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Introduction



Sign problem (1/2)
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A large system with a complex action:



Sign problem (2/2)
A major obstacle for first-principles calculations in various fields
     examples: - finite-density QCD

- Quantum Monte Carlo of statistical systems
                      - real-time dynamics of quantum many-body systems

[2/14]

[Witten 2010] [Cristoforetti et al. 2012, Fujii et al. 2013]

[Alexandru et al. 2015]

[MF-Umeda 2017, Alexandru et al. 2017]

[MF-Matsumoto 2020]

[Mori-Kashiwa-Ohnishi 2017, Alexandru et al. 2018]

[Levin-Nave 2007, Xie et al. 2014, Adachi et al. 2019, ...]
[Gu et al. 2010, Shimizu-Kuramashi 2014, Akiyama-Kadoh 2020]

Various algorithms have been proposed:
   ・ Complex Langevin (CL) method
   ・ Lefschetz thimble method

-  Original (LT)
- Generalized thimble (GT)
- Tempered Lefschetz thimble (TLT)
- Worldvolume HMC (WV-HMC)

   ・ Path/sign optimization
   ・ Tensor network

[Parisi 1983, Klauder 1983]
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Today’s talk:
Extension of WV-HMC algorithm to group manifolds [MF, in preparation]
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cf. Application to the Hubbard model
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Lefschetz thimble method and ergodicity problem

[3/14]
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To alleviate the highly oscillatory behavior,
deform the integration surface into 

Σ

0
NΣ = 

N


Im ( ) : almost const
(sign probem alleviated)

S z
           

Im ( ) : changes rapidly
(severe sign problem)

xS
           

(Lefschetz thimble)  Im ( ) : constS z( )i iz S z∂=



Lefschetz thimble method and ergodicity problem

[3/14]
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Worldvolume HMC method (1/2)
■Worldvolume Hybrid Monte Carlo (WV-HMC)

0
HMC on a continuous accumulation of integ surfaces, 

t T
t

≤ ≤
≡ Σ




( ) ( ) /
- No need to introduce replicas explicitly
- No need to calculate Jacobian in MD processes
- Autocorrelation is reduced due to the use of HMC

i i a
aE x z x x= ∂ ∂  

⊕major reduction of computational cost compared with TLT

[MF-Matsumoto 2012.08468]

2

 orbit of integration surface
       in the "target space" N N= 

：
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orbit of surface   worldvolume
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solves the sign and ergodicity problems simultaneously
applicable to any systems once formulated by PI with cont variables
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Worldvolume HMC method (2/2)
■mechanism

-independentt

-independentt

[MF-Matsumoto 2012.08468]
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Algorithm
Algorithm

(i) generation of an initial momentum
† / 2( ) 
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[Ref] statistical analysis method for WV-HMC:
[MF-Matsumoto-Namekawa  2107.06858]

[MF-Matsumoto 2012.08468]
[MF 2311.10663]
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RATTLE on  tΣ    [Alexandru@Lattice2019, 
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(GT -HMC)
cf) RATTLE on a single thimble  ∞= Σ [Fujii et al. 2013]
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Comput. cost for local bosonic actions (1/2)

3. RATTLE
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Comput. cost for local bosonic actions (2/2)

( ) ( )s )(caling: as expectedO V O N=

1.25

1/4

( )NB:  The scaling will become 

   
       if we reduce the MD stepsize as 

to keep the e    same amount of acceptanc  for increasing volume 

O V

s V −
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  
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■Computational cost scaling for d=4
[MF-Namekawa, in preparation]

( )2N V=

(GT-HMC)
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Successfully applied to ...

