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* Hamiltonian lattice gauge theory: Framework for quantum
simulation and tensor networks

* Gauge symmetry = redundancy in description - multiple possible
formulations possible/being considered for calculations

* For lattice QCD, a formulation must be adapted to SU(3) gauge fields
and 3+1 D

* Gauge-invariant formulations are expected to offer advantages (but
are not the only possibility)
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* Gauge singlets are associated with vertices, not links

* Trivalent (three legs) vertices: Minimal nontrivial setting for
understanding gauge singlets

* Natural in honeycomb discretization (2D)
* Combine to make higher effective valency
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* Derived from/based on Schwinger bosons (AKA

* Loop-string-hadron formulation of SU(2) Q%A%Q

prepotentials) T_—
* Elementary fields are strictly SU(2)-neutral " Frye. Rev. D 2620

* Local, with Abelian constraints

* Developed for D=1+1, 2+1, 3+1, with or without staggered
fermions

* Hamiltonian is equivalent to Kogut-Susskind
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https://arxiv.org/abs/1912.06133

* Elementary building block of Yang-Mills theory 9
is trivalent vertex

* Four- and six-leg vertices achieved by “point . @ L =
splitting”
* Trivalent vertex is completely understood 2
(orthonormal basis, and operator matrix
elements)

(L150)2(L£357) > (L£3,)™
V012102351 (012 + lo3 + f31 + 1)!

[l12, a3, 031) =
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L5 010, o3, 31) = \/(£12 + 1)(£19 + Loz + £31 + 2) |12 + 1, £a3, £31)
L5 019, 023, 31) = —+/ (€31 + 1)lag |l12, lo3 — 1,031 + 1)
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SU(2): Arbitrary irrep j constructible by tensor- T
producting enough spin-1/2's - One doublet 4 = (0’1)
to construct all |j,m> states

In SU(3): Arbitrary irrep (P,Q) constructible by tensor
products of one 3and one 3* » ( a;{ ) . ( pil )

s bi2

al pr

Ex: 3 |170>a — CLL |Q>
Ex: 3% [0,1)7=0"|0)
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e Ex: 8 al b’ Q) € (1,1)7 Nol.3x3*=8d1  alb'™|Q) € (0,0)
To be irreducible, the rep should be traceless
1
1,17 = al b Q) — §5§aT by, el b =albh

* One can generalize solution to all states/irreps, but
hopeless to work with directly

Anishetty, Mathur, & Raychowdhury,

* Solution: “irreducible Schwinger bosons” J. Math. Phys. 50, 053503 (2009)
! | 1 1Y8 = AT Bt6
P =gl — t.pt With ISBs: |1,1) = Al B'" |Q
Al =al P—I—Q—l—l(a b )ba, p=gf ith ISBs: [1,1),, €2)
1 _ . .
ta _ pfo bopty e Q=0b"-0
B =p P+Q+1(a bHa®. All irrep states have this

‘monomial’ form
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http://dx.doi.org/10.1063/1.3122666

Irreducible Schwinger bosons
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* Using ISBs, a direct generalization

of 1+1 D follows [BT(1) - AT(1)]"e —
* Analytic understanding is on par

with SU(2) theory

Kadam, Raychowdhury, & JRS np,ng) X |np,ng;0,0,0) —
Phys. Rev. D (2023) wT-BT(l) np,ng) < |np,ng;0,0,1) —
Y- BY(1) |np,ng) « |np,ng;1,0,0) —

Y- AT(1) A AT(1) Inp,ng) o |np,ng;0,1,0) —
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https://arxiv.org/abs/2212.04490

. SU(3)
* Creation operators are constructed analogously T
. ope . . Ll 1 i Lo,
e SU(3) admits trilinear excitations L}, L
T >
L= A WB@) L = AL@)Be() b 1
L, = AL@B@3) L= ALE)BE) ‘o
Lk, = AL(3)B™ (1) Liz = AL(1)B"(3) 27
Th = P41 (1)Af(2) AL (3) Tl = cap, B (1)B(2)B7(3)  *

Ti'0), t>0

1012 a3 313 021 32 013;t)) = LSHL;;QSL;JKSIL&MLgQESQLigw g {T]_Tgt 0y, t<O

KIJ S {07 17 27 37 }7
te{0, £1, £2, +3, ...}
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* Problem: { /12, 23, 51, |21, I52, I3, t } not always “good” quantum
numbers

* Interesting things happen in sector pq¢ = (p1,q1,p2,42,p3,93) = (1,1,1,1,1,1)

B (H

TITLI0) = [f12 = lag = l31 = 1)) + |lo1 = U3z = l13 = 1))

* Irreps are insufficient to fully characterize a general state
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Littlewood-Richardson coefficients

>‘®M:€9d§\,uy

74

Ly
diy1),(1,1) = 2

For SU(2), Littlewood-Richardson coefficients (LRCs) are either 0 or 1
For SU(3), LRCs can be larger than 1 — Extra, seventh d.o.f.
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* When the LRC is equal to one, there is just one LSH state, and
no orthogonality problem

* Can sort such states into two inequivalent classes

ek

= |l1g = lo3 = o1 = U392 = 1) = [l19 = lo3 = lo1 = l13 = 1) = |19 = lo3 = {30 = l13 = 1)

Class I Class IIa Class IIb
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* Without overlap problem, it is known how to normalize the
states in closed form

Class I:

(Crg, by, byt g, tlrg, by, Lir, lrcy,t))
= %(KIJ + i+l +lg + |t’ + 2)£IJ!£JK!£JI!£KJ! ‘t|! (fjj +lrg+ ’t| + 1)! (KJK + 5+ |t‘ + 1)! )

Classes Ila:

(Crg, by, Lo brrc /1y, byrc, Lar, brkc,t))

B 1 (ro+lrx+lor+Lrx+t|42) i o Lo b [E]! (Crg+Lr e+t +1)! (Lo +L51+]E[+1)! (ZIJHJKHEJIMIKHHH)

I K
Lrg+eyr+Her+It|+1
2 ( e )
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* When LRC > 1, multiple LSH states exist in a sector, and fail to
be orthogonal (overlap matrices)

* Counting LSH states provides a way to evaluate SU(3) LRCs
* Normalization becomes much harder (still maybe possible)
* Orthogonal basis is even less obvious

p—(f — (17 17 15 15 1: 1):

111;000;0 3 3
( | (|111;000;0>>, |000;111;0>>): 16 56
((000;111;0] R
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* Gram-Schmidt always possible, but
* No insight into seventh d.o.f.
* Not analytically solvable

* Alternate solution: Define a “seventh Casimir” operator
* Should commutes with (p;,q))

* Hermitian with nondegenerate spectrum - Eigenbasis is
orthogonal

&0
* One choice: Specii1111 (Cr) = {07 3}7
COr = (TATr) TaATr. ( [#1)) 111111 )Z(l _1)( |111500050>>)_
r = (TaTs) TaTs S 11 ) jooosino))
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* Gram-Schmidt bases are the cheapest to generate
* Choice of seventh Casimir is not final

* Ideally: We find a seventh Casimir whose eigenstates can be
constructed analytically

* Ex: Some “ladder” operator applied to a reference state, like
with SU(2) irreps
* Looking at matrix elements of LSH operators in the different
bases
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* SU(3) gauge invariant basis can be constructed by direct
analogy with SU(2)

* One does not need any Clebsch-Gordon coefficients

* For certain choices of irreps, the states are on par with SU(2)
theory

* Subtleties arise for other choices of irreps
* Basis is linearly independent, but not orthogonal

* These states are the main obstacle to putting SU(3)
completely on par with SU(2)
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