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Motivation and background reading  
1961  REGGE "General Relativity without Coordinates"
1974  WILSON  "Confinement of Quarks" LATTICE QCD
1984  T D LEE et al " Lattice Gravity Near the Continuum" 
1997  MALDACENA "Wyle transform to CFT at AdS Boundary"
...............
 2022-24  2d Ising Solution  on the Affine Plane & Sphere

What is the Affine Conjecture?
• "The affine map between Regge's la=ce geometry 

and the la=ce couplings on each tangent provides an 
exact  general soluBon to la=ce field theory on  
smooth Euclidean manifolds in the conBnuum"



Tangent Plane

Icosahedral Plane

Spherical Surface
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Spherical Center

Equilateral Triangle  Plane 

Affine Projected Triangle 

To O(a^2) the tangent plane is an Affine lattice on each tangent plane.



 David Hilbert  Mathematician, Physicist, Philosopher*       

*Author of Geometry and the Imagination

"The art of doing mathematics consists 

 finding that special case which contains

 all the germs of generality."



Classical Field Geometry
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How to put Quantum  Fields  on a Lattice? 
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REGGE:  Piecewise linear metric FEM:  Piecewise linear fields 

(M, gµ⌫(x)) $ (M�, g� = {lij})

σ0σ0

σ0*σ0*
σ2σ2

σ1∧σ1*σ1∧σ1* σ1*σ1*

σ1σ1

Classical Gravity and Fields are piecewise elements on SAME simplicial graphs!

Classical Gravitation Metric Manifold Classical Fields: PDEs 

Only Geometry as invariant Llength 
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ds2 = gµ⌫(x)dxµdx⌫
Only dimensionless fields and couplings 
plus FEM Discrete Exterior Calc map.



REGGE'S MANIFOLD : 
“General Relativity without Coordinates”  1960
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dim = D -2
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IR: Wilson-Fisher FP
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Scalar Phi4/Ising Model 
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Quantum Physic:
Ising Model on the flat Affine Plane
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Affine: In 2d flat space 
Square to general triangle



Affine extension of Poincare group:

11
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• d = 2 Poincare:   1 rotaBon 2 translaBon  

• d = 2 constant metric-  3 parameters: 1 major/minor +  1 orientaBon  + 1 scaling  

• General Poincare d(d+1)/2  plus  d(d+1)/2 the number of edge in d-simplex - local metric 
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Unit equilateral General simplex/mod Poincare
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Map of Reggi's Geometry to Lattice Coupling

• Exact Ising Quantum Map:  
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2K1 = `⇤1/`1 , 2K2 = `⇤2/`2 , 2K3 = `⇤3/`3 .
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• Free (FEM) scalar CFT.
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p1p2 + p2p3 + p3p1 = 1 with pi = exp(�2Ki)implies critical surface: 

• Phi 4th Map? 
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 Calculation Modular dependent on the torus
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First Attempt (with good results) on refined octahedron
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L = 8

l = 0 (A),1 (T1) , 2 (H) are  irreducible 120 Icosahedral subgroup of O(3)

<latexit sha1_base64="3EV7mp+/2CigoEQtd11RYV+vLzY="></latexit>

F = N4 = 20L2 and dof: 2N = 4 + 20L2<latexit sha1_base64="F84htEf22u8wVGsWn9sa2K+N4sE=">AAAB+nicbVDLSgNBEJyNrxhfGz16aUwEQQy7OUQvQlAUTxLBPCBZwuxkNhky+2BmVglrPsWLB0W8+iXe/BsnyR40saChqOqmu8uNOJPKsr6NzNLyyupadj23sbm1vWPmdxsyjAWhdRLyULRcLClnAa0rpjhtRYJi3+W06Q4vJ37zgQrJwuBejSLq+LgfMI8RrLTUNfPFWziBaziGKziHchGgaxaskjUFLBI7JQWUotY1vzq9kMQ+DRThWMq2bUXKSbBQjHA6znViSSNMhrhP25oG2KfSSaanj+FQKz3wQqErUDBVf08k2Jdy5Lu608dqIOe9ifif146Vd+YkLIhiRQMyW+TFHFQIkxygxwQlio80wUQwfSuQARaYKJ1WTodgz7+8SBrlkl0pVe7KhepFGkcW7aMDdIRsdIqq6AbVUB0R9Iie0St6M56MF+Pd+Ji1Zox0Zg/9gfH5A3rpkEY=</latexit>

