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⭐ Goal: Find optimal parameters of a variational circuit to minimize a given cost function, being the 
expectation value of a given Hamiltonian .H

Variational Quantum Algorithms
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<latexit sha1_base64="qApeyTIR+yIdybDxrXpDqFUX08s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK9gOaEDbbSbt0swm7E7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvygTX6LrfVmltfWNzq7xd2dnd2z+wD6ttneaKQYulIlXdiGoQXEILOQroZgpoEgnoRKPbmd95BKV5Kh9wnEGQ0IHkMWcUjRTaVd+46Geah66vqBwICO2aW3fncFaJV5AaKdAM7S+/n7I8AYlMUK17npthMKEKORMwrfi5hoyyER1Az1BJE9DBZH771Dk1St+JU2VKojNXf09MaKL1OIlMZ0JxqJe9mfif18sxvg4mXGY5gmSLRXEuHEydWRBOnytgKMaGUKa4udVhQ6ooQxNXxYTgLb+8Strnde+yfnF/UWvcFHGUyTE5IWfEI1ekQe5Ik7QII0/kmbySN2tqvVjv1seitWQVM0fkD6zPHzgLlJE=</latexit>

| 0i
<latexit sha1_base64="pvqrRiivUasfm+u0t9xSSH7M2rs="></latexit>

| xi
<latexit sha1_base64="US6r5t7cDKZ60xaAYIv23Z8kWJo="></latexit>

G(x)

VQE: Use of a feedback loop between a classical computer and a quantum processor, where the latter is 
used to efficiently evaluate a cost function.

Variational Quantum Eigensolvers (VQEs)
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(1) Initial state preparation →
<latexit sha1_base64="qApeyTIR+yIdybDxrXpDqFUX08s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK9gOaEDbbSbt0swm7E7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvygTX6LrfVmltfWNzq7xd2dnd2z+wD6ttneaKQYulIlXdiGoQXEILOQroZgpoEgnoRKPbmd95BKV5Kh9wnEGQ0IHkMWcUjRTaVd+46Geah66vqBwICO2aW3fncFaJV5AaKdAM7S+/n7I8AYlMUK17npthMKEKORMwrfi5hoyyER1Az1BJE9DBZH771Dk1St+JU2VKojNXf09MaKL1OIlMZ0JxqJe9mfif18sxvg4mXGY5gmSLRXEuHEydWRBOnytgKMaGUKa4udVhQ6ooQxNXxYTgLb+8Strnde+yfnF/UWvcFHGUyTE5IWfEI1ekQe5Ik7QII0/kmbySN2tqvVjv1seitWQVM0fkD6zPHzgLlJE=</latexit>

| 0i

<latexit sha1_base64="qApeyTIR+yIdybDxrXpDqFUX08s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK9gOaEDbbSbt0swm7E7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvygTX6LrfVmltfWNzq7xd2dnd2z+wD6ttneaKQYulIlXdiGoQXEILOQroZgpoEgnoRKPbmd95BKV5Kh9wnEGQ0IHkMWcUjRTaVd+46Geah66vqBwICO2aW3fncFaJV5AaKdAM7S+/n7I8AYlMUK17npthMKEKORMwrfi5hoyyER1Az1BJE9DBZH771Dk1St+JU2VKojNXf09MaKL1OIlMZ0JxqJe9mfif18sxvg4mXGY5gmSLRXEuHEydWRBOnytgKMaGUKa4udVhQ6ooQxNXxYTgLb+8Strnde+yfnF/UWvcFHGUyTE5IWfEI1ekQe5Ik7QII0/kmbySN2tqvVjv1seitWQVM0fkD6zPHzgLlJE=</latexit>

| 0i
<latexit sha1_base64="pvqrRiivUasfm+u0t9xSSH7M2rs="></latexit>

| xi
<latexit sha1_base64="US6r5t7cDKZ60xaAYIv23Z8kWJo="></latexit>

G(x)

VQE: Use of a feedback loop between a classical computer and a quantum processor, where the latter is 
used to efficiently evaluate a cost function.

