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Hadron Spectroscopy in Lattice QCD by Monte Carlo

JP¢ flavor, ...

HQCD |n) CI> — En,q ‘nilq>

Energy Eigenstate
with quantum
number q

2- point function (Euclidean time)

1im (05(D0,0)) = ' |{n, 4|0, @) "¢~ Eran
n=0 |

Ground State

2400

2200

2000 F

1800 F

1600

1400 F

>
Q 1200

>

~ 1000 F
800
600 F
400

200 F

* H H B B

!

T

oL

:

AL 8!
(-]

l_'_l

Energy gap wy, 4

2013 snowmass report

|
r =




Hadron Spectroscopy in Lattice QCD by Monte Carlo
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* Need sufficiently large time extend and time separation to extract w, , = £}, ; — Eq.

* Need large statistic to extract excited states.
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Spectroscopy by Tensor Network + Transfer Matrix

Metods of spectroscopy by Tensor Network:
1.By Hamiltonian Formalism [E. itou, A. Matsumoto, Y. Tanizaki, JHEP11(2023)231]
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Metods of spectroscopy by Tensor Network:
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Metods of spectroscopy by Tensor Network:
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Spectroscopy by Tensor Network + Transfer Matrix
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Computing Transfer Matrix Spectrum by Tensor Network
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Computing Transfer Matrix Spectrum by Tensor Network
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Computing Transfer Matrix Spectrum by Tensor Network
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Energy and Quantum numbers

T =2.44,L = 64,y = 80

a [ w[exact] da I w[hotrg] Ta I dw

1 |0.1262302 - | 0.1262307 — | 0.000004
2 1 0.1597880 — | 0.1597889 — | 0.000006
3 | 0.1597880 - | 0.1597911 - | 0.000020
4 |0.2326853 — | 0.2327046 0.000083
5 1 0.2326853 — | 0.2327095 — | 0.000104
6 | 0.2708016 + | 0.2708359 + | 0.000127
7 103181546 — | 0.3183329 — | 0.000560
8 103181546 — | 0.3183705 - | 0.000679
9 10.3290037 + | 0.3291180 + | 0.000347
10 | 0.3290037 + | 0.3291425 + | 0.000422
11 | 0.3290037 + | 0.3291456 + | 0.000431
12 |1 0.3290037 + | 0.3293794 + | 0.001142
13 | 0.3872058 + | 0.3878486 + | 0.001660
14 | 0.4073042 — | 0.4083937 — | 0.002675
15 | 0.4073042 — | 0.4090231 — | 0.004220
16 | 0.4100181 + | 0.4109090 + | 0.002173
17 | 0.4100181 + | 0.4112006 + | 0.002884
18 | 0.4100181 + | 0.4112120 + | 0.002912
19 | 0.4100181 + | 0.4114574 + | 0.003510
20 | 0.4457831 - | 0.4461242 — | 0.000765
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9 |0.3290037 + | 0.3291180 + | 0.000347
10 | 0.3290037 + | 0.3291425 + | 0.000422
11 | 0.3290037 + | 0.3291456 + | 0.000431
12 | 0.3290037 + | 0.3293794 + | 0.001142
13 | 0.3872058 + | 0.3878486 + | 0.001660
14 | 04073042 — | 0.4083937 — | 0.002675
15 | 0.4073042 — | 0.4090231 — | 0.004220
16 | 0.4100181 + | 0.4109090 + | 0.002173
17 | 0.4100181 + | 0.4112006 + | 0.002884
18 | 0.4100181 + | 0.4112120 + | 0.002912
19 | 0.4100181 + | 0.4114574 + | 0.003510
20 | 0.4457831 — | 0.4461242 — | 0.000765

[Kaufman,
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e g=-1
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a

Matrix elements to judge quantum number:

h
(Q|s|a)| ~ |BLretra)]