N � F + E = 2



Tangent Plane

Icosahedral Plane

Spherical Surface

<latexit sha1_base64="tn0RTrvlug6bj4Bm6UOMCuvRsuw="></latexit>

~r1
<latexit sha1_base64="fnj3Fupdv1CA+JLuFD2PHDyX81w="></latexit>

~r2

<latexit sha1_base64="8B4NNGnT1RyhxuDTA38HbIN/F1w="></latexit>

~r3

<latexit sha1_base64="W16fTT31o9XKFclWob27WK1JlxA="></latexit>

✓

Spherical Center

Equilateral Triangle  Plane 

Affine Projected Triangle 

To O(a^2) the tangent plane is an Affine lattice on each tangent plane.



"SMOOTH" SCALAR CURVATURE ON  SPHERE

<latexit sha1_base64="t2Uu2pFx46Q6Y5F+1gY3siFsRqQ="></latexit>

|�n ^ �⇤
n| =

(D � n)!n!

D!
|�n||�⇤

n|Generalize:  Hinge D-2 Volume   to closest hybrid to Hinge  

<latexit sha1_base64="g6Wrw+yv4QyU7nthsypMBeS0fWw="></latexit>

V
D�2
h ✏h =

X

f

✏f,f+1 =
D(D � 1)

2

VD�2A
⇤
h

⇢2
[1 +O(`2/⇢2)]

(See 1984 T D LEE et al " Lattice Gravity Near the Continuum" )

b

a
<latexit sha1_base64="WvGSt3jfpT0cd/hpAS9bW6Ywj8I=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/YLiWbZtvQbBKSrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ302KPKMC5FX/XLFb/qz4FWSZCTCuRo9MtfvYEkaUKFJRwb0w18ZcMMa8sIp9NSLzVUYTLGQ9p1VOCEmjCbXzxFZ04ZoFhqV8Kiufp7IsOJMZMkcp0JtiOz7M3E/7xuauPrMGNCpZYKslgUpxxZiWbvowHTlFg+cQQTzdytiIywxsS6kEouhGD55VXSuqgGtWrt/rJSv8njKMIJnMI5BHAFdbiDBjSBgIBneIU3z3gv3rv3sWgtePnMMfyB9/kD2x+RDg==</latexit>✏p

<latexit sha1_base64="4pvc3yzKdGKB2suIxY3DACHYZh0="></latexit>

✏ab = ✓
sphere
ab � ✓

flat
ab =

aa
⇤ + bb

⇤

2⇢2
[1 +O(`2/⇢2)]

<latexit sha1_base64="eajR7/yeBscGXOfXjgxJu824zGI="></latexit>

✏h =
X

i

✏i,i+1 =
A

⇤
h

⇢2
[1 +O(`2/⇢2)]

<latexit sha1_base64="/x5jrga2hFDjaaO4rfiC2zYTFK0=">AAAB9HicbVDLSgNBEOz1GRMfMR69DEYhp7DrIXqSgBePEcwDkiXMTmaTIbMz68xsICzxC7yL4EERr36MN//GyeOgiQUNRVU33V1BzJk2rvvtrK1vbG5tZ3ayud29/YP8YaGhZaIIrRPJpWoFWFPOBK0bZjhtxYriKOC0GQyvp35zRJVmUtyZcUz9CPcFCxnBxkp+h8aacSm6KQ4m3XzRLbszoFXiLUixWnh+fCid5mrd/FenJ0kSUWEIx1q3PTc2foqVYYTTSbaTaBpjMsR92rZU4IhqP50dPUFnVumhUCpbwqCZ+nsixZHW4yiwnRE2A73sTcX/vHZiwks/ZSJODBVkvihMODISTRNAPaYoMXxsCSaK2VsRGWCFibE5ZW0I3vLLq6RxXvYq5cqtTeMK5sjAMZxACTy4gCrcQA3qQOAenuAV3pyR8+K8Ox/z1jVnMXMEf+B8/gBj0JS7</latexit>✏ab