Variational Quantum Eigensolvers (VQEs)
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(1) Initial state preparation →
<latexit sha1_base64="qApeyTIR+yIdybDxrXpDqFUX08s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK9gOaEDbbSbt0swm7E7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvygTX6LrfVmltfWNzq7xd2dnd2z+wD6ttneaKQYulIlXdiGoQXEILOQroZgpoEgnoRKPbmd95BKV5Kh9wnEGQ0IHkMWcUjRTaVd+46Geah66vqBwICO2aW3fncFaJV5AaKdAM7S+/n7I8AYlMUK17npthMKEKORMwrfi5hoyyER1Az1BJE9DBZH771Dk1St+JU2VKojNXf09MaKL1OIlMZ0JxqJe9mfif18sxvg4mXGY5gmSLRXEuHEydWRBOnytgKMaGUKa4udVhQ6ooQxNXxYTgLb+8Strnde+yfnF/UWvcFHGUyTE5IWfEI1ekQe5Ik7QII0/kmbySN2tqvVjv1seitWQVM0fkD6zPHzgLlJE=</latexit>

| 0i

<latexit sha1_base64="qApeyTIR+yIdybDxrXpDqFUX08s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK9gOaEDbbSbt0swm7E7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvygTX6LrfVmltfWNzq7xd2dnd2z+wD6ttneaKQYulIlXdiGoQXEILOQroZgpoEgnoRKPbmd95BKV5Kh9wnEGQ0IHkMWcUjRTaVd+46Geah66vqBwICO2aW3fncFaJV5AaKdAM7S+/n7I8AYlMUK17npthMKEKORMwrfi5hoyyER1Az1BJE9DBZH771Dk1St+JU2VKojNXf09MaKL1OIlMZ0JxqJe9mfif18sxvg4mXGY5gmSLRXEuHEydWRBOnytgKMaGUKa4udVhQ6ooQxNXxYTgLb+8Strnde+yfnF/UWvcFHGUyTE5IWfEI1ekQe5Ik7QII0/kmbySN2tqvVjv1seitWQVM0fkD6zPHzgLlJE=</latexit>

| 0i

(2) Quantum state transformation  →
<latexit sha1_base64="4IjrAluwsxUpz0ftqS3yV8ZvlRY="></latexit>

| xi = G(x)| 0i

<latexit sha1_base64="pvqrRiivUasfm+u0t9xSSH7M2rs="></latexit>

| xi
<latexit sha1_base64="US6r5t7cDKZ60xaAYIv23Z8kWJo="></latexit>

G(x)

VQE: Use of a feedback loop between a classical computer and a quantum processor, where the latter is 
used to efficiently evaluate a cost function.

Variational Quantum Eigensolvers (VQEs)
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(1) Initial state preparation →
<latexit sha1_base64="qApeyTIR+yIdybDxrXpDqFUX08s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK9gOaEDbbSbt0swm7E7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvygTX6LrfVmltfWNzq7xd2dnd2z+wD6ttneaKQYulIlXdiGoQXEILOQroZgpoEgnoRKPbmd95BKV5Kh9wnEGQ0IHkMWcUjRTaVd+46Geah66vqBwICO2aW3fncFaJV5AaKdAM7S+/n7I8AYlMUK17npthMKEKORMwrfi5hoyyER1Az1BJE9DBZH771Dk1St+JU2VKojNXf09MaKL1OIlMZ0JxqJe9mfif18sxvg4mXGY5gmSLRXEuHEydWRBOnytgKMaGUKa4udVhQ6ooQxNXxYTgLb+8Strnde+yfnF/UWvcFHGUyTE5IWfEI1ekQe5Ik7QII0/kmbySN2tqvVjv1seitWQVM0fkD6zPHzgLlJE=</latexit>

| 0i

(3) Measure final energy  →
<latexit sha1_base64="YM7H4mFiyPUAiKJT57YwIa9AT/I="></latexit>

E(x) = h x|H| xi = h 0|G(x)†HG(x)| 0i

<latexit sha1_base64="qApeyTIR+yIdybDxrXpDqFUX08s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK9gOaEDbbSbt0swm7E7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvygTX6LrfVmltfWNzq7xd2dnd2z+wD6ttneaKQYulIlXdiGoQXEILOQroZgpoEgnoRKPbmd95BKV5Kh9wnEGQ0IHkMWcUjRTaVd+46Geah66vqBwICO2aW3fncFaJV5AaKdAM7S+/n7I8AYlMUK17npthMKEKORMwrfi5hoyyER1Az1BJE9DBZH771Dk1St+JU2VKojNXf09MaKL1OIlMZ0JxqJe9mfif18sxvg4mXGY5gmSLRXEuHEydWRBOnytgKMaGUKa4udVhQ6ooQxNXxYTgLb+8Strnde+yfnF/UWvcFHGUyTE5IWfEI1ekQe5Ik7QII0/kmbySN2tqvVjv1seitWQVM0fkD6zPHzgLlJE=</latexit>

| 0i

(2) Quantum state transformation  →
<latexit sha1_base64="4IjrAluwsxUpz0ftqS3yV8ZvlRY="></latexit>

| xi = G(x)| 0i

<latexit sha1_base64="pvqrRiivUasfm+u0t9xSSH7M2rs="></latexit>

| xi
<latexit sha1_base64="US6r5t7cDKZ60xaAYIv23Z8kWJo="></latexit>

G(x)

VQE: Use of a feedback loop between a classical computer and a quantum processor, where the latter is 
used to efficiently evaluate a cost function.