[hotr
Boa” ™

* 0

‘CIQCISCICL =

1



Energy and Quantum numbers

T =2.44,L = 64,y = 80

a w[éxéc't]' Ga I w[hbtr{;]' a [ &u
1 101262302 — |0.1262307 — | 0.000004
2 | 0.1597880 — | 0.1597889 — | 0.000006
3 1 0.1597880 — | 0.1597911 — | 0.000020
4 0.2326853 — | 0.2327046 — | 0.000083
5 | 0.2326853 — | 0.2327095 — | 0.000104
6 | 0.2708016 + | 0.2708359 + | 0.000127
7 |0.3181546 — | 0.3183329 — | 0.000560
8 | 0.3181546 — | 0.3183705 — | 0.000679
9 |0.3290037 + | 0.3291180 + | 0.000347
10 | 0.3290037 + | 0.3291425 + | 0.000422
11 | 0.3290037 + | 0.3291456 + | 0.000431
12 | 0.3290037 + | 0.3293794 + | 0.001142
13 | 0.3872058 + | 0.3878486 + | 0.001660
14 | 04073042 — | 0.4083937 — | 0.002675
15 | 0.4073042 — | 0.4090231 — | 0.004220
16 | 0.4100181 + | 0.4109090 + | 0.002173
17 | 0.4100181 + | 0.4112006 + | 0.002884
18 | 0.4100181 + | 0.4112120 + | 0.002912
19 | 0.4100181 + | 0.4114574 + | 0.003510
20 | 0.4457831 — | 0.4461242 — | 0.000765
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|hotr
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‘CIQCISCICL =1

‘B hotrg] £ 0

e g=+1
e g=-1

1 2 3 45 6 7 8 9101112131415161718 1920
a



Energy and Quantum numbers
T=2.44,L =64y =80

Matrix elements to judge quantum number:

(Qls|a)| ~ |Brotral
/ \

a w[é)&ac't]' Ga ] w[hmg] a [ dw
1 [0.1262302 — | 0.1262307 — | 0.000004 - _1
2 1 0.1597880 — | 0.1597889 — | 0.000006 —1 4s =
3 101597880 — | 0.1597911 — | 0.000020 qa
4 02326853 — |0.2327046 — | 0.000083
5 |0.2326853 — | 0.2327095 — | 0.000104
6 | 0.2708016 + | 0.2708359 -+ | 0.000127 ‘ B [hotrg] + 0 daqsq, =1
7 |0.3181546 — | 0.3183329 — | 0.000560
8 | 0.3181546 — |0.3183705 — | 0.000679 I
9 |0.3290037 + |0.3291180 + | 0.000347
10 | 0.3290037 + | 0.3291425 + | 0.000422 q, = —1
11 | 0.3290037 + | 0.3291456 + | 0.000431
12 | 0.3290037 + | 0.3293794 + | 0.001142
13 | 0.3872058 + | 0.3878486 + | 0.001660
14 | 04073042 — | 0.4083937 — | 0.002675 050
15 | 0.4073042 — | 0.4090231 — | 0.004220 o q=+1
16 | 0.4100181 + | 0.4109090 + | 0.002173 045718 92
17 | 0.4100181 + | 0.4112006 + | 0.002884 0.40 se0 000
18 | 0.4100181 + | 0.4112120 + | 0.002912 ?
19 | 0.4100181 + | 0.4114574 + | 0.003510 0:35 JRN Nt
20 | 0.4457831 — | 0.4461242 — | 0.000765 £ 030 3

[Kaufman, s o
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Energy and Quantum numbers
T=2.44,L =64y =80

a w[éxac't]' Ga l w[hmg] a [ dw
1 101262302 — |0.1262307 — | 0.000004
2 | 0.1597880 — | 0.1597889 — | 0.000006
3 1 0.1597880 — | 0.1597911 — | 0.000020
4 0.2326853 — | 0.2327046 — | 0.000083
5 | 0.2326853 — | 0.2327095 — | 0.000104
6 | 0.2708016 + | 0.2708359 + | 0.000127
7 |0.3181546 — | 0.3183329 — | 0.000560
8 | 0.3181546 — | 0.3183705 — | 0.000679
9 |0.3290037 + | 0.3291180 + | 0.000347
10 | 0.3290037 + | 0.3291425 + | 0.000422
11 | 0.3290037 + | 0.3291456 + | 0.000431
12 | 0.3290037 + | 0.3293794 + | 0.001142
13 | 0.3872058 + | 0.3878486 + | 0.001660
14 | 04073042 — | 0.4083937 — | 0.002675
15 | 0.4073042 — | 0.4090231 — | 0.004220
16 | 0.4100181 + | 0.4109090 + | 0.002173
17 | 0.4100181 + | 0.4112006 + | 0.002884
18 | 0.4100181 + | 0.4112120 + | 0.002912
19 | 0.4100181 + | 0.4114574 + | 0.003510
20 | 0.4457831 — | 0.4461242 — | 0.000765
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Matrix elements to judge quantum number:
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Energy and Quantum numbers
T=2.44,L =64y =80