Co-ordinate change gauge to smooth Scalar Curvature  
BUT till not right gauge/co-ordinate system



Area Optimization  to smooth scalar curvature
<latexit sha1_base64="1fZ5YJ2N/QYT5lLPq00akRYqsLs=">AAACInicbVDLSgMxFM3Ud31VXboJFqEuLDMiVRdC1Y0rUbRV6LRDJr1to5nMkGSEMsy3uPFX3LhQ1JXgx5i2Az4PBE7OOZfkHj/iTGnbfrdyY+MTk1PTM/nZufmFxcLScl2FsaRQoyEP5ZVPFHAmoKaZ5nAVSSCBz+HSvzka+Je3IBULxYXuR9AMSFewDqNEG8kr7J2XXODcS9h1uoH38Ukr2XRSV8WB52rJiOhywAetra9bKQt7haJdtofAf4mTkSLKcOoVXt12SOMAhKacKNVw7Eg3EyI1oxzSvBsriAi9IV1oGCpIAKqZDFdM8bpR2rgTSnOExkP1+0RCAqX6gW+SAdE99dsbiP95jVh3dpsJE1GsQdDRQ52YYx3iQV+4zSRQzfuGECqZ+SumPSIJ1abVvCnB+b3yX1LfKjuVcuVsu1g9zOqYRqtoDZWQg3ZQFR2jU1RDFN2hB/SEnq1769F6sd5G0ZyVzaygH7A+PgEvgqOB</latexit>

S(`ij) = N�1
X

4
A2

4(lij)

10 20 50 100 Refinement Level

5.×10-6

1.×10-5

5.×10-5

1.×10-4

5.×10-4

Var (Area)

y =
0.0325603

L1.9819

10 20 50 100 Refinement Level
1.×10-5

5.×10-5

1.×10-4

5.×10-4

0.001

Var (Dual Area)

y =
0.049635

L1.75515

<latexit sha1_base64="GaDsUzi4rWh96Vgb125AjHIEVZQ="></latexit>

4A(a, b, c)2 = (a+ b+ c)(�a+ b+ c)(a� b+ c)(a+ b� c)

= a2b2c2/R2
4

<latexit sha1_base64="bPEB+WhYI06wpHNi8MnvqhJdAoY="></latexit>

a2 = `212 = |~r1 � ~r2|2 = 2� 2~r1 · ~r2

<latexit sha1_base64="eGWGxLWXmxxyhwZyC6GuQqDslMM=">AAACDHicbVDLSgMxFM3UV62vqks3F4sgCGWmliqCUHTjQqSC1UKnlkwm04ZmJmOSEcvQD3Djr7hxoYhbP8Cdf2P6WPg6EDiccy4393gxZ0rb9qeVmZqemZ3LzucWFpeWV/Kra5dKJJLQOhFcyIaHFeUsonXNNKeNWFIcepxeeb3joX91S6ViIrrQ/Zi2QtyJWMAI1kZq5wtu6Im71BfBwQDcmwT7UIIzOIQy7EDJhtPrXTApu2iPAH+JMyEFNEGtnf9wfUGSkEaacKxU07Fj3Uqx1IxwOsi5iaIxJj3coU1DIxxS1UpHxwxgyyg+BEKaF2kYqd8nUhwq1Q89kwyx7qrf3lD8z2smOthvpSyKE00jMl4UJBy0gGEz4DNJieZ9QzCRzPwVSBdLTLTpL2dKcH6f/JdclopOpVg5LxeqR5M6smgDbaJt5KA9VEUnqIbqiKB79Iie0Yv1YD1Zr9bbOJqxJjPr6Aes9y+JQJgT</latexit>

dof: 2N = 4 + 20L3

Area Variance
Dual Area Variance



Smooth  Scalar Curvature Theorem

10 20 50 100Refinement Level

1.000

1.001

1.002

1.003

1.004

1.005

Ratio of Deficit Angle Over Dual Area

y = 1+
0.31698

L2

1984 T D LEE et al " Lattice Gravity Near the Continuum" 







WHAT’S NEXT?

• Precession tests and geometric analysis  of Affine map -- e.g. 
generalized Karsch coefficients and EM tensor.

• Test for 2d phi^4 theory.      