Variational Quantum Eigensolvers (VQEs)
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(1) Initial state preparation →
<latexit sha1_base64="qApeyTIR+yIdybDxrXpDqFUX08s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK9gOaEDbbSbt0swm7E7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvygTX6LrfVmltfWNzq7xd2dnd2z+wD6ttneaKQYulIlXdiGoQXEILOQroZgpoEgnoRKPbmd95BKV5Kh9wnEGQ0IHkMWcUjRTaVd+46Geah66vqBwICO2aW3fncFaJV5AaKdAM7S+/n7I8AYlMUK17npthMKEKORMwrfi5hoyyER1Az1BJE9DBZH771Dk1St+JU2VKojNXf09MaKL1OIlMZ0JxqJe9mfif18sxvg4mXGY5gmSLRXEuHEydWRBOnytgKMaGUKa4udVhQ6ooQxNXxYTgLb+8Strnde+yfnF/UWvcFHGUyTE5IWfEI1ekQe5Ik7QII0/kmbySN2tqvVjv1seitWQVM0fkD6zPHzgLlJE=</latexit>

| 0i

(3) Measure final energy  →
<latexit sha1_base64="YM7H4mFiyPUAiKJT57YwIa9AT/I="></latexit>

E(x) = h x|H| xi = h 0|G(x)†HG(x)| 0i

<latexit sha1_base64="qApeyTIR+yIdybDxrXpDqFUX08s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0lE1GPRi8cK9gOaEDbbSbt0swm7E7GU/hUvHhTx6h/x5r9x2+agrQ8GHu/NMDMvygTX6LrfVmltfWNzq7xd2dnd2z+wD6ttneaKQYulIlXdiGoQXEILOQroZgpoEgnoRKPbmd95BKV5Kh9wnEGQ0IHkMWcUjRTaVd+46Geah66vqBwICO2aW3fncFaJV5AaKdAM7S+/n7I8AYlMUK17npthMKEKORMwrfi5hoyyER1Az1BJE9DBZH771Dk1St+JU2VKojNXf09MaKL1OIlMZ0JxqJe9mfif18sxvg4mXGY5gmSLRXEuHEydWRBOnytgKMaGUKa4udVhQ6ooQxNXxYTgLb+8Strnde+yfnF/UWvcFHGUyTE5IWfEI1ekQe5Ik7QII0/kmbySN2tqvVjv1seitWQVM0fkD6zPHzgLlJE=</latexit>

| 0i

(2) Quantum state transformation  →
<latexit sha1_base64="4IjrAluwsxUpz0ftqS3yV8ZvlRY="></latexit>

| xi = G(x)| 0i

<latexit sha1_base64="pvqrRiivUasfm+u0t9xSSH7M2rs="></latexit>

| xi
<latexit sha1_base64="US6r5t7cDKZ60xaAYIv23Z8kWJo="></latexit>

G(x)

(4) Find  that minimizes   x E →
<latexit sha1_base64="q/DbHSil6B47Jn4NC3Rr+GXT/Nw="></latexit>

argmin
x

E(x)

Variational 
Minimization 

Problem

VQE: Use of a feedback loop between a classical computer and a quantum processor, where the latter is 
used to efficiently evaluate a cost function.

Variational Quantum Eigensolvers (VQEs)
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(1) Initial state preparation →
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| 0i

(3) Measure final energy  →
<latexit sha1_base64="YM7H4mFiyPUAiKJT57YwIa9AT/I="></latexit>

E(x) = h x|H| xi = h 0|G(x)†HG(x)| 0i
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(2) Quantum state transformation  →
<latexit sha1_base64="4IjrAluwsxUpz0ftqS3yV8ZvlRY="></latexit>

| xi = G(x)| 0i

<latexit sha1_base64="pvqrRiivUasfm+u0t9xSSH7M2rs="></latexit>

| xi
<latexit sha1_base64="US6r5t7cDKZ60xaAYIv23Z8kWJo="></latexit>

G(x)

(4) Find  that minimizes   x E →
<latexit sha1_base64="q/DbHSil6B47Jn4NC3Rr+GXT/Nw="></latexit>

argmin
x

E(x)

Variational 
Minimization 

Problem

VQE: Use of a feedback loop between a classical computer and a quantum processor, where the latter is 
used to efficiently evaluate a cost function.

