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1. Motivation

. To compare experimental results written in the MS scheme with the lattice results
we need the relation between the MS and a regularization independent schemes.

- The gradient flow coupling independent on regularization.
R.Narayanan, H.Neuberger, JHEP03(2006)064, M. Liischer, JHEP08(2010)071

— |Important tool to connect lattice and continuum theory

- The gradient flow in Yang—Mills theory

¢ . flow time ( = energy scale )

» The flow equation in the continuum G,,(x.1) : Field strength B,(x. 1)
0 58
—B,)=-—— (=DG,x0).  B,x0) =4,

- The composite operator does not diverge at positive flow time.
M. Liischer, P.Weisz, JHEP02(2011)051.

- The operator composed with the flowed gauge field does not require
further renormalization and independent on regularization.

» We employ the gradient flow coupling for the renormalized coupling
>E(t) > Flow time ¢ and the energy density u

pt=p
Normalization factor : /()

2 () = /V-1<r)<

» To convert the lattice results to the results renormalized with the MS
scheme we need the relation 4,(u) < As(w).

H. Takei (Hiroshima Univ.) The 41st International Symposium on Lattice Field Theory 30 July 2024



1. Motivation

« The GF coupling
Flow time r and the energy density u

2
4 E(t) W2t =p

2,(1) = ¥7L(B)
Normalization factor : #(¢)
- The analytic relation between the GF coupling and the MS scheme coupling
for the SU(N) Yang—Mills theory in the large-N limit at two-loop level.

R. V. Harlander and T. Neumann, JHEP, vol. 2016, June 2016.

GF coupling : 4,(u) <  MS coupling : A¢(u) J. Artz, et. al., JHEP, vol. 2019, June 2019.
4 o 1 () = Ag(p) + e A1) + e () + - h
o\H) = A\ H 14s\H 2AS\H
» Coefficients e ¢, L(z) = In(22) + g » Beta function b, b,
1 1 /52 22 1 2-11
€ =EboL(P>+€1,0 » €10 = 1672 ( 9 + 3 1112—31n3> by = 1622 3
1 1 ’ 1 1 234
&= et (2bge o+ by) L(p) + <5b0L(p)> '+ €20= o2 27.978 b, = o 3

N

> We would like to extract the relation 4 (u) < A4(u) at more order for

the large-N Yang—Mills theory using the lattice perturbation theory.
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2. Strategy

- We employ the numerical stochastic perturbation theory(NSPT).

» The first Study of GF-NSPT is in [ Dalla Brida, M., Liischer, M. Eur. Phys. J. C 77,308 (2017) ] ( for SU(3) YM

: : . with SF B.C)).
- The GF-NSPT can evaluate the GF coupling with 4, at finite-N

ﬂp(lu) = /10 + 1’1(2\, N)/lg + 1’2(2\, N)/lg + 1’3(2‘\, N)ﬂg i : dimensionless flow time
— By taking the large-n limit we obtain 1 (1) = A, + r\(1); + ry(1)A; + r3(1)2

- Combining the Luscher—Weisz formula (i((x) < 4,) in the large-N with NSPT,

1
) 5 . ci(ua) = by In(ua) + &, &y = 0.1699559992
AS(IM) — 10 + Cl(/xla)io + Cz(//la)ﬁo + .- Wlth
c,(na) = cl(/,[a)z — by In(pa) + ks k3 =0.00791012

we obtain the relation 4 (u) < As(w),

MS coupling : ()

Harlander, et al. - L.-W. formula

This work

GF coupling : A, () Lattice bare coupling: 4,
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2. Strategy ~ Twisted Eguchi—Kawai model ~

- Twisted Eguchi—Kawai (TEK) model : The matrix model on one-site lattice with
twisted boundary condition. A. Gonzélez-Arroyo, M. Okawa, Phys. Lett. B 120 (1983) 174.