•  3d Ising model on        &   on 

• For 3d an 4d Gauge theories

• Put          and     lattice data structures   
into Grid (with Peter Boyle's help!)

• Develop general Affine Map  adaptive algorithm 
(aka Machine Learning) for Ricci flow gauge fixing of Co-ordinates. 

<latexit sha1_base64="oi6hhEHDfZDEgdK1q/Po7CYxpng=">AAACDHicbVDLSsNAFJ3UV42vqks3Q4tQH9TERXUjFN0IbirYBzQxTKaTdujkwcxECKEf4MaV/+HGhSJu/QB3/RsnbRfaemDgcM653LnHjRgV0jBGWm5hcWl5Jb+qr61vbG4VtneaIow5Jg0cspC3XSQIowFpSCoZaUecIN9lpOUOrjK/9UC4oGFwJ5OI2D7qBdSjGEklOYWSV75x6LFuMTXTRY5xAC+gRRi7P3ToSUYcqlJGxRgDzhNzSkq1onX0PKoldafwbXVDHPskkJghITqmEUk7RVxSzMhQt2JBIoQHqEc6igbIJ8JOx8cM4b5SutALuXqBhGP190SKfCES31VJH8m+mPUy8T+vE0vv3E5pEMWSBHiyyIsZlCHMmoFdygmWLFEEYU7VXyHuI46wVP3pqgRz9uR50jytmNVK9Va1cQkmyIM9UARlYIIzUAPXoA4aAINH8ALewLv2pL1qH9rnJJrTpjO74A+0rx977Jxh</latexit>

f(Ki,�0) = `⇤i /`i

<latexit sha1_base64="1suASx8VdRX607gr3rw2hfTdYg8=">AAAB8nicbVDLSsNAFJ3UV42vqks3g0VwVRKF6kYsunFZ0T4gjWUynbRDJ5kwcyOU0M9w40KRbv0P927Ev3H6WGjrgQuHc+7lnnuDRHANjvNt5ZaWV1bX8uv2xubW9k5hd6+uZaooq1EppGoGRDPBY1YDDoI1E8VIFAjWCPrXY7/xyJTmMr6HQcL8iHRjHnJKwEheKyLQCwJ893DaLhSdkjMBXiTujBQvP+yLZPRlV9uFz1ZH0jRiMVBBtPZcJwE/Iwo4FWxot1LNEkL7pMs8Q2MSMe1nk8hDfGSUDg6lMhUDnqi/JzISaT2IAtM5jqjnvbH4n+elEJ77GY+TFFhMp4vCVGCQeHw/7nDFKIiBIYQqbrJi2iOKUDBfss0T3PmTF0n9pOSWS+Vbp1i5QlPk0QE6RMfIRWeogm5QFdUQRRI9oRf0aoH1bL1Zo2lrzprN7KM/sN5/AN48k/4=</latexit>

S3
<latexit sha1_base64="u2sQ/Ed0MhITq0GX+5MBgnt+jYk=">AAAB8nicbVA9SwNBEJ2LX/H8ilraLAbBKtyliDZi0MYyovmA5Ax7m71kyd7esbsnhCM/w8ZCkbT+D3sb8d+4l6TQxAcDj/dmmDfjx5wp7TjfVm5ldW19I79pb23v7O4V9g8aKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSH15nffKRSsUjc61FMvRD3BQsYwdpI7U6I9cD30d1DuVsoOiVnCrRM3DkpXn7YF/Hky651C5+dXkSSkApNOFaq7Tqx9lIsNSOcju1OomiMyRD3adtQgUOqvHQaeYxOjNJDQSRNCY2m6u+JFIdKjULfdGYR1aKXif957UQH517KRJxoKshsUZBwpCOU3Y96TFKi+cgQTCQzWREZYImJNl+yzRPcxZOXSaNcciulyq1TrF7BDHk4gmM4BRfOoAo3UIM6EIjgCV7g1dLWs/VmTWatOWs+cwh/YL3/ANy4k/0=</latexit>