Variational Quantum Eigensolvers (VQEs)

Quantum operation: measurement on QC
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| 0i

(2) Quantum state transformation  →
<latexit sha1_base64="4IjrAluwsxUpz0ftqS3yV8ZvlRY="></latexit>

| xi = G(x)| 0i

<latexit sha1_base64="pvqrRiivUasfm+u0t9xSSH7M2rs="></latexit>

| xi
<latexit sha1_base64="US6r5t7cDKZ60xaAYIv23Z8kWJo="></latexit>

G(x)

(4) Find  that minimizes   x E →
<latexit sha1_base64="q/DbHSil6B47Jn4NC3Rr+GXT/Nw="></latexit>

argmin
x

E(x)

Variational 
Minimization 

Problem

VQE: Use of a feedback loop between a classical computer and a quantum processor, where the latter is 
used to efficiently evaluate a cost function.

Variational Quantum Eigensolvers (VQEs)

Quantum operation: measurement on QC

Classical operation: runs on classical computer
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Previous work: NFT Algorithm

Nakanishi et al., (2020) show that the VQE objective  obeysE( ⋅ )

i.e., for unitary gates, the energy function is a tensor product of  and .sin cos

Nakanishi et al., Phys. Rev. Res 2, 043158 (2020) 

<latexit sha1_base64="Zppn40pxXlE12/+bvyQLiiLCEN4="></latexit>

9b 2 R3D s.t. E(x) = b> · vec(⌦D
d=1(1, cosxd, sinxd)

>), 8x 2 [0, 2⇡)D

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.2.043158
https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.2.043158
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Previous work: NFT Algorithm

Nakanishi et al., (2020) show that the VQE objective  obeysE( ⋅ )

i.e., for unitary gates, the energy function is a tensor product of  and .sin cos

Nakanishi et al., Phys. Rev. Res 2, 043158 (2020) 

Optimization of circuit parameters, i.e., sequentially (randomly) choose one parameter 
and optimize on 1-D submanifolds, keeping the other parameters fixed. 

<latexit sha1_base64="Zppn40pxXlE12/+bvyQLiiLCEN4="></latexit>

9b 2 R3D s.t. E(x) = b> · vec(⌦D
d=1(1, cosxd, sinxd)

>), 8x 2 [0, 2⇡)D

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.2.043158
https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.2.043158
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Previous work: Sequential Minimal Optimization 

α → Fixed to 2π
3

Problems 🫤

YES!! 🥳

Measurement Noise

Hardware Noise

Questions 🤔

Learn optimal  from previous 
measurements?

α

Deal with noisy measurements?
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Physics Informed Bayesian Optimization
We tackle the classical optimization problem from a Bayesian Optimization standpoint.

Given a set of (costly) measurements and a surrogate model, BO helps to identify at
which points are worth measuring next.
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Our research question:

Which point should we measure next, on the quantum computer, to maximize the information 
gain and minimize the quantum computer calls needed to minimize the objective?

Physics Informed Bayesian Optimization
We tackle the classical optimization problem from a Bayesian Optimization standpoint.

Given a set of (costly) measurements and a surrogate model, BO helps to identify at
which points are worth measuring next.
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Gaussian Processes and Bayesian Optimization
A GP is an infinite-dimensional generalization of multivariate Gaussian distribution. 
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Gaussian Process Regression (GPR) uses a GP surrogate model
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Gaussian Process Regression (GPR) uses a GP surrogate model

to infer a target function  from a set of observationsE( ⋅ )

The mean  and covariance  of the GPR depend on a kernel function μX( ⋅ ) sX( ⋅ ) k( ⋅ , ⋅ )

Choosing the right kernel function is crucial in order to leverage the learning 
capabilities of the GP and of GP Regression
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The VQE Kernel

Nakanishi et al., (2020) show that the VQE objective  obeysE( ⋅ )
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We thus derive a covariance function  fulfilling the same functionalk( ⋅ , ⋅ )
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See Nicoli et al., (2023) for detailed proofs.