- In the large-nN limit the trace of the closed loop operator W[U]

N—- o

(W[U]);g for TEK model —  (W[U]) for SU(N) Yang—Mills theory

- TEK model is economical model to study the large-~N SU(N) Yang—Mills theory.
Only d link variables: U, (p=1,---,d)

U

/" . Partition function . Action  Inverse 't Hooft coupling : b= i =+
4 4
— [HdUMe_STEK[U] SteclU] = Nb Z Tr [1 -2, UUU] Uj]
u=1 pu,v=1
9 - Effective volume : V = (aL)* = (ay/N)* = a*N? )

- The space-time information is included in the twist eater T,

: : 2rik
FMFD = ZI/,MFI/F,M with the twist factor : z,, = exp [ N eﬂy] k : coprime with 1/N

= In the NSPT we perturbatively expand U, around the classical vacuum U =T,
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2. Strategy -~ The gradient flow with NSPT ~

« NSPT : Numerical Stochastic Perturbation Theory

» NSPT numerically evaluates the perturbative coefficients for an observable without
Feynman diagram => NSPT allows us to reach higher-order F. DiRenzoetal. Nucl. Phys. B 426.3(1994)

» It can be implemented by expanding the field and the action in terms of a coupling constant

and integrating hierarchical stochastic differential equation. angevined. -
Molecular dynamics (MD) eq.

We expanded the link variable as U, = Y 22U%  (The vacuum : U%(7) =T)
k=0
» We use the HMD-based NSPT for TEK model in [A. Gonzédlez-Arroyo, et al. JHEP 127(2019)].

- The gradient flow with NSPT

/ . Hierarchical GF equation - Force for TEK model I
iAV(k)(x, f)=— l (F [V]* V (x, ;)>(k), FOPU = (S;[k) _ Spgkw) _%Tr (Sp(tk) _ S;lk)T>
dt 2\ F K ®)
V(F = 0)® = y® S = [Uﬂ * % (U, % U} % U] - U] % U] & U>]
\ V,(1)® : the coefficient of the flowed link variable *-symbol : convolutional product /

» We flow the perturbative configuration generated from NSPT.

Hierarchical flow o) n oo .
L Ui = L N} e V00, VD 1= L N |

= \We evaluate the coefficients of the GF coupling as the stochastic mean

<0[V; f]> — Z 2k <0(k)[V//(tO)(f)’ e, V(k)(f)]>, <0(k)[v(0), e, V//(tk)]>
k=0

sample

Y 0V, -o., V)

sample i=1
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2. Strategy

- The GF-NSPT can evaluate the GF coupling with 4, at finite-N
ﬂp(,u) = Ay + 7‘1(?, N)ﬁg + 1’2(2‘\, N)ﬂg -+ r3(f, N)ﬂg 7 : dimensionless flow time
— By taking the large-n limit we obtain 1 (1) = A, + r(1)A; + ry(1)A; + r3(1)2
MS coupling : A(u)

Harlander, et al. L.-W. formula

This work

GF coupling : 4,(u) Lattice bare coupling: 4,

« Combining the two relations ( L.-W. formula and Harlander et al. result) we
obtain the analytical coefficients for /, < 4, at two-loop level in the continuum.

(o 2(u) = Ao+ ry(DAZ + ry(D)AS + - )
with  r(f) = b, <1n\/2_2 + ;/E) +f, (1) = ()2 + b, <ln 27 + yE> +f
1 2-11 | 2-34
o b= Jem s and fi=021786205 b= o and ;= 00067371

* From the flow time dependence (running behavior) of /() < 1, we want to
extract the beta function b,, and the constants f, , (= consistency check
the ANA. and NSPT for 4 (u) < A4(w).
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3. Result ~ The parameters ~

- The parameter of the GF-NSPT simulation
» k&, SU(N) TEK model
- We employ the three matrix sizes N = 289, 441, 529 (L* = 173 217, 23%).

- In order to take the smooth large-N limit we have to keep
the phase 0 = 2JZ'|];|/\/N A. Gonzéilez-Arroyo, M. Okawa, JHEP 07(2010) 043.

( kk = 1, (mod \/N) ) L N k |kl 6=|k|/L T Nyp Statics

17 289 &5 7 0.41176 1.0 32 5931
21 441 13 8 0.38099 1.0 32 3790

» HMD-based NSPT 23 529 7 10 043479 1.0 32 2600

Fix the phase parameter 0 ~ 0.40.