S2

<latexit sha1_base64="1suASx8VdRX607gr3rw2hfTdYg8=">AAAB8nicbVDLSsNAFJ3UV42vqks3g0VwVRKF6kYsunFZ0T4gjWUynbRDJ5kwcyOU0M9w40KRbv0P927Ev3H6WGjrgQuHc+7lnnuDRHANjvNt5ZaWV1bX8uv2xubW9k5hd6+uZaooq1EppGoGRDPBY1YDDoI1E8VIFAjWCPrXY7/xyJTmMr6HQcL8iHRjHnJKwEheKyLQCwJ893DaLhSdkjMBXiTujBQvP+yLZPRlV9uFz1ZH0jRiMVBBtPZcJwE/Iwo4FWxot1LNEkL7pMs8Q2MSMe1nk8hDfGSUDg6lMhUDnqi/JzISaT2IAtM5jqjnvbH4n+elEJ77GY+TFFhMp4vCVGCQeHw/7nDFKIiBIYQqbrJi2iOKUDBfss0T3PmTF0n9pOSWS+Vbp1i5QlPk0QE6RMfIRWeogm5QFdUQRRI9oRf0aoH1bL1Zo2lrzprN7KM/sN5/AN48k/4=</latexit>

S3
<latexit sha1_base64="O1VNYMhaarMz5iYs1H55VsVS/lU=">AAACBXicbVDLSsNAFJ3UV1tfUZe6GCyCq5IoVJdFNy7row9sYplMJ+3QySTMTMQSunHjN/gHbkQUces/uPNrdNJW0NYDFw7n3Mu993gRo1JZ1qeRmZmdm1/I5vKLS8srq+baek2GscCkikMWioaHJGGUk6qiipFGJAgKPEbqXu849evXREga8gvVj4gboA6nPsVIaallbjkBUl3Pg2fQUTQgEv4I51f7LbNgFa0h4DSxx6RQzkX3l083X5WW+eG0QxwHhCvMkJRN24qUmyChKGZkkHdiSSKEe6hDmppypBe6yfCLAdzRShv6odDFFRyqvycSFEjZDzzdmZ4oJ71U/M9rxso/dBPKo1gRjkeL/JhBFcI0EtimgmDF+pogLKi+FeIuEggrHVxeh2BPvjxNantFu1Qsneo0jsAIWbAJtsEusMEBKIMTUAFVgMEteADP4MW4Mx6NV+Nt1JoxxjMb4A+M928PhJtk</latexit>

R⇥ S3

<latexit sha1_base64="c3+rJnuPweM34rSjcwdTykBtwiQ=">AAACBXicbVDLSsNAFJ3UV1tfUZe6GCyCq5J0UV0W3bisjz6wiWUynbRDJ5MwMxFL6MaN3+AfuBFRxK3/4M6v0UlbQVsPXDiccy/33uNFjEplWZ9GZm5+YXEpm8svr6yurZsbm3UZxgKTGg5ZKJoekoRRTmqKKkaakSAo8BhpeP3j1G9cEyFpyC/UICJugLqc+hQjpaW2ueMESPU8D55BR9GASPgjnF+V2mbBKlojwFliT0ihkovuL59uvqpt88PphDgOCFeYISlbthUpN0FCUczIMO/EkkQI91GXtDTlSC90k9EXQ7inlQ70Q6GLKzhSf08kKJByEHi6Mz1RTnup+J/XipV/6CaUR7EiHI8X+TGDKoRpJLBDBcGKDTRBWFB9K8Q9JBBWOri8DsGefnmW1EtFu1wsn+o0jsAYWbANdsE+sMEBqIATUAU1gMEteADP4MW4Mx6NV+Nt3JoxJjNb4A+M928OAJtj</latexit>

R⇥ S2



<latexit sha1_base64="io6FRjdqE+wEefxK9IkWbPfrHJY=">AAAB7nicbVDLSgNBEOz1GeMr6lGRwSB4Crsi0WPQi8cEzAOSNcxOZpMhs7PDzKwQlhz9AC8eFPHqJ+Q7vPkN/oSTx0ETCxqKqm66uwLJmTau++UsLa+srq1nNrKbW9s7u7m9/ZqOE0VolcQ8Vo0Aa8qZoFXDDKcNqSiOAk7rQf9m7NcfqNIsFndmIKkf4a5gISPYWKnekj12f4HaubxbcCdAi8SbkXzpaFT5fjweldu5z1YnJklEhSEca930XGn8FCvDCKfDbCvRVGLSx13atFTgiGo/nZw7RKdW6aAwVraEQRP190SKI60HUWA7I2x6et4bi/95zcSEV37KhEwMFWS6KEw4MjEa/446TFFi+MASTBSztyLSwwoTYxPK2hC8+ZcXSe284BULxYpN4xqmyMAhnMAZeHAJJbiFMlSBQB+e4AVeHek8O2/O+7R1yZnNHMAfOB8/hnuSwQ==</latexit>

