HW )

<latexit sha1_base64="+mWSIhuAU2pB4ZZPrxt5u96kz9o="></latexit>

= �1

2
�(�5(Dcont. � M)) = IndDcont.

Suspension 
isomorphism



By K theory for 
sufficiently small 
lattice spacings

Wilson Dirac operator is equally good as Dov to 
describe the index.
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Or even better?



Periodic b.c. 

Dirichlet b.c. (Shamir domain-wall fermion) we can show

But the overlap Dirac is missing because Ginsparg-Wilson 
relaFon is broken by the boundary [Luescher 2006].

ApplicaDon to the manifold with boundaries

<latexit sha1_base64="VPpEu9Aj2fr+6PMAv9HQNImsKuc="></latexit>
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cont.
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[HF, plenary talk at Lat21].[perturbative evidence F, Kawai, Matsuki, 
Mori, Nakayama, Onogi, Yamaguchi 2019].



Real Dirac operators and the mod-two index

<latexit sha1_base64="lhR7u1/ZyYYA48eoOx4Bozw7Ah8="></latexit>
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K1(I, �I)

For general complex Dirac operators,

For real Dirac operators, for example, in SU(2) gauge 
theory in 5D (origin of WiOen anomaly),  we will be able to show
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But there is no overlap counterpart. 
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1. Introduc7on
We revisit the la@ce index theorem with a K-theoreFc treatment of  Wilson Dirac op.

2. Massless Dirac (K0  group)  vs. massive Dirac (K1 group)
CounFng lines (K1) is easier than counFng points (K0). 

3. Main theorem
The  proof is given by la@ce-conFnuum combined Dirac operator, which is  gapped.

4. Comparison with the overlap Dirac index
 expects wider applicaFons (to APS boundary and real case) than the overlap index.

5. Summary

✔

✔

✔

✔



We have shown a deeper mathematical meaning of the 
right-hand side of the equality,
and that the massive Wilson Dirac operator is an equally 
good or even better object than Dov to describe the 
gauge field topology in terms of K-theory [Atiyah-Hilzebruch 
1959, Karoubi 1978…]

Summary
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We have shown a deeper mathematical meaning of the 
right-hand side of the equality,
and that the massive Wilson Dirac operator is an equally 
good or even better object than Dov to describe the 
gauge field topology in terms of K-theory [Atiyah-Hilzebruch 
1959, Karoubi 1978…]

Summary
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Backup slides



Ellip1c es1mate
In continuum theory, For any  and i,  
a constant c exists such that

When a covariant derivative is large、D is also large.
This property is nontrivial on a lattice.

Doubler modes have small Dirac eigenvalue with large wave 
number.
->   Wilson term is mathematically important, too!
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fa : H lat. ! H
cont.

From finite-dimensional vector bundle on a discrete lacce  
we need to make infinite-dimensional vector bundle on 
con7nuous x :
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Z x
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dx0iAi(x

0)

�
:  a hyper cube containing            .          : la@ce sites

<latexit sha1_base64="uABc9soyyUzcizdPuGuI5LG+4Rc="></latexit> X

l2Cx

�l(x) = 1.

<latexit sha1_base64="BKE61hnBtEdbseAkz1O5TXxKO+I="></latexit>

�(x� l)

<latexit sha1_base64="J3eFDkP4Glypu9qvyfh0DUi8gLc="></latexit>

fa�
lat.(x) =

X

l2Cx

�(x� l)P (x� l)�lat.(l)

Wilson line.

<latexit sha1_base64="FBAT56XV1BqKlfGLZpBYFjp6bhs="></latexit>

�(x � 1)

<latexit sha1_base64="KRFDa9rlmQd07DFKU+szQVyxwRU="></latexit>

x

<latexit sha1_base64="H+BDMx96RNrZFiLM8kMMHR7FNro=">AAACBXicZZDLSsNAFIYn9VbrLeqym8FSaKGURETdFIpuXFawF2hCmEwn7dDJJMxMhBK6cOWjuBIUxK0P4cq3cdoGse0PAx//OYcz5/djRqWyrB8jt7G5tb2T3y3s7R8cHpnHJx0ZJQKTNo5YJHo+koRRTtqKKkZ6sSAo9Bnp+uPbWb37SISkEX9Qk5i4IRpyGlCMlLY8s+j4RKGKVW3YNbhg23PCpNqwap5ZsurWXHAd7AxKIFPLM7+dQYSTkHCFGZKyb1uxclMkFMWMTAtOIkmM8BgNSV8jRyGRbjo/YgrL2hnAIBL6cQXn7v+JFIVSTkJfd4ZIjeRqbWb+1cpLq1Rw7aaUx4kiHC82BQmDKoKzSOCACoIVm2hAWFD9WYhHSCCsdHAFnYK9evM6dM7r9mXdvr8oNW+yPPKgCM5ABdjgCjTBHWiBNsDgCbyAN/BuPBuvxofxuWjNGdnMKViS8fULUh+VzQ==</latexit>

�(0) = 1,�(1µ) = 0,



Is defined by

 

Note)               is not the iden7ty but smeared to nearest-
neighbor sites. (The gauge invariance is maintained by the 
Wilson lines.)