- We use the HMD-based NSPT for TEK The parameters for the NSPT and TEK model

model in [A. Gonzélez-Arroyo, et al. JHEP 127(2019)].

> Integration for the GF eaq.
- We use Luscher’s scheme with € = 0.01

as the numerical integration method.
The integration error is O(e?).

e = 0.01 is sufficiently small compared
to the statistical error.
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3. Result -~ The flow time dependence ~

- The flow time dependence of the GF coupling
» We extrapolate the finite-N (289,441,529) results to large-N (Red crosses).
A () = Ao+ r(DAG + 1y (DA
» The analytical result (black dashed line) in the continuum.
- The deviation between the GF-NSPT and the continuum result
» At large 1 the effect of a finite volume becomes large : 6(:/V)
= \We need N > 600 to suppress the correction under 10% at 7 =7.0 | ( From the tree-level analysis )

» At small 7 the effect of a lattice artifact becomes large : 6(a?/1)
= \\Ve can control the lattice artifact at small 7 .

One-loop coefficient r(7) Two-loop coefficient ry(7)

0.105

-

finite volume 6@/V)

X Bootstrap Mean & Error

0.29 L~
ﬁﬁﬁﬁ 0.090 i
S 0.28 w
E‘ e0.085 .
0.27 0.080 -
0.26 0.075 -
/
[ ] = 2 . . —
0.25 lattice artifact 6(a”/1) .07 5 Z— Ana () =52 - B1(log(V28) + yer2) +
/ ¥ Bootstrap Mean & Error
|
| . | | ! 0.065 1 . . . .
2 4 6, 8 10 2 4 6, 8 10
Flow time t Flow time t
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3. Result -~ The flow time dependence ~

. The flow time dependence of the one-loop coefficient r,(7)
» Highly correlated data (Chi-square worse diverge)— Use the Cut-off chi-square [arXiv:1101.2248]

» We correlated fit the NSPT results with £(7), g(¢) in two regions 7 € [2.1,6.3] and [0.9,6.3].
A, lattice artifact term

f(t) =B, <10g(\/2_f) n @> +F, g =8B, <log(\/2_f) n @) + F+ —2
2 2 t O(a?/t)

> The one-loop result well reproduces the beta function 5, and the coefficient f;.

@ Fitin 7 €[2.1,6.3] @ Fit in 7 €10.9,6.3] (include small 7)
- The large lattice artifact

- 0(a?/1) is sufficiently under control

- The small lattice artifact

- Small error (compare with (D)

Fit function K By F Ap X2 /Naof Fit function K By I3 Ap X% /Ngot
{Analytical Value 0.046439 0.217862 — — J ANA. (Analytical Value  0.046439 0.217862 - — )
f(x) 10719 0.04315(222) 0.22466(139) - 12.3 f(x) 1078 0.03762(144) 0.22959(60) - 3.2
g(x) 10710 0.04349(748) 0.22419(1009) 0.00030(634) 12.1 g() 1077 0.04725(349) 0.21778(337) 0.00577(139) 4.2

0.29 4

<0.27 - <E0.27
' ,/’ <
’
0.26 »Z 0.26 {,
/7 . - { . -
// = = ANA. : r(t) =Bo(log V2t + ye/2)+ 1 / == ANA.: r(t) =Bo(log V2t +ye/2)+ 1
0251 4 — Fit with f(x) 025 1% # —— Fit with f(x)
// —— Fit with g(x) ,/ —— Fit with g(x)
¥ Bootstrap Mean & Error ¥ Bootstrap Mean & Error
0.24 L ; ; ; . . Flow time 7 0.24 j - - ] . : Flow time ¢

1 2 3 4
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3. Result -~ The flow time dependence ~

. The flow time dependence of the two-loop coefficient ()

> The analytical form of r,y(7) is Fit function Method k B Fs X*/Naot
A . R Analytical Value 0.00090897  0.00673711 -
(t) =n()y+ by InVar+== | +/, (@) Diag. — 0.00222(444) 0.00556(240) 0.04

The flow time dependence of ry(t) — ri(t)? at the large-N.