�4

<latexit sha1_base64="oi6hhEHDfZDEgdK1q/Po7CYxpng=">AAACDHicbVDLSsNAFJ3UV42vqks3Q4tQH9TERXUjFN0IbirYBzQxTKaTdujkwcxECKEf4MaV/+HGhSJu/QB3/RsnbRfaemDgcM653LnHjRgV0jBGWm5hcWl5Jb+qr61vbG4VtneaIow5Jg0cspC3XSQIowFpSCoZaUecIN9lpOUOrjK/9UC4oGFwJ5OI2D7qBdSjGEklOYWSV75x6LFuMTXTRY5xAC+gRRi7P3ToSUYcqlJGxRgDzhNzSkq1onX0PKoldafwbXVDHPskkJghITqmEUk7RVxSzMhQt2JBIoQHqEc6igbIJ8JOx8cM4b5SutALuXqBhGP190SKfCES31VJH8m+mPUy8T+vE0vv3E5pEMWSBHiyyIsZlCHMmoFdygmWLFEEYU7VXyHuI46wVP3pqgRz9uR50jytmNVK9Va1cQkmyIM9UARlYIIzUAPXoA4aAINH8ALewLv2pL1qH9rnJJrTpjO74A+0rx977Jxh</latexit>

f(Ki,�0) = `⇤i /`i

<latexit sha1_base64="sffQA7p69SL1LbQuOPM0RMp3CD8="></latexit>

f(Ki, 0) = Ki $ f(Ki,1) = sinh(2Ki)

<latexit sha1_base64="NlOZmkqhvZsfVUAcZdI1myZUyU4="></latexit>

S =
1

2

X

x

[Ki(�x+i � �x)
2 + �0(�

2
x � 1)2]

Find the  affine  map for  2D      

Preliminary



dual

4 triangle 8 triangle 20 triangle

600 tetra
16 tetra5 tetra

self dual

self dual

8 cubes 120 dedaca

6th self dual with 24 octahedrons Euler N - E + F - V = 0 https://en.wikipedia.org/wiki/Regular_4-polytope#

2D & 3D SIMPLCIAL PLATONIC SOLIDS 

https://en.wikipedia.org/wiki/Regular_4-polytope#


(2⇡ � 5ArcCos[1/3])/(2⇡) = 0.0204336

Aristotle’ s 2% Error!

3 Spheres and 4D Radial Simplicial Lattices

Fast Code Domains of   
Regular  3D Grids on  Refinement

The full symmetry group of the 600-cell is the Weyl group of H4. This is a group of order 14400. It consists of 7200 rotations and 7200 rotation-
reflections. The rotations form an invariant subgroup of the full symmetry group.

S3 =) R⇥ S3

600 cell: “Square of the icosahedron” —Symmetries  1440=  120 * 120 the 120 copies of icosahedron 
<latexit sha1_base64="uOupDos0VKrCQQHHImGxUNUk/P4="></latexit>

O(4) ⇠ SU(2)⇥ SU(2)

https://en.wikipedia.org/wiki/List_of_regular_polytopes_and_compounds#Five-dimensional_regular_polytopes_and_higher
https://en.wikipedia.org/wiki/Symmetry_group
https://en.wikipedia.org/wiki/Weyl_group
https://en.wikipedia.org/wiki/H4_(mathematics)
https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Rotation_(mathematics)
https://en.wikipedia.org/wiki/Invariant_subgroup


Continuous Time (aka Euclidian Hamiltonian) Cluster Monte Carlo*

*See:  1998:  H. Rieger, N. Kawashima  
Application of a continous time cluster algorithm to the Two-dimensional Random Quantum Ising Ferromagnet 

• A state space (real value decay times)


• B Poisson Decays: 


• C. Spatial Percolation 


• D. SW Flip clusters for new state A

Pretty Easy to Program with Connected Components Graph algorithms:  