a [ w[éxact] Ga ] w[hotrg] a I dw
1 |0.1262302 — | 0.1262307 — | 0.000004
2 | 0.1597880 — | 0.1597889 — | 0.000006
3 10.1597880 — | 0.1597911 - | 0.000020
4 |0.2326853 — | 0.2327046 — | 0.000083
5 10.2326853 — | 0.2327095 — | 0.000104
6 | 0.2708016 + | 0.2708359 + | 0.000127
7 103181546 — | 0.3183329 — | 0.000560
8 |0.3181546 — | 0.3183705 — | 0.000679
9 |0.3290037 + | 0.3291180 + | 0.000347
10 | 0.3290037 + | 0.3291425 + | 0.000422
11 | 0.3290037 + | 0.3291456 + | 0.000431
12 | 0.3290037 + | 0.3293794 + | 0.001142
13 | 0.3872058 + | 0.3878486 + | 0.001660
14 | 0.4073042 — | 0.4083937 — | 0.002675
15| 0.4073042 — | 0.4090231 — | 0.004220
16 | 0.4100181 + | 0.4109090 + | 0.002173
17 1 0.4100181 + | 0.4112006 + | 0.002884
18 | 0.4100181 + | 0.4112120 + | 0.002912
19 | 0.4100181 + | 0.4114574 + | 0.003510
20 | 0.4457831 — | 0.4461242 — | 0.000765
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Energy and Quantum numbers
T=2.44,L =64y =80

Matrix elements to judge quantum number:

10°

|hotrg]
(Qls|a)] = |By, 7|
a w[é)&ac't]' Ga l w[hmrg] a [ dw / \
1 [0.1262302 — | 0.1262307 — | 0.000004 - _1
2 | 0.1597880 — |0.1597889 — | 0.000006 10 gq = 1 ds =
3 |0.1597880 — | 0.1597911 — | 0.000020 _ Q
4 02326853 — | 0.2327046 — | 0.000083
5 |0.2326853 — | 0.2327095 — | 0.000104 ©
6 | 0.2708016 + | 0.2708359 + | 0.000127 0] ‘ B [hotrg] + 0 daqsq, =1
7 |0.3181546 — | 0.3183329 — | 0.000560
8 | 0.3181546 — | 0.3183705 — | 0.000679 I
9 |0.3290037 + |0.3291180 + | 0.000347
10 | 0.3290037 + | 0.3291425 + | 0.000422 Sl B E NN D R | R q, = —1
11 | 0.3290037 + | 0.3291456 + | 0.000431 2 4 6 8 0 1 ¥ 1 18 0
12 | 0.3290037 + | 0.3293794 + | 0.001142 ’
13 | 0.3872058 + | 0.3878486 + | 0.001660 _— > T=244 L,
14 | 04073042 — | 0.4083937 — | 0.002675 om0 \ » A
15 | 0.4073042 — | 0.4090231 — | 0.004220 o a=+1 . > |
16 | 0.4100181 + | 0.4109090 + | 0.002173 il [l S >
17 | 0.4100181 + | 0.4112006 + | 0.002884 0.40 s00 000 RS o
18 | 0.4100181 + | 0.4112120 + | 0.002912 ? /
19 | 0.4100181 + | 0.4114574 + | 0.003510 B AN =R >
20 | 0.4457831 — | 0.4461242 — | 0.000765 £ 030 3 r
[Kaufman, ‘ s e o
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1-particle state energy of Ising Model (g = —1 sector)

~ 1 Lx—1 .
(Qlg@)a)l = QI 7= ) " sie"P*a)



1-particle state energy of Ising Model (g = —1 sector)

~ 1 Ly=1 .
For a given p |(Q|¢(p)|a)| = |(Q|L—z . Sxe_lpxla)| +* O » P is momentum of |a)
X X=