» We fit r,(7) — ry(7)* with
£(?) = B, <log(\/2_f) + %) +F,

» The order is consistent with the
continuum one.

0.012 A

0.010 A

0.008 A

t) — r1(t)>

» The large error & poor fit result.

"N0.006 -
= Need more large N result |
and stochastic samples 0004 L == ANA.: rp(f) — (D7 = Ballog V2E + ye/2) + 5 L
) . — Fitting by f(x)
The large-N factorization reduces ¥ Bootstrap Mean & Error
the sample size at large-N. 1.0 15 2.0 2.5 3.0 3.5 4.0
o _ 5 Flow time : t
» The large-N factorization is (0,0,) = (0,){(O,) + O(N~7). Fit in 7 €[0.9.4.2]

» We confirm the factorization with the variance of the coefficient,
Var(0) = (0% — (0)? 123 ¢

* |s there large-nN factorization of the coefficient at positive flow time 7 ?
We check the variance of r () —
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3. Result -~ The large-N factorization ~

- The variance of coefficients Var (r(7)) tree-level : Var (M) one-loop : Var (%))
Fit : f(x) = Ao + Ayx 0% Fit : f(x) = Ao + Ayx
» The tree-level is consistent with ANA.. S T A I2i5e 030 7306+ 01) /I/ . 42258176+ 03(1 0326 + 02) /
0.025 1 A A.N,.A. 0.035 4 Finite-N: N =[289, 441, 529]
A / R 3(N2 o 1) Ve - % E;nrltz—_l,\\llz: I;I.:G[ijia_,g;l(léi?;?i]e_o‘” oo “® Large-N: 6.064e — 03(6.307¢ — 04)
= —_— 414* 0 < 0.0201 9 =
Var(EW(t))ltree = 2N4 e q S 2N4 O 50015 T:";'0.025
q > > 0.020
» We confirm the large-nN factorization at .l
positive flow time from tree-level analysis. B e —
' ' Matrix rank : 1/N2 T le-s ' ' Matrix rank : 1/N2 " le-s
» The variance is reduced with N. two-loop : Var (ry(1)) three-loop : Var (r;(7))
The large-N variance is small e oy /1/ o] R e /1/
"1 5 e e (260,401, 520) o] B ke N Ne 1260,401,520)
bUt does nOt becomes ZEROI _ | % Elanrlge-N.:2.15[229—’02(1’.5;0932—03) _ . | % Large-N; 8.70[3e851’02(7l.§13]e—03)
The finite volume effect grow with the flow time. ¢ Zous)
6(*/N*) become large . 7 o]
= \We can not see the zero variance at large-N
from simple linear extrapolation with 1/N2. do oz oh os  on o to 1z o or dp o ve op w0 a2
- The estimation of sample size The variance Var (r(?)). (i = 0,1,2.3) at = 6.0 v.s. volume 1/N?
> We can estimate N, at large N from
Var(O(} o) 2 Coeff. Var(7:)| v oo
Ny = o) ( - > | ro(f = 6.0) (3.36(0.46) x 102}
(o))" \[291) |/ Relative error r(f = 6.0) | 6.06(0.63) x 10~3 | Non-zero
A. Gonzdlez-Arroyo, et. al, Modern Physics A Vol. 37, No. 36 (2022). ro(f = 6.0) | 2.15(0.19) x 102 | value !
> Nyample With relative error 1% at 7 =7.0, N = 729. rs(t = 6.0) { 8.70(0.73) x 1072
one-loop Ngampie = 600 The simple linear extrapolation of Var (r(7))
_ at 7 = 6.0, assuming 1/N? dependence.
two-loop 1 Nyyppre = 15200
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4. Conclusion

-« We compute the coefficients of the GF coupling by using the NSPT for
TEK model and analyze the running behavior (flow time dependence).

> The one-loop result is consistent with continuum result.

> The two-loop result has the consistency with ANA. but has the large
statistical error.

We need more large matrix size N and statistical samples.

= Reduce the finite volume effect
* We confirm the large-nN factorization at finite flow time at tree-level result.
* The large-N factorization exist at positive flow time.