Works  for 1 + d Radial Quantization (Sphere)   Ising/SUSY/Warped AdS etc

time
Spatial Graph

<latexit sha1_base64="02lTI2qAYUryYy64NJ/dcV0DNhc="></latexit>

S = �
X

t,i

K0
i st,ist+1,i �

X

hi,ji

K?
ijst,ist,i

<latexit sha1_base64="cnjOEQm4SLITQPOO13LTXA9uAog="></latexit>

H =
X

i

�i�
x
i +

X

hi,ji

eKij�
z
i �

z
j

<latexit sha1_base64="5fKCl9GYmGfGkxeU6+qDsSmzrsE="></latexit>

A�ne: at ! 0

<latexit sha1_base64="QRWVejJQGtSLUX2ioXSrIVEOnDU="></latexit>

P (t) = �e��t

<latexit sha1_base64="qBNf3ByoO9B0EZap1wv8417k3FI="></latexit>

Pij = 1� e�2�toverlap
eKij

<latexit sha1_base64="X8mVPQdP12AlEqefz+WEeERXhkM="></latexit>

Kij = at eKij , e�2atK
0
i = tanh(at�i)

<latexit sha1_base64="i+KP/vSGbGsh9ZMkYAi285qYRMQ="></latexit>

cosh(2atK
0
i ) cosh(at�i) = 1Duality:



THANKS -- 
See Y'all at 

George's Poster  

Matching Curved Lattices to Anisotropic Tangent 
Planes

George T. Fleming, Theory Division, Fermilab
with R. Brower (Boston U.) J. Lin (Carnegie-Mellon U.), N. Matsumoto (Boston U.)

Near-Conformal Field Theories

Radial Quantization

Beyond QFE: Affine Conjecture

Specific Goal for This Work

Generalized FCC Ising model
See Talk by R. Brower on Tues.

References for Further Reading
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• Strongly-coupled near-conformal field 
theories could be important for BSM 
physics.

• Example: composite Higgs boson 
!	~ $%%, &~ $%% .

• This implies a composite Yukawa 
mechanism to give mass to SM 
fermions: '!! "## 	 ̅&&

'"
• But, this also leads to flavor changing 

neutral currents '(&&)(&&)
'" which 

requires Λ > 1000	,-..
• So, composite Higgs theory must be 

strongly-coupled over a range of 0.1 – 
1000 TeV.

• Very hard to study on hypercubic flat 
torus.  See talks by A. Hasenfratz and 
O. Witzel on Friday.

• Eigenstates of Dilatation operator defined on 
surfaces of constant radius.

• Eigenstates labeled by angular momenta 
ℓ,1ℓ  due to rotational invariance.

• Dynamical dispersion relation (conformal):
Δ+,ℓ = Δ+,- + 	ℓ

• Correlations (conformal):
5 ℓ, 6, 6 ʹ =7

+
8(Δ+ , ℓ)	-/0#,ℓ 1/1 ʹ

• Near-conformal would modify integer spacing 
and t-dependence.

• Challenge: How to define action on irregular 
spherical lattice that has rotational symmetry 
in continuum limit?

Quantum Finite Elements
• Limited Solution: Finite Element Method 

(FEM) gives classically perfect action. QFE 
adds perturbative counterterms.

• Method worked for critical 3D ;2 theory but 
very slow convergence to continuum limit.

• Also, discovered a novel coupling to local 
curvature density, <=> ? ;3(?), which 
further slowed convergence ~	@(A-.25).

• Lesson 1: Adjust lattice so curvature density is 
uniform a la Regge calculus.

• Lesson 2: Need a better method to define 
lattice action which is closer to strongly 
coupled IR fixed point.

x,t1 x,t1 y,t2
λ + λ2

• Start with uniform simplicial graph on a 
refined regular (D+1)-polytope (e.g. 
Icosahedron or 600-cell)

• Project vertices to B6. Optimize vertex 
positions to uniform curvature density 
(Regge calculus) while preserving 
graph structure and isometries of 
polytope.

• Each D-simplex no longer has uniform 
edge lengths but still defines a 
“tangent” plane.

• Tesselate each tangent plane with an 
asymmetric simplicial honeycomb (C6 
root lattice) using edge lengths of 
associated D-simplex.