1-particle state energy of Ising Model (g = —1 sector)

~ 1 Ly=1 .
For a given p |(Q|¢(p)|a)| = |(Q|L—z . Sxe_lpxla)| +* O » P is momentum of |a)
X X=

21N
p — ) n = 0,1,2, ---er—l

X




1-particle state energy of Ising Model (g = —1 sector)

~ 1 Lx—1 .
Foragivenp [(Q|é()|a)l = |<Q|L—z sxe~P*|a)| # O ™ P is momentum of |a)
X x=0 27T7’l
p = , =012, ..,L,_4
X

|<.Q.|(i5(p) |a>| ‘ computed by HOTRG algorithm



1-particle state energy of Ising Model (g = —1 sector)

- 1
Foragivenp 1(Q|¢®)|a)l = |(Q|L—z

T =2.44, L = 64,y = 80

[exact]
a

[hotrg]

a Qo | Wa Qo | Owg |p|

1 [0.1262302 — [0.1262307 — | 0.000004 | 0

2 | 0.1597880 — | 0.1597889 — | 0.000006 | 27 /L,
3 |0.1597880 — | 0.1597911 — | 0.000020 | 27 /L,
4 0.2326853 — | 0.2327046 — | 0.000083 | 47/L,
5 | 0.2326853 — | 0.2327095 — | 0.000104 | 47 /L,
7 |0.3181546 — |0.3183329 — | 0.000560 | 67 /L,
8 |0.3181546 — | 0.3183705 — | 0.000679 | 67 /L,

14 | 0.4073042 — | 0.4083937 —
15 | 0.4073042 — | 0.

4090231 — | 0.004220 | 87/L,

20 | 0.4457831 -—

002675 | 87/L,

0.4461242 — | 0.000765 | O

Ly—1 _
sce”PX|a)|#= 0 = 7 is momentum of |a)
x=0
21N
p — Lx ) n = 0,1,2, ---:Lx—l

|<Q|$(p)|a>| ‘ computed by HOTRG algorithm



1-particle state energy of Ising Model (g = —1 sector)

- 1
Foragivenp 1(Q|¢®)|a)l = |(Q|L—z

T =2.44, L = 64,y = 80

[hotrg]

o | g Wl Qo | 0w, p)

1 ]0.1262302 — | 0.1262307 — | 0.000004 | 0

2 |0.1597880 — | 0.1597889 — | 0.000006 | 27/L,
3 01597880 — | 0.1597911 — | 0.000020 | 27/L,
4 |0.2326853 — | 0.2327046 — | 0.000083 | 47/L,
5 | 02326853 — | 0.2327005 — | 0.000104 | 47/L,
7 103181546 — | 0.3183329 — | 0.000560 | 67/L,
8 |0.3181546 — | 0.3183705 — | 0.000679 | 6m/L,

14 | 0.4073042 — | 0.4083937 — | 0.
15 | 0.4073042 — | 0.4090231 — | 0.

004220 | 87 /L,

002675 | 87/L,

0.6 1

0.5

20 | 0.4457831 -—

0.4461242 —

0.000765

0

x=0

hotrg
continuum

— lattice

-
‘/
.‘:.;—‘

0.0

0.1 0.2 0.3 0.4 0.5
p

Dispersion Relation

0.6

sce”P¥|a)|# 0 = 7 is momentum of |a)

2TNn
p — L ) n = 0,1,2, ---:Lx—l

X

|<Q|g;5(p)|a>| ‘ computed by HOTRG algorithm

Continuum:

Lattice:
w = cosh™1(1 — cosp + cosh m)



2-particle states energy of Ising Model



2-particle states energy of Ising Model

Operator for identifying 2-particle state
L,—-1

) 1 —ip1x ,—ip2
(0[02(P.p|all = QI 7)), *  stsIe e v o



2-particle states energy of Ising Model p, = 2 p, = 2

Ly

Operator for identifying 2-particle state P = 119911_;‘2292 total momentum

= relative momentum
L,—1 p 2

) 1 —ip1x ,—ip2
(0[02(P.p)|all = KQl 7 ), *  ssIe e v o




2-particle states energy of Ising Model p, = 2™ p, = 2z

Ly Ly
Operator for identifying 2-particle state P = 119911_;‘2292 total'momentum

1 L.—1 p = relative momentum
(Q]02(P,p)a)l =@l ) sGs()e Pire v |a)

Lx x,y=0

2-particle state energywithP = 0(T =2.44,L, = 8,16,32,64, y = 80)



2-particle states energy of Ising Model p, = 2™ p, = 2z

L, Ly
Operator for identifying 2-particle state P = 511_;‘2292 total momentum

relative momentum

L,—1 pP=

s(x)s(y)e P1Xe=P2Y |q)
x,y=0

(010> (P, p)Ja) = @1 5 ).