* Our finite N results does not reproduce zero variance at large-N from
simple linear extrapolation 1/N%.

» The reason is that the finite volume effect grows with 7. (Large 6(*/N*) term)

* Future work
» We will compute the GF coupling with more large N.

> We want to relate GF coupling to an other renormalized coupling by
using only NSPT calculation.
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Thank you !
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Backup : HMD based NSPT for TEK model

- NSPT for TEK model

> We generate the perturbative configuration with the HMD based NSPT
Dalla Brida, M., Liischer, M. Eur. Phys. J. C 77,308 (2017)

» We use the HMD-based NSPT for TEK model in [A. Gonzélez-Arroyo, et al. JHEP 127(2019)].

The expanded link variable : U, = Zﬂk/sz,") (The vacuum : U =T)
k=0

Hierarchy molecular dynamics equation for TEK model

du; © ® w0 _ gt _ L (g _ gt
— =z(P”*UM> FOIUY = (809 = S07) = Tr (S0 - 507)
dpP® © Perturbation order : k
dﬂ = F/Sk)[U] S0 =U,* ) (Uv * Uyx U= U x Uy % Uu) *-symbol : convolutional product
T iz

» We accumulate the perturbative configuration by integrating MD eq.

0 k .
{(U/E,i)’ e, U/,(l,i), )i = 1""’Nsample}

» The coefficient of the expectation value are evaluate as the stochastic mean

00 N,
(O[U]) =~ Zlk<0(k)[U(O)’ U/Sk)]>, <0(k)[U(O)’ U/Sk)]> _

sample

Z oOW[UO, ... b
i’ * M

sample ;_;
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Backup : Numerical integration for GF eq.

- Integration for the GF eaq.

» We test the three integration
method on single configuration for
k=17, SU(529) TEK model.

Euler method : 6(e)
3-s. Crouch—Grossman method : 6(e?)
LUscher’s scheme : 6(¢?)

= All order coefficients have the same
scaling for the finite step size e.

» ¢ < 0.5 sufficiently small.

» We use Luscher’s scheme with ¢ = 0.01.

Coefficient: rz(f, N) Coefficient: rl(f, N)

Coefficient: r3(f, N)

0.5104

Integration accuracy: rl(f= 9.00, N =529)

(Right Figures are without Euler method)

.__-___.__._____..,_......5—.—_—.—_—.—_-.—_-..-_':"_".‘_'.!
0.5102{ ®-.
Q. —
=
L o
0.5100 - .
o
. c
K]
[v]
0.5098 - 9. £
9]
(o]
-@:-- Euler method ©
0.5096 1 -F- 3s Crouch--Grossman method -
—A— Luscher scheme .
10 20 30 40 50
finite step size: ! x 103
Integration accuracy: rz(f= 9.00, N =529)
01705 m-—— W —————— | I
Q.
017001  ®.
"o, z
. <t;:
0.1695 - <
€
. L
.. o
0.16901 £
o]
@ Euler method ©
0.16851 ~IE- 3s Crouch--Grossman method
—A— Luscher scheme
10 20 30 40 50
finite step size: e! x 103
Integration accuracy: r3(f= 9.00, N =529)
—04201 .@. Euler method 9
—0.421 1 -l- 3s Crouch--Grossman method ’
' —— Luscher scheme
—0.422 <f‘
% 2 T
—0.423 1 = o
C
@
—0.4241 e
& 3
—0.425 1 o ©
—0.426 L
- B |
10 20 30 40 50

finite step size: €1 x 103

Integration accuracy: r1(f= 9.00, N =529)
le—5+4+5.103e-1

6.0 1 - 3s Crouch--Grossman method /'.
554 —A— Luscher scheme //’
5.0 e
4.5 Seaih
4.0 e
3.5 e A
3.01 m e
2.5 ,,/_ SR
2-0< T . T T T T T T
0 2 4 6 8 10 12
finite step size: €3 x 10°
Integration accuracy: r;(t=9.00, N =529)
le—5+1.704e-1
6.2 “Hb- 3s Crouch--Grossman method /'.
| —A— Luscher scheme ,,/’
6.0 e
5.8 L
5.6 e
5.4 1 g A
5.2 7 e
5.01 L
P
4.8 1 -',-/"
0 2 4 6 8 10 12
finite step size: €3 x 10°
Integration accuracy: r3(t=9.00, N =529)
—0.42644 1 -
\\\;?."\'\
~0.42646 BT
N '\.\.\'\.
-0.42648 N A
—0.42650 1 >
-lk- 3s Crouch--Grossman method
—0.426521 o Luscher scheme \\.