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.2.043158
https://proceedings.neurips.cc/paper_files/paper/2023/file/3adb85a348a18cdd74ce99fbbab20301-Paper-Conference.pdf
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➡ Special acquisition function using the VQE kernel and the concept of confident regions

➡ Use EMICoRe to perform a grid search and find the best pair of shifts .{α̂t
1, α̂t

2}dt

EMICoRe
Expected Maximum Improvement over Confident Regions

In contrast to NFT shifts are not equidistant but learned using BO and GP

Start from the current best point 
on subspace identified by  i

̂xi

̂xi + α̂1ei

Measure shifted points (green)  
on the quantum computer 

̂xmin
i

Least square minimization and find the new 
min on the line s.t. ̂xmin

i ≡ ̂xi+1

̂xi + α̂2ei

Learn shifts Fit line
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Results: ✅ Shot Noise, ❌ Hardware Noise
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Noise Type

• Simulated Hardware Noise
• No Error Mitigation

For details on error mitigation see the poster by Luca Wagner⚠
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Summary and outlook
Summary:
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• EMICoRe combined with the VQE-kernel can

★ Outperform baselines on standard benchmarks. 
★ Approximate the target function as more points are measured. 
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Summary and outlook

Outlook:
•  Hardware noise and error mitigation  see poster by Luca Wagner

•  Quantum chemistry benchmark  see poster by Luca Wagner

•  Learn to optimize measurement shots  see Anders C., Nicoli K.A. et al., ICML (2024)

•  Application in LQFT (work in progress, i.e., 2+1 QED)

→
→

→

Summary:
• Proposed a physics-informed VQE-kernel fulfilling VQEs’ functional form.
• Proposed novel acquisition function EMICoRe.
• EMICoRe combined with the VQE-kernel can

★ Outperform baselines on standard benchmarks. 
★ Approximate the target function as more points are measured. 

https://openreview.net/pdf?id=dSrdnhLS2h
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Link to the paper and code:

Link to the workshop registration:

Thank You!
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Physics Informed Bayesian Optimization
We tackle the classical optimization problem from a Bayesian Optimization standpoint.
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p(f(·)|X,y) = GP(f(·);µX(·), sX(·, ·))We train a GP surrogate model

One question remains to be answered:

At which point in parameter space we should perform the next measurement, on the quantum 
computer, to maximize the information gain and minimize the quantum computer calls needed 

to minimize the objective?
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The VQE Kernel

They can be computed using the so-called parameter shift rule (PSR) Schuld et al., (2019)
<latexit sha1_base64="pHYHH2Cp4fF90ZSXGWIzryJ2RiE="></latexit>

2
@

@xd
f⇤(x) = f⇤ �x+ ⇡

2 ed
�
� f⇤ �x� ⇡

2 ed
�

Computing derivatives on the quantum computer is challenging. 

https://journals.aps.org/pra/abstract/10.1103/PhysRevA.99.032331
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Starting from this Nakanishi et al., (2020) show that the VQE objective  obeysf*( ⋅ )

s.t.
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Computing derivatives on the quantum computer is challenging. 

We thus derive a covariance function  fulfilling the same functionalk( ⋅ , ⋅ )
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See Nicoli et al., (2023) for detailed proofs.

https://journals.aps.org/pra/abstract/10.1103/PhysRevA.99.032331
https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.2.043158
https://proceedings.neurips.cc/paper_files/paper/2023/file/3adb85a348a18cdd74ce99fbbab20301-Paper-Conference.pdf
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ZX = {x 2 X ; sX(x,x)  2}
For a set of samples,  we compute the Confident RegionX

Confident Regions
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aX(X 0) =
1

M
hmax(0, min

x2ZX

f(x)� min
x2Z(X,X0)

f(x))ip(f(·)|X,y)

For each set of candidate pairs                , i.e., ,                
we compute

M = 2
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The best candidate pair  to measure at next step is X̃
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Backup: GP Visualization

…
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Backup: 3 qubits (Critical Ising)

NShots = 256

NShots = 512

NShots = 1024
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Backup: 5 qubits (Critical Ising)

NShots = 256

NShots = 512

NShots = 1024



Kim A. Nicoli - University of Bonn LATTICE 2428

Backup: 7 qubits (Critical Ising)

NShots = 256

NShots = 512

NShots = 1024
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Backup: 3 qubits (Heisenberg)

NShots = 256

NShots = 512

NShots = 1024
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Backup: 5 qubits (Heisenberg)

NShots = 256

NShots = 512

NShots = 1024
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Backup: 7 qubits (Heisenberg)

NShots = 256

NShots = 512

NShots = 1024
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Backup: Convergence for Longer Runs
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Backup: Ablation Study (5 qubits)
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Backup: Gaussian Processes Regression

k(x, x′ ) = σ2
0 exp (−

∥ x − x′ ∥2

2γ2 )
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