2-particle state energywithP = 0(T =2.44,L, = 8,16,32,64, y = 80)

Le a wi®® (Q050,0)|a) (Q]O0:(0,27/L,)|a) (Q]O(27/Ly, 7/Ls)|a)

8 4 0.814585 0.37740 0.12364 < 107
19 2.133922 0.07730 0.04844 <1071

16 4 0.465348 0.31004 0.09529 <1071
18 1.171480 0.06904 0.05901 < 10712

32 4 0.319553 0.21122 0.06541 <107
14 0.636356 0.04705 0.06178 <1071

64 6 0.270836 0.12007 0.03888 < 10
13 0.387849 0.03007 0.05024 <




2-particle states energy of Ising Model p, = 2™ p, = 2z

L, Ly
Operator for identifying 2-particle state P = 511_;‘2292 total momentum

relative momentum

L,—1 pP=

s(x)s(y)e P1Xe=P2Y |q)
x,y=0

_ 1
(2]0>(P, p)|a) = [ -5 >
X
2-particle state energywithP = 0(T =2.44,L, = 8,16,32,64, y = 80)

P =0,
p=20
L, a  w™™ (Q)0:0,0)]a) (Q0:(0,27/L,)|a) (QOs(27/Ly,7/Ly)|a)

8 4 0.814585 0.37740 0.12364 < 107
19 2.133922 0.07730 0.04844 <1071

16 4 0.465348 0.31004 0.09529 <1071
18 1.171480 0.06904 0.05901 < 10712

32 4 0.319553 0.21122 0.06541 <107
14 0.636356 0.04705 0.06178 <1071

64 6 0.270836 0.12007 0.03888 < 10
13 0.387849 0.03007 0.05024 <




2-particle states energy of Ising Model p, = 2™ p, = 2z

L, Ly
Operator for identifying 2-particle state P = 511_;‘2292 total momentum

relative momentum

L,—1 pP=

s(x)s(y)e P1Xe=P2Y |q)
x,y=0

(010>, p)la)l = @l 5 )
X
2-particle state energywithP = 0(T =2.44,L, = 8,16,32,64, y = 80)
P=0, P =0,
p=0 p =2m/L,
Le a wi®® (Q050,0)|a) (Q]O0:(0,27/L,)|a) (Q]O(27/Ly, 7/Ls)|a)

8 4 0.814585 0.37740 0.12364 < 1070
19 2.133922 0.07730 0.04844 <1071

16 4 0.465348 0.31004 0.09529 <1071
18 1.171480 0.06904 0.05901 < 10712

32 4 0.319553 0.21122 0.06541 <107
14 0.636356 0.04705 0.06178 <1071

64 6 0.270836 0.12007 0.03888 < 10
13 0.387849 0.03007 0.05024 <




2-particle states energy of Ising Model p, = 2™ p, = 2z

L, Ly
Operator for identifying 2-particle state P = 511_;‘2292 total momentum

relative momentum

L,—1 pP=

s(x)s(y)e P1Xe=P2Y |q)
x,y=0

_ 1
(2]0>(P, p)|a) = [ -5 >
X
2-particle state energywithP = 0(T =2.44,L, = 8,16,32,64, y = 80)