ー (0+1)dim massive Thirring model

ー 2dim Hubbard model

ー chiral random matrix model (a toy model of finite-density QCD)

ー anti-ferro Ising on triangular lattice

[MF-Umeda 1703.00861]

[MF-Matsumoto-Umeda 1906.04243, 1912.13303]

[MF-Matsumoto 2020, JPS meeting]

[MF-Matsumoto 2012.08468]

410
 ,
 though the system sizes are not yet very large (DOF ) 
So far always successful for any models when applied

N 

ー complex scalar field at finite density [MF-Namekawa 2024, in preparation]

(TLT)

(WV-HMC)

(WV-HMC)

(WV-HMC)

(TLT⇒WV-HMC)

[9/14]
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Cauchy’s theorem for group manifolds

( )†

1
0 0 0 0

( 1, , )  and 
 : Maurer-Cartan 1-form

Lie  : Lie alg of  with basis  tra a a a b ab
a

aU
G G T a N T T

T
T T

dU
δ

θ θ−

= … = − = −
=≡

0 GΣ =

tΣ = Σ

0U

U

G



0
1
0 0| |Haar measure : NdU θ θ= ∧ ∧

complexification

[MF, in preparation]

( )

( )

(( )

(

)

)

S U

S Ue

dU

d

e U

U
Σ

Σ

Σ

Σ

−

−
〈 〉 ≡ ∫

∫




0

The path integral does not change under
continuous deformations :G GΣ = → Σ ⊂ 

( )0

0

1

1 |

, 1(

( ) |d

,

t

,

e

)i a

N

i
ai idU U a NT T

d

iE

EdU U

θ θ

θ θ

θΣ
−

Σ

Σ ΣΣ

=

=

≡ ≡ = …

≡ ∧ ∧

0

0

00

0

( )

( )

(| |

| |

)

G

G

S U

S Ue

dU

dU

e U−

−〈 〉 ≡ ∫
∫




We want to calculate the following path integral:

0

0( )
 : dynamical variable

 : complex action
U G
S U

∈ 
 ∈ 

dim ) : compact group  : (  #DOFG GN ≡

,Here, for U U dU+ ∈Σ 0θ

θΣ

[10/14]



Path integral over the worldvolume
[MF, in preparation]
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[11/14]

( )2 †
0 0Re tr

t t
a b

abds θ θ γ θ θΣ Σ Σ= =

2( ) p

- exact reversibility
- exact volume preservation
- approximate energy conservation t   at on Do e M  steO s∆
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SU(2) with a pure imaginary coupling

[12/14]
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[MF, in preparation]
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U(2) with a topological term

[13/14]
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Summary and outlook

▼Roadmap to finite-density QCD with WV-HMC :

▼ Developing the algorithm itself [MF, ongoing]

- incorporation of other algorithm(s)
(e.g.) path optimization and/or tensor RG (non-MC)

▼ Important in the near future : MC for real-time dyn of quant many-body systems
first-principles calculations of non-equilibrium processes
(such as the early universe, heavy-ion collision experiments, new devices, ... )

cf) TRG for 2D YM: 
  [MF-Kadoh-Matsumoto 2107.14149,
   MF-Kuwahara, ongoing]

local field
(e.g. complex scalars)
group manifold
(e.g. 1-site model)

fermions
(e.g. Thirring, Stephanov, Hubbard)

pure YM
(e.g. w/ finite θ)

finite-density QCD
(w/ or w/o θ)

■Outlook

[MF, MF-Namekawa-…,
ongoing]

[MF-Kanamori-Namekawa-...,
ongoing]

- incorporation of machine learning technique

■Summary：WV-HMC algorithm has been extended to group manifolds successfully

2( ) p

- exact reversibility
- exact volume preservation
- approximate energy conservation t   at on Do e M  steO s∆

[14/14]

Namekawa’s talk (NEXT)



Thank you.
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NB: Details of WV-HMC algorithm (1/5)
■RATTLE

[15/14]

2HMC on a submanifold in N N= 

 : Lefschetz thimble= 

 : deformed surface= Σ

 : worldvolume= 

original (LT-HMC)

Generalized thimble HMC (GT-HMC)

Worldvolume HMC (WV-HMC)

[Fujii et al. 2013]

[Alexandru@Lattice2019,
MF-Matsumoto-Umeda 2019]
[MF-Matsumoto 2020]

■LT-HMC / GT-HMC
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[MF 2311.10663]
(corresponds to the “fixed-point method”
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[MF-Matsumoto 2012.08468]
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[Ref] statistical analysis method for WV-HMC:
[MF-Matsumoto-Namekawa  2107.06858]

[MF-Matsumoto 2012.08468]
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