0 2 4 6 8 10 12
finite step size: €3 x 10°

The scaling test for three method on a single
configuration at k =7, SU(529) TEK model.

H. Takei (Hiroshima Univ.) The 41st International Symposium on Lattice Field Theory 30 July 2024



Backup : Asymptotic form of E(7)

2E(f)

Flow time dependence of the energy density

. The energy density E, (1) "

= Continuum
~ | ~ ~ A At 0.004 - —— Large-N: 3£ e-16E/(47)3
Ey(}) = Tr (1 — 2 VDDV ) — -t
— L=17
. A ~ 0.003 + — L=21
» The tree-level solution of 72E/(f) / | — oz
4 0.002 - e
~ A ~) / ~2 0] 22
t“Ey(t) 3t ~o 3t ) 3t
AN - =2t~ — —__,—161 2 ” o
~ e e | 4h) +2 A FAD| -0 .
tree 4q k=1
» Asymptotic form in the large flow time B S R S ST —
F 4 Flow time : ¢
3 N it _ 30 e I(‘”)”i 1 ( 2ef> 372 Time slice at
~ —2 = — 0 —_ —2 R
N 2 =1 \[22k /N \KVN 2N A f =3,6,9,12. )
ged) I = 30 density at £ = 3.00 EED  Tree-level coff. of I = 60
» |Nn the Iarge—N R == e — ] o e— -
3 1 3 fz 0.0020 1 0.0020 1 ’\‘\‘\‘_\
lad 1 + N + M B 0.0015 A 0.0015 1
12872 8t 2N?2
(In continuum 3/128x2) S S
—A— Finite Vol. L=(8, 10, 17, 21, 23, 31) —A— Finite Vol. L=(8, 10, 17, 21, 23, 31)
» The finite volume effect grow with flow time. T e U et et
%ZSTree—levelcoﬁ. of the ener t — 9,0 %ZZSTree—Ievel coff. of tI t — 12,0
W ti O(*/IN* | |
=) e Can no Ignore (l ) - \\\\ s00m0.
The simple linear extrapolation [ R
0.0005 1 —e— Large-N:%Eze‘wflo(ﬂ')4 0.0005 1 —— Large—N:%Eze‘leglomf)“
Wl-th f(N) — AO +A1/N2 IS dl-ﬁ:lcult_> o006 —A— Finite Vol. L=(8, 10, 17, 21, 23, 31) o00s —A— Finite Vol. L=(8, 10, 17, 21, 23, 31)

00 02 04 06 08 10 12 14
Matrix Rank 1/N2 e
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Backup : Asymptotic form of Var(7°E(7))

les Variance of EQ(t) at t = 0.00 le—10 Variance of E{Y(t) at t = 3.00

ANA.

ANA.
1+ A L=[17. 21. 23. 30. 40. 45. 50. 55.]

1T A L=[17. 21. 23. 30. 40. 45. 50. 55.]

. The variance of E,(7) at tree-level

Var(Ey()) = (Ey(1)?) — (Ey(D)’ B

» The tree-level solution of the variance

/

V (E (A)) 3 4?@2 0'000.0 0.2 0.4 Mat .0j6_ . 1()};3\/2 1.0 1721 X 00.0 0:2 0:4 Mat 06 . 10//32 1:0 112 .
ar W l- | — e - atrix size : e— atrix size : e—
tree 4
2N q le—11 Variance of E{})(f) at t = 6.00 L les11 Variance of E{J'(f) at = 9.00
81 ANA. '
- - - A = |
» There is the large-N factorization LS LT 3020.45. 90 5
- . 6 1.21
at positive flow time . 10
v, Yos-
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