P =0, P=0,
p=0 p=21t/Lx P +0

L. a w8 (0Q)0,0,0)|a) (Q]02(0,27/L,)|a) (QO2(21/Ly,7/Ly)|a)

8 4 0.814585 0.37740 0.12364 g
19 2.133922 0.07730 0.04844 < 10714

16 4 0.465348 0.31004 0.09529 =40
18 1.171480 0.06904 0.05901 < 10712

32 4 0.319553 0.21122 0.06541 <107
14 0.636356 0.04705 0.06178 < 10710

64 6 0.270836 0.12007 0.03888 = =
13 0.387849 0.03007 0.05024 <




Scattering Phase Shift

L, o w([lhotrg]
8 4 0.814585
19 2.133922

16 4 0.465348
18 1.171480

32 4 0.319553
14 0.636356

64 6 0.270836
13 0.387849




Scattering Phase Shift

hotr
Lz a (,u([1 8

8 4 0.814585
19 2.133922
16 4 0.465348
18 1.171480
32 4 0.319553
14 0.636356
64 6 0.270836
13 0.387849

w = 24/ k% + m?



Scattering Phase Shift

L, o w([lhotrg]
8 4 0.814585
19 [2.133922

16 4 0.465348
18 1.171480

32 4 0.319553
14 0.636356

64 6 0.270836
13 0.387849

w = 24/ k2 + m?



Scattering Phase Shift

L, a w([lhotrg]
8 4 0.814585
19 [2.133922

16 4 0.465348
18 1.171480

32 4 0.319553
14 0.636356

64 6 0.270836
13 0.387849

w = 2\ k? + m?
\ \\\ infinite volume limit
Relative exact rest mass
momentum m = 0.12621870



Scattering Phase Shift

L, a w([zhotrg]
8 4 0.814585
19 [2.133922

16 4 0.465348
18 1.171480

32 4 0.319553
14 0.636356

64 6 0.270836
13 0.387849

w = 24/ k2 + m?

\ infinite volume limit
exact rest mass

Relative
momentum

m = 0.12621870

Relative
Momentum

Luscher’s formula,

0i26(k) — p—ikL,

Phase shift



Scattering Phase Shift

La: a w([zhotrg]
8 4 0.814585
19 2.133922
16 4 0.465348
18 1.171480 . .
32 4 0.319553 Elastic region
14 0.636356 2m < w < 4m
64 6 0.270836
13 0.387849

w = 2\ k? + m?
\ \\\ infinite volume limit
Relative exact rest mass
momentum m = 0.12621870

Relative
Momentum

Luscher’s formula,
ei26(k) — o—ikL,

Phase shift
'14 T | T T
elastic o
inelastic o)
-1t/2
! ©]
i
-1.45 | ! .
< > inelastic
Elastic ;< >
6 -15 i .
! o
-1.55 | o) i
Iy [ ] Py e
_16 | : | | |
0 1 2 3 4 5
k/m

Oising = —g [C. R. Gattringer, C. B. Lang, 1993]



Summary and future plan

By using our scheme, the energy spectrum is obtained from eigenvalues of tensor network

d The the quantum number is judged from the matrix elements of a proper spin operator

d The momentum of one-particle state energy can be identified

d The two-particle state energy with total momentum zero can be identified

By Luscher’s formula, the scattering phase shift is obtained from two-particle state energy
whose total momentum is zero

d Future works : application to 2d scalar fields, phase shift from non-rest frame, etc
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Appendix



ldentification of Quantum Numbers
Quantum number can be identified from Matrix elements of operator (5q

i.e. Bpa = (0|04 |a)

Reason:
System with Discrete Symmetry (b|X|a) = (b|D~*DXD~'D|a)
Ex: (1+1)d Ising Model, Sym over Z,, g = +1 = dpqx 9a{b|X|a)

Let D be a discrete transformation operator.  This gives us selection rule:

Discrete transformation of operator)? IS
(blX|a) # 0 = qpqxq, =1

qx Assumed to be known
la) = q4|a) Choose (b| as ()] where gq = 1

Then g, can be identified



ldentification of Energy spectrum w, based on Quantum Numbers
|dentification can be done by computing matrix element of interpolating operator @q l.e.
Bpa = <b|0q|a> .