• Challenge: In the tangent plane, find 
the anisotropic bare lattice action that 
dynamically produces the desired 
ratios of edge lengths.

• That tangent plane action is the lattice 
action for the associated D-simplex on 
the B6.

• Proof of principle: critical Ising model 
on B3, E. Owen and R. Brower, 2023.

• Solve the critical D=3 Ising model on a 
general anisotropic face-centered cubic 
(FCC, aka C7root lattice).

• The isotropic FCC case has been 
solved many times: P.H.Lundow et al 
2009, U. Yu 2015.

• Under the affine conjecture, a general 
solution would enable critical Ising 
model calculations on discretized B7 
starting from 600-cell (higher-
dimensional icosahedron) and 
tessellating each regular tetrahedral 
cell with an FCC lattice.

• Note a general anisotropic FCC lattice 
has 6 unique lengths and any lattice 
can be transformed to the isotropic 
FCC lattice by affine transformation 
which also has 6 free parameters.

• Affine FCC partition function

! "!, ⋯ , "" =	 '
#!$	±!

('"#!#!#$"(⋯('%#!#!#$% ,

	)*,-̂ = −+*+*(-̂ 	
• Multihistogram master equation (solved iteratively)
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where / is number of runs, ./  is length of run 0, )/,1  
are energies on 1-th configuration of run 0.

• Observables for any other nearby ":
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• First test: 8"8' =
8(
8'
= 1, 8)8' =

8*
8'
= 8+

8'
∈

{0.94,0.97,1.00,1.03,1.06}
• M5 is tuned close to critical point.
• Solve multihistogram consistency condition

for all 35 runs, each run N9 = 50,000 configs.
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First Test

. = 1287 . = 1287

(1,1,1,1,1,1) % &

. = 1287

• Important: all susceptibilities peak at same 
critical coupling.

• Using multihistogram reweighting, find critical 
surface M:9;1 by identifying peak in 
5R&(S, S). In general, it is a 5-d surface with 
permutation symmetry.

• Then, along critical surface compute two-
point function:

T ?⃗ T(0) = 1
?; 	V;<(M:9;1)	?<

0,



BACK UP



First step: Construct the Classical Simplicial Theory

Classical Simplicial Action

Quantum field    gµ⌫(x) �(x)

S =
1

2

Z

M
ddx

p
g(x)

⇥
gµ⌫(x)@µ�(x)@⌫�(x) +m2�2(x) + ��4(x)

⇤

Regge Calc Geometry Finite Element Method 
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SFEM =
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sinh 2Kij sinh 2Lij = 1

Kramers Wannier  High T/Low T Loop expansion  Wilson-Majorana Lattice Fermions 
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Kijsisj
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Sdual = �
X
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Lijsisj
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Pij =
1

2
(1 + êij · ~�)

3 Equivalent Loop Expansion for Partition Functions!



Smooth Link Weight K1 (K2 and K3 are rotated) 
 before and after scalar smoothing
Projected From Icosahedron

Smoothed Scalar Curvaturer



Back to Putting critical 2d Ising on the sphere

• Now set all the circumradii 
equal to converge to a 
differential affine tangent 
planes.  

• Give we believe the Exact 
Ising CFT  in the continuum 
limit.



Sgauge =
1
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4ijk

Vijk
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ijk

Tr[2� U4ijk � U†
4ijk
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SUMMARY OF SIMPLICIAL  FIELDS

l2ij = |�1(ij)|2

Vij = |�1(ij) ^ �⇤
1(ij)|

U4ijk = UijUjkUki Aijk = |�2(ijk)| Vijk = |�2(ijk) ^ �⇤
2(ijk)|

✏ijklTr[U40ijU40kl ] ' Vijkl✏
µ⌫⇢�Tr[Fµ⌫(0)F⇢�(0)]

U0ij = U0iUijUj0 , U†
0ij = U0jUjiUi0

FFdual



Finite Volume/Temperature Measurements 
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0  t  T and periodic t ! t+ nT
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Tr[e��Ĥ+ĥx�̂x ] = e�F (�, hx)

Central charge enters finite  
temperature free energy and 

amplitudes:   
Can trace from  UV to IR