<latexit sha1_base64="xnZztzcQSWzwSiXqwlJ4kIe31pQ="></latexit>

f
⇤
a : Hcont. ! H

lat.

<latexit sha1_base64="xcg5hqAjNuDXi8Bmovo1g7hQy3E="></latexit>

f⇤
afa

<latexit sha1_base64="/BOcbPxSXfKZukTMEU+3znj5lOc="></latexit>

f⇤
a

<latexit sha1_base64="7jsrkhj4k2Na1bPOfy4/I3HFfxw="></latexit>

f⇤
a�

cont.(l) =

Z

y2Cl

dy�(l � y)P (l � y)�cont.(y)



Con6nuum limit of 
1. For arbitrary                  
               weakly converges to a 
   where      is the square-integrable  subspace of
     to the first derivaFves. 

2.                                                  weakly converges to  
             
3.  There exists c s.t. 

4. For any ,
weakly converges to                        and  

<latexit sha1_base64="/BOcbPxSXfKZukTMEU+3znj5lOc="></latexit>

f⇤
a

<latexit sha1_base64="91yyr11v4jjhqRlnX16Ej5R3SKw="></latexit>

fa
<latexit sha1_base64="39On8yRQzb/Zc1sxt51GTeJGCgI="></latexit>

�lat.
<latexit sha1_base64="nvlU3oDD6h1Ll7eBkl5xjjLgo8Q="></latexit>

lim
a!0

fa�
lat.

<latexit sha1_base64="EXvBW0RWMuSN/yvl7+pJuBn5l8Y="></latexit>

L2
1

<latexit sha1_base64="IBbrIKg9aRort0WNoXx9fDf7vFQ="></latexit>

H
cont.

<latexit sha1_base64="z90zzGDVSNF+zdPdOJNPRjAI2vg="></latexit>

lim
a!0

fa�(DW +m)�lat.

<latexit sha1_base64="Ii6WohJcBmBKS7z6lQ+9tORe+1Y="></latexit>

�cont.
0 2 L2

1

<latexit sha1_base64="UFXrtSzPeuWQ4ZDx6vXjXZCkDZE="></latexit>

�(D +m)�cont.
0 2 L2

<latexit sha1_base64="FSrnUQHqfFZQJ1HxMvP52qJ12js="></latexit>

||f⇤
afa�

lat. � �lat.||2L2 < ca2||�lat.||2L2
1

<latexit sha1_base64="5hUJCTfHRhVdoeRTAjgs0VVRs7M="></latexit>

�cont. 2 L2
1

<latexit sha1_base64="GGB0yxyFBsAAxpFbFGqYVrdQFJ8="></latexit>

lim
a!0

faf
⇤
a�

cont.

<latexit sha1_base64="Uinmr4cId8KvB6AUfUceuqk/xcQ="></latexit>

lim
a!0

faf
⇤
a�

cont.
0 = �cont.

0

<latexit sha1_base64="TknqTxZdqhUgmv2XWQNeUIXpj20="></latexit>

�cont.
0 2 L2

1



What are the weak convergence and 
strong convergence?

The sequence     weakly converges to
when for arbitrary  

Note)                                                is weakly convergent. 

Strong convergence means

Rellich’s theorem:
            weak convergence =    convergence

<latexit sha1_base64="DPZzAVs0gqhLwQLqr4q4hUYLdBI="></latexit>

vj
<latexit sha1_base64="vaB6d1r06KYKrEihENC+IVaXJb4="></latexit>v1

<latexit sha1_base64="/gXzwqjGh0afTg32qJPgMMPbtPM="></latexit>

w
<latexit sha1_base64="ePfSrBceCnxv703Y2ZxZhdUcLiM="></latexit>

lim
j!1

h(vj � v1), wi = 0.

<latexit sha1_base64="p6n+xX85Z6vidK08SXSnJewyJbY="></latexit>

lim
j!1

(vj � v1)(x) ! lim
k!1

eikx

<latexit sha1_base64="kYHdS/hbEr6jb0tVRUn+ARc4TLA="></latexit>

lim
j!1

||vj � v1||2 = 0.

<latexit sha1_base64="NKT/NCwNjs2ey3gbIPd57QX+eZ4="></latexit>

L2
1

<latexit sha1_base64="9uljgjXN0H6LhoEKFAHg8jnn5Cc="></latexit>

L2