Reason:

For system with Continious symmetry . , b
« Let Q be a conserved charge of of enzrgyA;ger)\?stAate Ia_), |b> P
continious symmetry and [@,T-I\] =0 (b1(Q Q)la) = (blqxX |a)
e If Quantum number of an operator X is =
P (da—4» — ax){bIX |a) = 0
qx then

[@ )?] 7 Selection Rule:
) — qX ~
~ If (b|X |a) # 0, then (q,—qp — =0
Assume |2) has no charge Q |2) =0, If< | _l ) _(Qa dp — qx)
A s e (b| = (] thenq, = qx
QX [Q) = qxX |Q)



Tensor Network Representation for (b|(5q |a)

~ (T~ 7=yt
(b|Ogla) = (UT O4U),

m = L./2 (0, is in the middle of square lattice)

= (uty-mgmQ, MmOy -ty UsingT 71 =1

(YY.I.)m (YY_I_)m+1 U/l_(m'l'l)UT

= (-t J)" vty .
/ ‘ﬁ:fl' ~

— (A_(m_% cfl;r A_(m-l_%))ba \ ’
A=wiawt = T
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O
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Impurity Tensor Network




Tensor Network Representation for Momentum of 1 —particle state

@q (p) = s(p) = Momentum operator for single particle state

Ly—1 .
Foragivenp [(Qls(p) la)| = |(Q|—Z se ®x |a)] # 0 =P Pismomentum of |a)

)(e_i(Lx_l)p
Xe P Xe_i2p l
—A J‘ J; :L— —(l, J) o—O— —é :I> o— - o—
i —O—O0—0—0— —0—O0—0—0— —0— o— —9 o
+ + + \ ,
x = 1 —0—O0—0——0— * —O——0—0— —0 o— —0 o—
SR O n S S cun v AR VD B0 ON0 48 OGRS
(Qls(0)]a) + (Qlslaye~? +  (Qls(2)|a)e™" + (Qls(Ly — D]a)e i Ex1P
/\ xe~ 2"
- O0— —O—
J‘ ® = O —> + — ®
] —O— — 00—

coarse-graining (2|0,(p)|a) . [S. Morita, N. Kawashima, 2019]
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Relative Error Over x

* The erroris getting smaller

o when y is increased.

1072 * Errornear T, is smaller
] —o— Ow,, T=22

10-2] b s B comparedtoT > T,and T <
: —— O6ws, T=2.2 71:

1074 4 —— Ow,, T=T, .

g | —o— Owa T=T, « ¥y = 80islarge enough to get
<5 | bws, T=T, .

e s o relatively small error for

106 4 e G2 eigenstate uptoa = 20 and
: —— 6ws3, T=2.44 ) ] . .

e its computational cost is still
f manageable.
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Energy Spectrum

After
HOTRG
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|6wc[lhotrg] —Sw

[exact]
a

| 6wc[lexact] |

Wq = gap before HOTRG
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= eE
B log Zy,
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Relative Error of Free Energy
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5f= [exact]
181y |
[exact] [exact] [Kaufman, Phys. Rewv.
14 » Wq

76, (1949)]



Transfer Matrix of Ising Model

7 = Z B Trer Sier SGARST) = Tp7he)
)

The transfer matrix of Ising Model is given by
Isrs

Ly—1
— (1_[ e Bs(t+ 1,x)s(r,x))
x=0

y (1—[Lx—1 egs(z'+1,x+1)s(r+1,x)egs(r,x+1)s(r,x))

x=0
The spin configuration on Euclideantime sliceat T+ 1 and tis

s'={s(t+1,x)|x=0,12,..,L, — 1}
s ={s(t ,X)|[x=0,1,2,...,L, — 1}
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Initial Tensor Network
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Scattering Phase Shift

In scattering theory, the S —matrix can be written as

phase shift
¢ outgoing wave function =62i5/
incoming wave function
+ Inlsing Model, 8jsing = —= OF

equivalently S = —1
« 0 < 0 means system has repulsive

potential
 And phase —m/2 means outgoing
wave function is being pulled out

by /2.




Scattering Phase Shift

Elastic region :2m < w < 4m
m is rest mass

Lﬂ? ¢ W([IhOtrg] e - | | elasticI ) 4
8 4 0.814585 i i”e'%%tﬁmf, .
19 2.133922 N helastic
16 4 0.465348
18 1.171480 s 06| 9 |
32 4 0.319553 ol o o |
14 0.636356 : . Elastic
64 6 0.270836 021 1
13 0.387849 0 ‘
0 10 2 30 4 5 & 70
LX
w = 2/ k2 +m?2
\ \\\ infinite volume limit
Relative exact rest mass

momentum m = 0.12621870



